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1 RBBIDBNnAKT OP Bt PAUL'S. 



I flLADLY avail myself of the opportunity of inscribing 
to you, for a second time, a work of mine on Algebra, aa 
a sincere tribute of my respect, affection and gratitude. 

I tnut that I shall not be considered as derogating 
from the higher duties which, (in common with you), I owe 
to my Btation in the Church, if I continue to devote eome 
portion of the leisure at my command, to the completion 
of an extensive Treatise, embracing the more important 
departments of Analysis, the execution of which I have 
long contemplated, and which, in its first volume I now 
offer to the public, under the auspices of one of my best 
uid dearest friends. 

GEORGE PEACOCK. 
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PREFACE. 



The woric, tins fint Tolume <^ wliioh is now oflbrad 
to the public, -rma derigned in tlie fint inataaco to be a 
second edition of a Treatise aa Algebra, pul^hed in isso, 
and which has been long out of print; but I have found 
it neceesary, in eariTing out the principles developed in 
that work, to present the snbjeot in so novd a form, tliat 
I oould not wiUi propriety eonmder it in any o^er light 
than as an entirely new treatise. 

I have separated arithmetical from symbolical algebra, 
and I have devoted the present volume entirely to the 
expositi<Hi of the prinoiptes of the former science and their 
application to the theory of numbers and of arithmetical 
processes: the second volume, which is now in the press, 
will embrace the principles of symbolical algebra: it will 
be followed, if other and higher duties should allow me 
the leisure to complete them, by othw works, embracing 
all the mora important departanents of analysis, with tiio 
view of presenting their prindplee in such a form, as may 
make them component parts of one uniform imd ccmnected 
system. 

In the preface to my former Treatise I have g^ven a 
general exposition of my reasons for distinguishing arith- 
metical from symbolical algebra, and of my views of the 
just rations which their princi^ea bear to each other, 
though I did not then consider it necessary to sepan^ 
the enposition of one scienoe altogether from the other. 
A more matured consideration of the subject, however, has 
ocmvinoed me of the expediency of this separation ; f(M: it 
is extremely difficult, when the two sciences are treated 
simultaneously, to keep their principles and results apart 
from each other, and to obviate the confusion, obscurity 
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and false reaeoniDg which thence ariees : a short statement 
of the distinct and proper provinces of these two sciences 
will make this difficulty sufficiently manifeet. 

Id arithmetical algebra, we consider symbols as repre- 
senting numbers, and the operations to which they are 
submitted as included in the same definitions (whether ex- 
pressed or understood) as in common arithmetic : the signs 
+ and - denote the operations of addition and subtraction 
in their ordinary meaning only, and thobe operations are 
oonsidered as impossible in all cases where the symbols 
subjected to them possess values which would render them 
so, in case they were replaced by digital numbers : thus in 
eXpreaeions, such as a + i, we must suppose a aud i to be 
quantities of the same kind : in others, like a-h, we must 
suppose a greater than b, and therefore homogeneous with 

it: in products and quotients, like ah and 7, we must 

Suppose the multiplier and divieor to be abstract numbera: 
all results whatsoever, including negative quantities, which 
are ' not strictly deductible as legitimate conclusions from 
the definitions of the several operations, must be rejected 
as impossible, or as foreign to the science. 

Numerical fractions, which have not a common deno- 
minator, are not homogeneous, and are incapable of addition 
and subtraction in aiithmetic, and therefore in arithmetical 
algebra; and the multiplication and division of a number 
or fraction by a fraction is only admissible in arithmetic, 
and therefore in arithmetical algebra, in virtue of a con- 
vention which assumes the permanmce of formis^, which 
constitutes the great and fundamental principle of sym- 
bolical algebra; but by thus trenching upon the province of 
another and more comprehensive science, we are enabled to 
;^ve an extension to our notion of number, which greatly 
enlai^es the provmce of arithmetic and arithmetical algebra. 
Without the aid of such an extension, the sciences of 
arithmetical and c^onbolical algebra must have long since 
been separated from each other. 

' See Alt. 135, 136, 137, 138, 139, 140. 



iM,Googlc 



Agiun, the generalizations of arithmetioal algebra are 
gener^izations of reasoning, and not of form. Thus we 
conclude that (o + J)' ia equivalent to a*+ 2ab + b*, for 
all homogeneous values of a and b, inasmuch as it may be 
easily shewn that their specific magnitudes, if expressible by 
numbers, (using the term in its largest sense,) cannot m any 
way affect the formation of the result: but it is only for 
values of the symbol a which are not less than b, that the 
product (a + h)(a — h) can be assumed to be equivalent to 
a*— S'; for in do other case can this product be formed con- 
sistently with the arithmetical definition of the operation of 
multiplication. Again, the product of a" and a* can be 
shewn to be equivalent to (t°"^', when i» and n are integral 
and abstract numbers, and in no other case ; for no other 
values are recognized in the definition of the power of a 
symbol, and therefore in no other case can we appeal to 
it in determining the form of the product: the series for 
(a + b)' is also a necessary result of the same definition, 
and subject therefore to the same limitations : and we con- 
clude generally that all the necessary results of arithmetical 
algebra must be rigorously restricted to those conditions of 
value and representation which the definitions require. 

But though the rules for performing the operations of 
symbolical algebra must embody the limitations which the 
definitions impose, yet it is very difficult, in innumerable 
cases, to discover the impossibility of the operation or the 
inadmissibility of the result, before the operation is per- 
formed or the result is obtained : thus if we are required 
to subtract a + b from a, we do not attempt an operation 
which is as obviously impossible in arithmetical algebra, as 
it would be, in common arithmetic, to subtract 3 from 2 : 
but if it was required to subtract from 7a + sb, the sever^ 
subtrahends a + Sh, Sa — ib and 3a + 7b, we should pro- 
bably proceed without hesitation to apply the general rule 
of subtraction, which would give us 
7a i- Sb - a - sb - Sa + Sh ~ Sa - 7b 

= 7a - a - 3a - 3a + 5 J - sb + aJ - 7* 
= 7b'9b. 
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• reanlt which indioatea that the final operation, to which 
the ^{Jication of the rule oondnots uo, is impoesible: we 
are perpetually enoountering, in arithmetical algebra, tm 
it were unoonrcioualy and unawares', rimilax examples of 
opeTati<HiB which cannot be performed or of resuHa which 
cannot be recognized, oonBistently with the definitions upon 
which Uiat science is founded. 

Symbolical algebra adopts ^e rules of arithmetical 
algebra, but removes altogether their restrictions : thus 
symbolical subtraction dl^rs from the sune operation in 
arithmetical algebra in being possible for all relations of 
value of the symbols or expressions employed : as far as those 
relations are admissible, therefore, in the latter science, they 
are in every req>eot the same: in both sciences also we 
change the signs of the tenns of the subtrahend, and then 
proceed as in addition : but it is in the former science only 
that we form and reoc^^ze die result, whatever it may be, 
without any reference to its con«stenoy with the definitions 
uptMi whidi ttiose rules in arithmetical algebra are founded : 
we are thus envied to sabtraot a + 6 as well as a ~b from 
a, obtaining by the unrestricted rule 

in one case, and 

a-(a-4)-=a-o + 4»+fr 
in the other : the same observation extends to the rules 
for performing all the other operations of arithmetical 
algebra and to the results to idiich they lead ; adopting 
also the rcaulta themselves, whether common to arithmetical 
algebra* or not, whether negative or positive, as equally the 
i^i^ects of the fundamental and other operations. 
[ It is this adoption of the rules of the operations of 
arithmetical algebra as the rales for performing the opera- 
tions which bear the tame ncane$ in symbolical algebra, 
which secures the absolute identity of the results in the 
two sciences as far as they exist in common: or in other 
words, all the results of arithmetical algebra which are 
deduced by the application of its rules, and which are 
general in form, though particular in v^ue, are results 

■ Art. 31, 380, 389, Ei. 5. 410, Ki. 7. 
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likewise of eytnboUcal »lg<ibra, where they »re genenl in _ 
value im well aa in fonn^ thuB the product of a" and a*, 
which ifi a"** when m and « are whole uimbeta, and 
therefore general in form though partiouhu- in value, will 
be their product likewise when m and « are general in 
value M well a« in form i the series fw (a + i)', deter- 
mined by the piinciples of arithmetical algebra, when n is 
anff whole number, if it be exhibited in a general form, 
without reference to a final term, may be abewn, npMi 
the same piinciple, to be the equivalent series for (a + &)*, 
wh en a ia general both in form and value. 

tThis luinoiple, in my former Treatiae on Algebra, I de- 
Dominated the '* principle of ihe pervumenee of equixalmt 
formi" and it may be e<MMidered aa merely expresmng the 
general law of toandtion from the resnlta of arithmetical 
to those of aymb^eal algebra : it is this law whidi secnrea 
the complete identity of the two scienoea as fiur aa those 
reaults exist in common, and without v^iioh tiie latter soienoe 
would degenerate into a science expreanng the aifoitrary 
oombinallons of symbols only, whose results would, in the 
first instance at least, be altogether separated from aiith* 
metic, and therefore frcun arithmetioal computationJ 

Upon this view of the principles of aymbolicaTalg^ra, 
it wilt follow that ita operationa are determined by the 
d^niUons of ariUmietioal algebra, aa fiur as they proceed 
in oonunon, and by the " prindple of the permanenoe of 
eqtuvalent forma ^^ in aH other oaaes, wbicb those definitiona 
cannot comprehend : it will follow therefore that in all such 
oaaes, tia metanHff of the operation or of the remit e^ainetl, 
whmtter awh a nuoMng eon ho amgnoi, mutt be det«rmiiied 
w eimformiiy wiih tk» eondUiom icAteA it miut aaNs/^, catd 
oomoegyMUly mutt vary with may variation ofthoee eondUione .- 
upon this principle we shall be enabled to give a eoneistMit 
interpretation to aymbolioal expreonona or resnlta such aa 
+ a and ~ a, considered with refownoe to eu^ other, where 
a denotes a line, a force, a period of time, and varions other 
concrete magnitudes, as well aa to the operations called ddi- 
tion and subtraction, multiplication and division, denoted by 
the ueual signs, when applied to such quantities: but in 
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innumerable other instances, it will be Tound that the 
reeultfl obtained will admit of no interpretation whatever, 
«r haye hitherto fwled to receive it. 

The results therefore of aymbohcal algebra, which are 
not comm(»i to arithmetical algebra, are generalizations of 
form, and not necessary consequences of the definitions, 
which are totally inapplicable in such cases. It is quite 
true indeed that writers on algebra have not hitherto 
remarked the character of the transition from one class 
of results to the other, and have treated them both as 
equally consequences of the fundamental definitions of aiith- 
metie or arithmetical algebra: and we are consequently 
presented with forms of demonstration, which though really 
applicable to specific values of the symbols only, are tacitly 
extended to all v^ues whatsoever: such are the usual 
proofs which are ^ven of the indifference of the order of 
sucoeesion of the factors of a product', of the rule for 
the multiplication and division of fractions', of the rule 
for finding the greatest common measure of two quantities, 
whether numbers or algebraical expressions^, of the form 
of the product of powers of the same symbol', as well as 
others which might be mentioned: whilst the rules for 
performing the Amdamental operations', for the incorpo- 
ration of signs'', and the meaning of fractional powers' of 
a symbol, are little more than assumptions, of which not 
even the fonn of a demonstration is attempted to be given. 
In aU such worits, some few of very recent date excepted, it 
has been presumed that these oonclusiona could be deduced 
or these generalizations made in perfect consistency with 
the arithmetical definitions of the operations employed, or, 
in otber words, without any change in the meaning of 
such operations, however difierent may be the quuitities 
which are subjected to them: the consequence of this fun- 
damental error has been, that no sufficient demonstration 
or adequate exposition has been given of the principles of 

' Wood's Algtbr,, An. 75. * lb. Art. lOS and 108. 

" lb. Art. 90. 91, 92. anil Kiamplr. ' lb. Art. 78 and 108, 

' lb. Art. 73, 74. &c. ' lb. Art. 76. 

* lb. Arl. 57. 
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that science which is of all others the most general in its 
applicationA, 

A student who is not only familiar with the results 
of arithmetioal algebra, but UkemBe with the limitations 
which it imposes, will be in a condition to comprehend 
and appreciate the whole extent of the legitimate coDolu- 
eions which it fumiahee : and though he may find himself 
perpetually brought in contact as it were, by the generality 
of the form of the symbols which he employs and of the 
rules of the operations to which they are submitted, with 
results, which the definitions of arithmetical algebra will 
not authorize, yet he will thus acquire a habit of observing 
not merely what is within, but what is without the just and 
proper boundaries of the science : and what is still more 
important, as a preparation for the study of symbolical 
algebra, he will be thns enabled to appreciate at once the 
origin and the fiill extent of the "principle of the perma- 
nence of equivalent forms," which assumes a knowledge of 
the rules of arithmetical as the basis of those of symbolical 
algebra, without which the identity of the results of tho 
two sciences, as far as they proceed in common, could not 
be secured. I have considered the above mentioned reasons 
sufficient to justify me in separating the exposition and 
study of the two sciences from each other: and I feel 
satiKfied that the adoption of such a course will be found 
materially to contribute to the most secure, if not to the 
most expeditious acquisition of distinct and general views 
of the principles of this most important science. 

The present volume, though strictly elementary as 
far as the theory and operations of arithmetical algebra 
are concerned, ^dll be found to comprehend many other 
subjects, which cannot be considered as equally necessary 
as introductory to the study of symbolical algebra: such 
are some parts of the discussion and exposition of the 
theory of arithmetical operations, of the theory of con- 
tinued fractions, of the extraction of simple and compound 
roots, of the theory of ratios and proportions and various 
questions of commercial arithmetic connected with them, of 
the solution of indeterminate problems of the first degree, 
b 
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and of Beveral important propositlona in the theory of 
munbers. Such an arrangement of subjects U perfectly 
OOH^tent with their philosophical order of dependence upon 
each other, though it may not bo altogether coQEistent 
with their order of difficulty: but I have endeavoured at 
th^ end of the Table of Contents, to point' out those 
Articles which a student, at his first reading of this volume, 
may paea over, without any material sacrifice of proposi- 
Uons, the knowledge of which may be necessary to the 
complete nnderstanding and demonstration of those which 
follow. 
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ADVERTISEMENT. 



Thoiwh there are few articles in this volume, the subjects 
of which are not more or less connected irith those which 
follow, yet there are a considerable number of them, which a 
student, who possesses no previous knowledge of Algebra, may 
pass over, at his first reading, without any serious sacrifice; 
they are as follows: 

Chapter II. Articles 108-113: 138-1*1: IS8-IG9: 180 to 
the ei)d. 

Chapter III. Articles 326-233: 239 to the end. 

Chapter IV. Articles 268-277: 305-315: 3*5 to the end. 

Chapter VII. Articles 451, *52 : *59 to the end. 

Chapter IX. The whole chapter. 

Chapter X. The whole chapter. 
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PRINCIPLKS OP ARITHMETICAL A) 

1. ~ Arithhbtical Algebra is the Ecience which results from Anihnieii- 
the use of symbols and signs to denote numbers and the operaUons bra. 

to which they may be subjected; those numbers or their repre- 
sentatives, and the Operations upon them, being used in the same 
sense and with the same limitations as in common arithmetic. 

2. Arithmetical Algebra is not the same science with Sym- Not the 
bolica] Algebra, the exposition of the prindples of which will uience 
constitute the chief object of the following Treatise: in this gj^boiicai 
latter science, the symbols which are used are perfectly general Algebra. 
in their representation, and perfectly unlimited in their values ; 

and the operations upon tbem, in whatever manner they are 
denoted, or by whatever name they are called, are universal in 
their application: but, since the principles and general conclu- 
sions or rules of Arithmetical Algebra will be found to suggetl, 
and in a certain sense to determine, the assumption of the first 
principles of Symbolical Algebra, it is expedient to commence 
with the exposition of the former science, as forming the proper, 
and, in some respects, necessary introduction to the latter. 

3. In Arithmetical Algebra, the symbols which are employed. Symbols in 
whether they be tbe letters of the same or of different alphabets, cal Alge- 
are used to denote numbers, or numerical quantities onl^: they ^'^■ 
may denote concrete as well as abstract numbers, as long as the 
numerical relations only of such concrete numbers are considered 

and not the specific properties of the magnitudes which they re- 
present. Those numbers which are actually assigned and given, 
are expressed by means of the nine digits and zero, by the aid of 
theartificesof ordinary arithmetical notation*: but, numbers which 

* Thia cooaists in aesigning to each digit its value according to its position with 
respect to the place of unite, supposing them to be severally multiplied by ten, oae 
hondred, one thousand, ten thouaand, one hundred thousand, and bo on, according 
as they are placed at thedigtaoceof one, two, three, four, five, &c. places to tbe left 
' of tbe placeoF units: if the digits are placed to tiie right of the place of units, iheyare 
supposed to be divided by a wmilar series of numbers : tbe entire number, or nu- 
merical quantity, denoted by an; collection of digits (zero included) is found by 

/ / 
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are supposed to be inown, though not ataigtted; or which are 
subject to conditions by wliich they may be determined, though 
not known; at which are supposed to be perfectly arbitrary in 
their value, whether they be attignable or not j are, in all cases, 
denoted by symbols. 

4. In the ordinary processes of Arithmetic, no signs of ope- 
ration are required: thus, numbers are added and subtracted, 
miireTiD multiplied and divided, and their roots extracted, and the final 
Ahrlmietic. results of those operatiDns are numbers, or numerical quantities, 
expressed by the common arithmetical notation, without pre- 
senting, in those results, any traces whatever of the process or 
processes by which they are obtained : the following are examples: 
Eiamplei. 5. (1) Add together 271, 164, 1023. 
271 
l64 
I02S 
1458 final result. 

(2) From 1695 subtract 76S. 

1695 
763 
932 final result. 

(3) Multiply together igi and 27. 

191 

87 

1387 

382 

5157 final result- 
adding together the nnmbera, 01 numerical quantities, denoted bj tlie eeveral digits 
in tlieir respective positjona : thns, 3456 denotes tliree thousand foui liundced and 
fiftf ail ; or, the sum of 3 multiplied by one thoueand, of 4 multiplied b; one hun- 
dred, of 5 multiplied by ten and of 6 : 46.189 denotes forty six, together with one 
leptb, eight hundredth and nine thousandth parts of unity : and similarly in al] 

If all arithmetical operations were supposed to be completed, every numerical 
quantity would be jepresented either as a whole uumber or a decimal : in other 
words, all proper numerical fractions would be represented as the sum of a series of 
fractions whose denominators are numbeis in the series 10, 100, 1000, 10,000, and 
■0 on: if such a practice was universally followed, it would be poBuble to exclude 
«gns of operation altogether from arithmetic. 
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(4) Divide S9680 by 112. 

113) 89680(265 



(5) Extract the square root of 219961- 

219961 (469 final result. 
16 

86) 599 
516 
929) 8S61 
8S6l 

(6) Extract the cube root of 47*552- 

474552 (78 final result 
343 



6. The final results, in all the preceding examples, are obtained Eiplana- 
and exhibited without the use of any sign of operation: but though ^oj^^f" 
the use of signs of operation in srithmetical processes may generally ^°°- 
be dispensed with, without occasioning any considerable practical 
inconvenience, yet it by no means follows that they may not be 
introduced with advantage. Thus, if we assume the sign 

+ to denote the operation of addition. 

- of subtraction. 

X of multiplication. 

-^ of division. 
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t/ to denote the operation of extracting the square root. 

^ of extracting the cube root. 

= to denote equality, or the result of any operation or 
operations: then U)e resultg of the operations in the, examples 
just given (Art 5.) may be very briefly and clearly exhibited 
under the following forms: 
EitampleB 271 + 16* + 1023 = 1458 

t^i.^- 1695-763= 932 

191 X 87 = 5157 
29680-^112= 265 
^•219961= 469 
^474552 = 78. 

Theirinui- 7, These examples may be read, and therefore interpreted as 
pretationiD r / r 

wonb. follows: 

(1) The sum of 271, 164, and 1023, or the retvk of ike ad- 
dition of these mttnbert to each other, is equal to 1458. 

(2) The difference of l695 and 763, or the rendt of the sub- 
traction of the second of thege numbers Jrom the first, is equal to g33> 

(8) The product of igi and 27, or the result of the mulUfdica- 
tion of these numbers into each other, is equal to 5I57> 

(4) The quotient of 2968O divided by 112, or the result of the 
division of the first ^ these numbers by the second, is equal to S65. 

(5) The square root of 21996], or /fcrrerefto/'/Aeprocew /or 
extracting the square root of this mtmber, is equal to 469. 

(6) The cube root <rf 47*552, or the result ff the process for 
extracting the cube root of this number, is equal to 78. 

Ueeofwpu 8. Signs ^ operation, when thus defined to represent the fun- 
inaj^me- "J*™*"*^ operations of arithmetic, may be considered as artifices 
ticinBupei- for superseding the use of ordinary language in describing the 
neceBsiiy of nature of the operations to be performed and their connection 
"«»*'' M *'^ ^^ results which are obtained: thus, if it was required to 
add bother, subtract from each other, or multiply together, the 
numbers 619 and 347, they must be written underneath each 
other, in all these cases, precisely in the same manner, as follows: 
619 619 619 , 

347 347 347 ' 

966 272 214793: 

and it becomes necessary therefore to premise a statement in words 
of the nature of the particular operation to be performed in each 
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case, in order that one operation may not be performed when 
another is required: but, the use of signs of operation, as in 
the expressions 

619 + 347 = 966 

619-347 = 272 

61911347 = 21*793 
at once indicates, without any previous verbal statement, the na- 
ture of the operations to be performed and their connection with 
the results obtained, though it does not supersede the necessity of 
performing the arithmetical operations themselves. 

9. Let us now. advance a step farther and suppose that the Unafn^s 
letters of the alphabet, such as a, £, c. ,x, y, z, are used to denote app^j to" 
numbers of any kind, whether known or unknown, whole dr """^^ 
fractional (Art 3.); and let us take corresponding examples to liysymbola. 
those given in Art. 5. 

(I) Let it be required to add together the numbers repre- Addition. 
senied by the letters a and 6, 

The result is represented by 



(2) Let it be required to subtract the number h from the Subirac- 
number a. 



which admits of no further simplification or reduction. 
(2) Let it be required to 
imber a. 
The result is represented by 

(S) Let it be required to multiply the number a by the num- Multiplica. 
her b. 

The result is represented hy a r.b, or more commonly by ab. 

(4) Let it be required to divide the number a by the num- Divisioa. 
ber b. 

The result is represented by a + &, or more commonly, like an 
arithmetical fraction, under the form y . 

We shall now proceed to make a detaUed examination of the 
preceding and similar results, with a view to the establishment 
of the fundamental rules of operation, when symbols are employed 
to represent numbers, which in common arithmetic are expressed 
by the nine digits and zero. 
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Rule for 10. The sum of two numbers a and b is represented by 

addition of 

ground! the sum of three numbers a, b, and c, would be represented by 

■ofoa which 

the sum of four numbers a, h, c, and d, would be represented by 
a+b+c+d: 
I simUar manner, the sum <^ any number of inch quanliiiet 
t repreaenled by toriling them in succession in the same line 
SIGN of ADDiTion + placed between the several symbols- 
reason of this rule is obvious, inasmuch as the notation 
trcly indicates that the several numbers expressed by the 
. are to be added togedier for the purpose of forming the 
I sum. 

When any number of symbols are added together and the 
i written down, it is indifferent in what order the symbols 

each other. 

& a + b is the same quanti^ or number with b + a; or 

d a^gdraicalltf. (Art. 6.) 

« + 4 = 6 + «. 
1 similar manner a ■*■ b + c is the same quantity with 
b, or 6 + a+c, or b + c + a, or c + a + b, or c + b + a: 
»sed algebraically, 

i+c=o+c+i=6+o+c=6+c+a=c+a+6=c+6+fl: 
lilarly in all other cases: for it is obvious that, when 
s are to be added tc^^ether, their sums will be the same 
ever order they are taken. 

8 if a = 117, 6 = S23, and c=211, and if these numbera 
d together, their sum will be the same in whatever order 

117 117 S2S 323 211 211 

S2S 211 117 211 11? 32S 



211 


321- 


SI I 


117 


323 


117 


551 


651 


651 


651 


651 


651 



The result of the subtraction of the niuober h from the 
a, is represented by 

a-b. (Art. 9.) 



Coo.^lc 



In thia result, tlie order of succeaaion of the ayrabols is The lym- 
essentially dependent upon the particular symbols which are cominu- 

the subject of the operation, and they are therefore not com- '"'''* ™ ^^^ 

, , . , , (epresenta- 

mutable, as in the expression tioaofthe 

,1 openitioL of 

Kubtraolion. 

13. In the expression Intheei- 

a — b presuoa 

it is presumed that the number denoted by a is greater than the presumed 
number denoted by 6 : if this condition be not satisfied, the ™^'' 
operation of subtracting b from a could not be performed; than fr. 
under such circumstances, we might call the quantity repre- 
sented by 

impotsible, if by the use of such a term with such an application, 
we should merely deny the poitibilUy of obtaining any conceivable 
numerical result, when the number a was less than the number b. 

14. When one number is subtracted from another in common Siaiement 
arithmetic, the relation of their respective magnitudes is apparent cons^^ 
from inspection, and no attempt is made to perform an operation quences of 
which is visibly impossible: but when numbers are denoted by thesymbolB 
symbols, there is nothing which is etsmlially included in those ["nli^j"^ 
symbols by which either their absolute or their relative magnitude vdue. 
can be inferred : it becomes necessary therefore (in arithmetical 
algebra) when one symbol is subtracted from another or from 

others, to assume such a limitation of ita value as may be re- 
quired for the practicability of the operation to be performed; 
in other words, symbols in arithmetical algebra are limited in 
their representation to numbers, and, in their values, by the pecu- 
liar circumstances of their application ; if we consider symbols as 
unlimited both in vabte and in Tepretentatum, (and there is nothing 
in the ^mbola themselves which can express such limitations 
either with respect to one or the other) we must neceaarily admit 
the existence of expressions such as 
a-fi, 
where b is greater as well as leu than a, and where a and A may 
represent not merely numbers but any quantities whatsoever. 

This distinction is extremely important and requires the most 
careful study and consideration, inasmuch as it is one of the capital 
points which renders necessary, as will be shewn hereafter, the 
separation of arilkmelical from tymb(dical algebra. 
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Witeu the 15. If a number be first added to and then subtracted fi 

bolUpre- another, or conversely, the result will be identical with 
ceded boih original number: thus if 7 be first added to 10, making 
and if the same number 7 be then subtracted from 17> 
result is 10, which is the original number: or conversely, if 
first subtracted from 10, leaving S, and if the same number 
' then added to S, the result is 10, which is the original nun 
Similarly, if to the number a, we add the number b, ma] 
a + b, and if the same number b be subsequently subtracted J 
a + b, the result is the number a, which is the original numl 
or conversely, if the number b be subtracted from the numbi 
leaving a-b, and if the same number b be then added to a 
the result is the number a, which is the original number: c 
these operations and results be expressed algebraically, we ge 

a + b-b = a, 
and also, 

a-b + b = a. 

16. The conclusion in the last Article results from the ea 
tial relation between the operations of Addition and Subtract 
which are the inverse of each other: or in other words, one op 
tion undoes the effect of the other, when the number subjecte 
the two operations is the same : an attention to this relatioi 
these two operations is extremely important, inasmuch as it ena 
us to obliterate the same symbol when it presents itself twic 
the same expression, preceded by the sign — in one case, anc 
the sign + or by no sign whatever in the other : thus, 
0-0 = 0, 
a-a + b^b, 
a-b+b-a = 0. 

17- The operations of Multiplication and Division are 
the inverte of each other ; and in a similar manner any symbc 
number may be obliterated which both multiplies and divides 
same symbol or quantity. It is this relation of the operat 
of Multiplication and Division which leads to some of the i 
common and most impwtant reductions both of numerical quant 
and of symbolical expressions to others, which possess the same 
port and generally also a more simple or a more manageable fori 

18. When numbers in common Arithmetic are added, ; 
tracted, multiplied or divided, we usually obliterate, upon 
conclusion of the operation,, all traces of the original numbers. 
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make use of the final result only expressed by the nine digits and 
zero: but if we employ symbols to denote numben, we cannot 
generally, unless in the case of inverse operations vrith the same 
symbols, obliterate in the resulto the particular symbols which are 
involved in the operation or operations perfonned upon them: 
thus if it was required, in arithmetic, to subtract the sum <rf 67 
and 54 from I71> we should proceed as follows: 
67 171 

54 ISl 

121 50 

and we should employ the number 50 as the final result, whidi 
contains in itself no traces of the numbers 6?, 54 and 171, nor of 
the operations to which they have been subjected : but if we 
should denote the numbers 171, 67, and 54 by the symbols a, b, 
and c respectively, the operation of addition by the sign + and the 
operation of subtraction by the sign -, the result in question 
would be represented by a — (6 + c)*, where the sum 6 + c, of 
the two numbers b and c to be subtracted, is included between 
brackett, and where the sign — of subtraction is placed before 
them ; and where all the symbols employed In the course of the 
operations, as well as the signs of the operations themselves, are 
exhibited in the final result. 

19. In the prece^ng Article, we have used brackett to denote Un of 
that the whole number or quantity expressed by the symbols in- 
cluded between them, connected with their proper sign or signs, is 
to be subjected to the operaticm whidi is denoted by the sign whidt 
precedes them. 

The use of brackets is very general in Algebra, and is con- 
nected with rules both for their introduction or removal, whidi are 
of great importance, and which require the most careful attention. 
The principle of their introduction may be stated generally as 
follows: whenever any number of aymhtdt or comhinationf qftymbolt 
which are connected together tvith the tignt + or - , one or both, 
are required to be considered collkctitely as conitUuling one 
quantity or number, which is required to he subjected to any operation 
or operationt, they are included betmeen brackets. % 

• II will bo afterw»r(l»Bhewn (Art. aOOlJiM ■•-(*+«)=«-*-«■ 
t This term wtll.be eiplluned heieaftar. 

% The biacketa are eometiiaeg replaced by the vincutum, which is a lin e drawn 
Burr the eymbols whi ch ar e required lo be CDBnected together: thus, A+« ig uaed 
instead of (ft+c): b—*-c instead of a-(b-c) : and similarly in other CMOP. 
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Bule for 20. In Article 18, the result of the subtraction of 6 + c, or of 

tractioq or ^B Bu™ of two numbers b and c, from a, has been shewn to be 

the sum of represented by 

Kr^irf'"' o-(6 + c): (1) 

mndfbnhe the same result may be likewise represented by the equivalent 

■uchcwea. a - b ~ c: (2) 

for it is obvious that the result of the subtraction of the sum c^ 
two numbers 6 and c, or of (6 4- c), from the number a, is equiva- 
lent to the result of the successive subtraction of the two parta 
b and c, which together make up that sum, from the same number; 
a conclusion which is algebraically expressed by the second of the 
two forms (l)and{2). 

In a similar manner, if the operation of subtraction be applied 
to the sura of any number of quantities or numbers, the result 
will be equivalent to the application of the same operation to 
all the numbers or symbols in succession, of which that sum is 
composed: it thus appears that 

a-[b + c + d) = a-h-c-d, 
a-b-{c + d + e) = a~b-<:-d-e, 
a-{b-t-c)-(c + d) = a-b-c-c-d, 
and similarly in all similar cases : we thus arrive at the following 
general and very simple rule: whenever any number of symbalt 
connected together milk the sign + are to be subtracted from any 
other symbol or symbols (however connected with each other), we 
must place before each o/* the symbols to be subtracted the sign — > 
and nirite them in succession after the symbol or symbols which express 
the number or minuend Jrom tvhich the subtraction is to he made. 

Bnle for 21. In the rule stated in the last Article, the symbols forming 

tracSin of ^'' nnmber to be subtracted were all connected together with the 

'"'™''*ted ^'S" ■*" ■ ** remains to consider the case where the sign — occurs, 

u^her connecting some of the symbols which form the subtrahend: thus, 

u^ - M let It be proposed to subtract (i — c) or the excess of the number 

well ai -)-. 5 above the number c, from the number a. 

If we subtract b ftom a, the result is represented by a ~ i 
(Art 9.) ; but If we subtract b-c from a, the result will obviously be 
greater than a-bhy the number c, inasmuch as the number sub- 
tracted In the second case is less by c than the number subtracted 
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in the first : it follows therefore that the reiult required is correctly 
represented by a - 6 + c : or, if the question proposed and the 
result obtained be expressed algebraicsfly, it will follow that 

In a similar manner, we should find that 

a-i6-c-d) = a~b + e + d: 
for the number subtracted from a is less than b by the sum of the 
numbers c and d- 
Likewise, 

a-ib-c + d-e) = a-b + e-d + e: 
for, inasmuch aab-c + d-e is equal Utb + d-c — e, it follows 
that the number subtracted &om a is less than the sum of the 
numbers b and d by the sum of tiie numbers c and e, which is 
therefore equal to 

a-fi-rf+c-t-«; (1) 

and whidi becomes, by merely chan^ng the arrangement of the 
letters, 

a-b + e~d+e. (2)" 

23. The change in the order of succession of the terms of The value 
the expression (l) at the conclusion of the last Article, which en~ bnJcalex- 
ables us to pass to their subsequent arrangement in alphabetical prexeion 
order as in the expression (2), can make no alteration in its value, of aevcraT 
For, when a series of numbers are to be added to, or subtracted ^J^^^y"' 
iVom, another, the same final result wiU be obtained, in whatever ^ny change 
order the required operations succeed each other, so long as the orsuc- 
flubtrahend, when the operation of subtraction is required to be per- thMe'wrau 
formed, continues to be less than the minuendt. And if we may which ere 

precedra 

•Thus, ifo = 3l, 6 = 10, c=9, d = 12, ande = 3, theBuceemonofopemtiona^^^^^ 
u indicated ia fonns (I) and <2) will be aa fbllaws: 

For fono (1) 

fl = 31 o-fc = ai a-(.-d= 9 a-b-d + c-lB 

6^10 d^n c= 9 e» 3 



a- 


b-d+c+t=n. 




.= 3 



o-i-ai a-b + e ^aO o-6 + c-rf = 18 a-b + c-<l + e = 2l. 

t If we.had lupposed = 21. 6 = 10, e = 9, d = ia, and ( = 3, we should tave 
found 6 -I- d = 22 ; in this cage, the second of the Bucceuire operations indicated in 
form (1 > would have been impracticable, inaBinueli aa it would have required the 
subtraction of a greater number '23 from a lesa 31 ; this difficultir would not have 
(recurred in form (2). 
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be allowed to auppcwe that in any luccewion of operations, all 
terms preceded by the sign -<- are added to the first term to form 
a single minuend, and all terms preceded hy the sign — are also 
added together to form a single subtrahend, then one operation of 
subtraction will, in all such cases, produce the correct final result*, 
mhkh rvill cUarly be altogether independent of the order of succettion 
of all thelerms after the Jirst, and which will involve no impracti- 
cable operation, aa long as the single subtrahend, which is thus 
obtained, is leas than the minuend from which it is to be taken. 
General 23. The observation of the results obtained in the preceding 

n»fonniDE ^Tticl^i a"*! of the reasoning employed for that purpose, would shew 
the opera- th^t in performing the operation of subtraction, all those terms in 
tioQofaub- , . . , T. , , ., . , , . 

tiaciion. the subtrahend which were preceded by no sign, or by the sign -i- , 

would be preceded in the final result by the sign — ; and that all 

those terms in the subtrahend which were preceded by the sign — , 

Tbesiga-h would be preceded in the final result by the sign -(-: whilst the 

Tf^^ terms of the minuend and their antecedent signs would undergo 

purposea of no change. If, therefore, for the sake of greater brevity in the ex- 

piecede a pression crf' a rule in this and in other cases, we should assume the 

symbol ^stoice of the tdgn + , where no antecedent sign appears, whether 

no sign in tfae first twm of tiie vdnuend or gubtrahmd or subtrahends, tbe 

appeara, ^.^ ^^ subtraction may be expressed in the following very simple 

form: charge none of the signs preceding the terms t^ the minuend: 

change alt the signs preceding the terms of the subtrahend, + into — , 

and — into + .- the Ji*iil result mil be found by writing in the same 

line all the terms preceded by the signs which thus result, in any 

order which may be considered tnost convenient or most symmetricaL 

Alphabe- In the absence of any other principle of arrangement, the 

^^emeat 'lpli*''etical order of the eymbolsor combinations of symbols, which 

of tie form the several terms, is generally preferred: we say generally, 

geoarally **''■ innumerable cases will occur, in which it is convenient to 

adopted. depart from such a final arrangement of the terms. 

Example! 24. We will subjoin a few examples, for the purpose of 

^•"J^^on illustrating the rules for addition and subtraction in Algebra, as 
traction. &x as they are derivable from the preceding Articles. 

* Thna, in the example under conaidemtioD , we add c and a to a, making the 
ntnu«n<i a + e + a ; and we alwi adil together b and d, making the niilraftand b + d: 
and the final reault may he represented by 

a + c + e-(* + ri), 
which is equivalent to both the eipressionif in forms ( 1 ) and (i). Art. 21. 
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Summand * a -i-b 
Summand c-d 
Sum a + b + c~d. 

In this example, and gencralljr in all similar cases, we place 
the summands or expressiona to be added, underneath each orfier, 
as in the addition of numbers in common arithmetic; but if the 
same operation be exhibited throughout by means of algebraical 
signs, it will assume the following form : 

fl + fi + (c-(Q = a+fi + c-rf; 
or if expressed in words, it appears that if the excess of c above d 
be added to a + b, the sum will be equivalent to the sum of a, 
b and c diminished by d. 

(2) Prom a + h subtract c-d. 

Minuend a+b 

Subtrahend c — d 

Remainder a+b-c + d. 



In this example we have placed the minuend, subtrahend and 
remainder underneath each other precisely in the same manner as 
in the subtractiDn of numbers in common arithmetic ; if the same 
operation be exhibited throughout by means of algein-aical signs, 
then it must be written as follows 

a + /,-{c~d)^a + b-c + d. 

In this second form, the subtrahend c-dh included between Rale for 
brackets in order to shew that the whole quantity or number ^f*j^ete* 
which they include (which is the excess of c above rf) is to be *j*jf"" 
subtracted from a + b: the rule for removing ^e brackets when tbeeiEn— - 
tJiey are preceded by the sign - is in every respect identical with 
the rule for performing the <q>er8ti«»i of subtraction. 

When a quantity or number expressed by more terms than Rule when 
one is included between brackets, which are preceded by the ^ ^. * 
sign +, no change whatever takes place in their several signs ceded by 

* The ate of the Itrtn mnmand to express any one of a series of quantities 
to be added, may be justified by the same analogy which is obeerrable in Ae 
formation and use of the terms ninuciuj, sublrahend, multiplicand iaAdiuidend: 
a &ther eTleoaion of this analogy baa led lo Ihe assumption of the Wrma radi- 
caitd and logarithmaTid, to express the numbers whose roots are to be extracted 
or whose logarithms ate to be taken : See Ohm's Versuch einea vollkommen 
eonsequenten system det mathemaliek, Vol. i. 
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when the brackets are removed ; it being understood that where 
no such sign is exhibited as preceding the first term, the ex- 
istence of the sign -i- is assumed. (Art 2S-) 
Thus, a + b + ic-d} = a + l> + c-d: 

and a + {b-c)^{d~e) = a-i-b-c + d-e. 

Rale for It follows, therefore, that quantities or expressions, whether 

a^^.'" included between brackets or not, are added together in algebra 
by merely writing them consecutively in the same line with their 
proper signs. 

(3) Fromo + 6 + 7 subtract 6 -c+ 10. 
Minuend a + b+ 7 
Subtrahend b-c+lQ 



Remauider o4-6 + 7-6 + c-lO=a + c-3. 
Otherwise, 

a + 6 + 7-(6~c + IO) = a + i + 7-i + c-10 
= o + c + 7-10 = ffl + c-3. 
For it has been shewn in Art 15. that 6-6 = 0, and con- 
sequently that a + 6 — 6 = a : and it is obvious that the addition 
of 7 to, and the subsequent subtraction of 10 from, a + c, is 
equivalent to the subtraction of their difference 3, by a single 
operation, from a + c. 

(4) From c-lO + rf + 8, subtract 14 + (i- 9- e. 
Minuend c -10 + d + S 
Subtrahend 14+ d -g-e 

Remainder c - lO + <f + 8- 14-d + 9 + e=c + e-7- 
For it is obvious that d must be (or rather may be) obliterated 
from the final result, (Art 15.) and that 8 + 9, or 17 must be 
added to, and that 10 + 14, or 24 must be subtracted from, c + e : 
or their difference 7 subtracted (for the subtrahend 24 is greater 
by 7 than the minuend 17) from c + e, by one operation. 

Or, we may b^in by replacing c-IO + d + 8, by its 
equivalent expression c + rf — 2, and also li + d-Q- e by 
its equivalent expression d-e + 5, when the remaining opera- 
tions may be exhibited as follows: 
c+d-2 
d-e + 5 
c + ri-2-rf + e-5-c + e-7. 
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Or, If the operations to be performed and their results, be 
expressed by symbols, we get 

c-10 + d + 8-(l4 + rf-9-e) 
= c-10 + <f+ 8-14-^ + 9 + 6 
= c + e-7. 
Generally, all those terms which consist of numbers expressed ^'^^? ^ 
by digits and not by general symbols, are combined into one in ponttion of 
the final result, by writing the difference of the sums of those terms '*™' ?- 
which are preceded by no sign or by the sign + and of those digiu. 
which are preceded by the sign — , and prefixing to it the sign 
of the greater. 

(5) To c + rf-2, add d-e + B. 
Summand c + d—i 
Summand rf— e + 5 

Sum c + d-2 + d-e + 5 = c + d + d-e + S. 

In this result, the letter d occurs tivice preceded by the same 
aign: in the following Article it will be shewn that d + d, may 
be more conveniently represented by 2d, by which aubstitution, 
the result under consideration becomes c + id — e + 8. 

25. When a number denoted by a is added to itself, the Ruleforthe 
result IS algebraically denoted by a + a : if the same summand lepiesenu- 
a be repeated three times, the result is denoted by a + a + a : ^""."^fc 
if four times, by a + a + a + a: and similarly when the same addition ot 
summand a is repeated any number of times whatsoever : in all gy^bd ot 
such cases, it is usual for greater brevity to express the same J^Sf*"], 
results by prefixing to the symbol thus repeatedly added, the repeatedu. 
digit or number which expresses the number of times that the ^ 
summand is r^xaled: 

thus, instead of a + a, we write ... So. 
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and similarly whatever be the number of times that the same 
summand is repeated in such expressions. 

20. The number which is thus prefixed to a symbol, or com- Mrauiiog oT 
bination of symbols (for such will hereafter occur) is called the coefficfeni. 
coefficient of the term in which it appears, and will clearly in- 
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(licate that the symbol (or the number or quantity which it 
denotes) is multiplied by it: thus 2a may be read twice a, Sa 
may be read thrice a, ia Jour limes a, 10a ten times a, and 
similarly whatever be the number which forms the coefficient: by 
this means, expressions which would consist of 10, 100, or any 
conceivable number of identical terms, will be reduced into one, 
and the results which involve them will be greatly simplified and 
abridged in form. 

27. When a coefficient precedes a symbol, it means that the 
B symbol is multiplied by it: thus, 5a, or five times a may be 
lemode ' ''''^'*'*6 Called the product of 5 and of a: if the digital number 
ofrepre- which forms the coefficient be denoted (as it always may be) 
operation hy a symbol, then the product of this symbolical coefficient and 
of multipli- of the accompanying symbol will be expressed by merdy writing 
one after the other: thus, if the digital coefficient be replaced 
by a, and if the symbol into whicb it is to be multiplied (or which 
is to be repeated in addition as oflen as anity is contained in a) 
be b, then the product or result will be denoted by ah (Art. ^) :' ! 
it will necessarily follow therefore that in all cases the product 
of two numbers a and h will be denoted by ah', if not, then 
results essentially identical would not be represented by the 
same symbolical form: for in all cases the symbol a va ab will 
become a coefficient, if it be replaced by a digital number. 
I^«uul 38. Terms, which involve the same symbol (or symbols) 

terms! whatever be tbeir coefficients, are called like terms : those which 
involve different symbols, are called tin/t^e (emM: thus, Sa and 
5a, Ih and 156, Qah and nab. Sake and Itlabc are pairs 
of like terms respectively: whilst 3a and ?£, lib and I2ab, 
6ab and 7 abc are pairs of unlike terms. 
AdditioD of 29. When like terms are required to be added together and 
like lenns. ^^^ therefore connected together with the same Mgn, whether 
-)- or — , they may be combined into one by adding their 
several coefficients together, and subjoining the common symbol 
or combination of symbols; thus, 3ffl+5a = 8fl: for it is 
obvious that the sum of three times a and of five times a, 
whatever a may denote, is equivalent to eight times a : the 
same reasoning will be sufficient to prove the correctness oi the 
application of the rule above given, whatever be the number or 
the co^cienta of the like terms which are required to be com- 
bined into one- 
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Thus, 7a + 9fl = l6a- 

36 + 76+196 = 296. 
i, ab + 21 ab-¥ 100 ab = lS5ab. 
c-2d-Sd=c-5d. 

30. If a term appears without a coefficient, unity may in all U™'r ""J 
cases be assumed as its coefficient for the purposes of the rule in to be the 
the hist Article : for it is obvious that 1 a and a, or one limes a and of^u ,e^g 
a are identical in signification, and that the formal exhibition of "here no 

1 as a coefficient is unnecessary (Art. 84.) and therefore never made : efficient 
we are thus enabled to replace expressions such aso + Sii by 3a: 'PP^""- 
j:-i-7x + 93: by 173;: ab-cd-9cd hy ab-lOcd. 

31. If two or more like (Art, 28) terms present themselves Ruleforths 
in a compound expression with different signs before them, they ^p™ oAlke 
may be combined into one, by adding together respectively the teitoi con- 

i-j i-» 1111 - »i nected by 

like terms which are preceded by the same signs, whether + or — , dilferent 
subtracting the greater resulting coefficient from the less, prefixing '^^ '"*'' 
to the remainder the sign of the greater, and subjoining the com- 
mon symbol or combinaticoi of symbols. If the ^no/ sign be — , 
and if there be no term preceded by no sign or by the sign + , after 
which it can be placed, then the required operation is impossible 
in Arithmetical Algebra. 

Thus, 7a- 4a = So. Examples. 

1Ij;-10« = j:. (Art.30.) 
Isy - 4ixy - Sxy + 14*^ = 21 x^ - 6xy = 15xy. 
19xyz-S0xt/z+'SSxyx-2ixyz = O. 
a-Zb + 3b-ib = a-3h. 
If it was required to subtract 5a from So, the operation, in 
Arithmetical Algebra, would be impossible, inasmuch as it would 
be required to subtract a greater quantity irom a less : in Sym- 
b(Jical Algebra, however, as we shall afterwards see, a symbolical 
result would always be found, and which would, in the case 
under consideration, be expressed by -Sa. 

32- It will be convenient, for the sake of greater brevity in positive 
describing operations or in the statement of rules, to call all those ^"'^ . 
terms which are preceded by no sign or by the sign +, positive terms. 
terms; and all those terms which are preceded by the sign -, 
negative terms. It is important however that the student should 
keep in mind tliat no meaning is attached to the adjectives positive 
and negative, when so used in Arithmetical Algebra, beyond what 
is distinctly expressed in the definition Just given. 
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Fiinher 33. The rules for the combination of like te 

of addltioD enable us to give an increased extent to the applii 
^lion. '*'' S'l^t'on and subtraction in Algebra : the foUon 





Examples of Addition. 


(1) 


Summand + i - c 
Summand a — b — c 




Sa-2c 


In the first and unreduced result a + b — t 
obliterated, (Art. l4) and a + a-c~c is repl 
Art. 26. 


(2) 


a-Sb + Sc-d 
+ 36 + 3c + d 




2a + 6c 



The first and unreduced result is 

a-3b-i-3c-d + a+3b + Sc + d. 
and the final result is obtained by replacit 
3e + Sc by 6c, and obliterating Sb ~Sb 
spectively. 

(3) 70-66 + 3c 

2a-sb-7c 



lOfl-66- 



The like terms 7 a, 2 a and a are all positi 
their sum is 10«: of the like terms 5b, sb and 
(whose sum is 8 b) are negative, (Art. 32.) and 
die difference of the sums of the negative ai 
is 65, which must be preceded by the sign 
sign of the greater coefficient (Art 31.): ol 
3 c, 7 c and S c, the first and last (whose sum if 
and the second negative : therefore the differenci 
Ic or c, (Art. 30.) which must be preceded by 
the single negative term 7 c is greater than 
poiudve terms or 6 c. 

(4) 7xy- 6*a + llj^s 

xy + ISjfz ~ ISxz 

xz ~ St/z + Sxy 

gtfs-Sixz - lOx^ 
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Of the like tenns 1 xy, xg, Sxy and 10 j;^, the three first 
are positive and the last negative ; they are replaced by the single 
positive term xy. of the like terms fi^a, 12xz, xz and 2+*a, 
the first, second, and last are negative, and the third positive; 
they are replaced by the single negative term 41 xz : of the like 
terms IIje, 13^2, Syz and ^yx, the first, second, and last are 
positive, and the third negative: they are replaced by the single 
positive term Slyz. 

Whatever be the order of the terms in the several expressions 
which are to be added together, it Is convenient to arrange them 
in the final result in alphabetical order; but in all cases it is ne- 
cesstu-y, in Arithmetical Algebra, that a positive term should occupy 
the first place: when no such term, after the combination of the 
several sets of like terms into one, is found to exist, the operation 
is necessarily impossible (Art. 31.) : it is not impossible however, 
as will afterwards be shewn, in Symbolical Algebra. 

Examples of Subtbaction. 

(5) a + 6 - c 

a-^b-c 



2b 

The first and unreduced result isfl + A-c-o + 6 + c (Art, 83.) : 
in the final result b + b i& replaced by 2i, and a- a and c~c 
are respectively obliterated. (Art. 26.) 

(6) a - 6 + c + d 
a+b-c~d 
2c - 2b + id 

A positive term must occupy the first place in the remainder, 
a condition which cannot be fulfilled consistently with the alpha- 
betical arrangement of the terms: in Symbolical Algebra, the 
remainder would, or rather might be, written — Zb + 2c + Sd, 
inasmuch as the independent existence of negative, as well as of 
positive terms, as will be seen hereafter, is recognized in Syni' 
bolical Algebra. 

(7) 2(o+fi)-3(c-d) 

a + b-ijc-d) 



In this Example, (« + 6) and {c-~d), when included between 
brackets, are considered as simple terms, whose coefficients in the 
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minuend are 3 and S, and in the subtrahend 1 and 4 respectively : 
or if, for greater deameBs we should replace a + b by z, and 
c~d by y, the example under consideration vould stand as 
follows : 

i-4j 



If we now replace, in the result last obtained, x by (o — A) 
and g by (e-d), we get 

z + ^ = (a + fi) + (c-,i) = a + A + c-rf. 

(8) To subtract ix + Sy and 5y -1x respectively from 
5* - ly. 

If the operations to be performed be expressed algebraically, 

= 5x-ly-S.s~Sy~5tf + lx 

By the first line, we signify that the subtrahends 2x + 3y 
and 6y-7* are to be subtracted from the minuend 5i-7y: by 
the second line, we merely remove the brackets from the several 
subtrahends, in conformity with the rules (Art. S3 and Art- 24, 
Ex. 2-): we form the final result in the third line, by collecting 
severally the like terms into one (Art. 31.). 

(9) fl - 26 - (So - 46) + (5a - 66) - (7a - 86) + (9a - 106) 
= o - 26 - 3a + 46 + 5a - 66 - 7a + 86 + 9o - 106 =5o - 66. 

Or, we may begin by adding together the expressions which are 
preceded by the same sign, and subsequently subtract the results 
from each other, as follows : 

fl- 26 3a- 46 

6a ^ 66 7a- 86 



' ^Q^ 10a- 126 



15a- 186 
Subtract 10a - 126 



5a- 66 

(10) fl-(a-6)-H(«-6-c)-(a-6-c~rf) 

= a-a + 6 + a-6-c~fl + 6 + c + d = 6 + ii. 

(11) a-{«-(«-6)} = a-a + (a-6) = a-6. 



^ 
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In this example, we consider a - {a - b) as one quantity, 
fvhich becomet, when the braclcets are removed, a — a + b = b 
(Art. IS.) ; when this reduction ia made, we immediately get the 
final result just given. 

(12) « -[»-{.- (.-J))] 

.o-«*{.-(.-6)( 
= a — o + a — (o — 6) 
= a-a + a-a-i-b = b. 

In this example, we remove pairs of brackets in succession, 
and follow the directions of the rule in Art. 24, Ex. 1 and 3. 

Much more complicated examples of the use of brackets 
may be given; but a i»reful attention to the principles by which 
the reductions have been effected in the three last and other 
examples, will be found sufficient to enable the student to obtain, 
in all cases, the most simple equivalent ezpressions which result 
from their removal. 

34. The result of the multiplication of two numbers a and b is Diflereot 
expressed by aab, or more simply by writing them consecutively, lepresent- 
aa ab, without the interposidoa of any mark or sign between them '?^ |Tf^' 
(Art. 9 and 27.)- In some cases a simple dot is placed between sjmboli. 
the factors, and able expressed by a.b: but it may be considered 

as a general principle in Algebra, amongsl different modet qfrepre- 
tenlation which posseM the tame meaning and which are equally 
dittincl and anambiguout, to adopt, in aJl caset, that which u 
most easili/ written : and it is for this reason that the sign x or the 
equivalent dot are rarely used, except in cases where their omission 
might lead to confusion or ambiguity. 

Thus, in representing the product of two digital nnmbers S7, 
and 15, we write 37 x 15 in preference to 37. 15 which would de- 
note the number 37 added to the decimal .15: and it is obvious 
that if we should write these factors consecutively without the 
interposition of any sign whatever, we should confound their pro. 
duct with the number 3715. The continued product of a series of The multU 
numbers such as 2, 3, 4, 5 is written 3x3x4x5, or more simply ^uWpliS* 
S ■ 3 . 4 . 5, as there is no danger, when the dot is thus repeated, of are iaier- 
confounding such a product with an ordinary decimal number. widi!^ 

altering the' 

35. In common Arithmetic, the two factors are distinguished ''■'<'« °f 
from each other as the muUipHcand and the mulliplier; and though duct'.'^'' 
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the product is the same* when the multJ} 

interchanged, yet the arithmetical opera 

conformity with the rule, is not the sai 

different from each other. In Algebra, 

two symbols is exhibited only and no of 

multiplication, ie performed ; and conse^ 

* i» ike case of simple s^mboU or terms, to 

cand from the multiplier: the common 

therefore be correctly applied to both tl 

upon the same principle that the same del 

be applied to both the terms of the exp 

interchangeable with each other, without 

Digi^ 36. The expressions (i£ and £a are t 

(oT coef- identical in meaning, but the first arrang 

*^* '" ^^^ alphabetical, is generally preferrcHJ 

always oe- be replaced by a digit or number, it be 

fi^" U^K ^^' ""** ^'-J "'^ *^*' other, and always occu 

we always write 7a and never af. The 

not incorrect, though never used : for if it 

founded, when written indistinctly, with 

possesses, as will be seen in Art. 38^ a tot 

Mode of 37- If three factors or mulbplicandi 

i^'^pM. ^^ multiplied together, their product is i 

duct of any though they are generally written in alpl 

number of *. '',.,* A. . z ■ -j 5 

bciDn; reasonmg which proves that a 6 is identic 
'"^^"^'^^ that abc is identical with acb, or bac, 

of toe order ' ' 

io whicb The same observation may clearly be exi 
wrilten^in factors whatsoever : thus, the product a, 
thepro- byo6c:r: ^e product 7, ^ and y is reprs 
duct of Jx and Qy is represented by 7 x 
duct of Jx, 9y> snd Hz is representei 
^"'"hh^ 7-9-llxyz, or693ij/z: and similarly h 
™^^^: 38. When a factor or multiplicand 

tion of the product Js represented by a x a or a a: i: 

which • In other words, if tn he the muhiplicand and 

thT^T •^"^ torn times «. for m is equal to 1 + 1 + 1+., 

^toror therefore equal tolxn+l)(n+lxn + ...toiJi term 

mullipli- which is cleaily equal to m times n. It is however i 

*^^ted^' ''™ple 3"'' nearly eelf-evident propoaitiona, like the 

n^her^o? '" ^^^" evidence by any attempt to subject them to 

times. tematic proof. 
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four times by aaaa: and similarly whatever be the number of 
times that the same fector or multiplicand is repeated. In all such 
cases it is usual, for greater brevity, to express the same products 
by writing the repeated symbol emce only with a digit or digital 
number above it to the right hand, expressing the whole number 
of times that it presents itself in the product when written in the 
ordinary manner: thus, 

instead of aa we write a* 



and aimilarly whatever be the number of times that the same 
factor or multiplicand is repeated in the product. 

39. The number which is thus written above the symbol to Meaning of 
its right band is called the index or exponent, as expressing the jn^^j, q, 
number of times that the symbol is repeated in the product exponent 
written at full length: and the entire number or quantity which 
is expressed by the symbol with its index, is called generally 
a power at that symbol: thus, a' is called the second power of a, 
or more generally the square of a, from an analogy in the relation Squs.re. 
whid exists between a* and a, with that which exists between 
a square in geometry and the line upon which it is described: 
fl* is called the third power ota, or more generally the cube of a, 
from an analogy in the relation which exists between t^ and a, 
with that which exists between a cube in geomett^ and one of its Cube, 
edges : a* is called ^ejbrth power of a : a'* the tenth power of a ; 
a'** the hundredth power of a ; and similarly whatever be the 
value of the index. 

40. Most important and remarkable consequences will follow Integral 
&om the use of these and other indices: but in arithmetical jadi^' "" 
tdgebra we shall have occasion to consider such indices only, as ^PIj™" 
those which we have just described and which are always aiithmeti- 
posidve whole numbers. ^ 

41. When a* is multiplied into o^, the result a* x a^ is iden.- Rule for 
tical with aa x aao, or aaaaa, or a", since a is repeated five poraSon'of 
times in the product when written at full length. The index 5 is powera of 
the turn of the indices 2 and 3 of the two factors, a" and a', of the eymbol. 
product In the same manner when a* is multiplied into c^ the 

result a^ X a^ is identical with a", since a is repeated 4< times in 
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and 7 times in the other, and therefore (l + 7), or 
their product written at full length. In a aimiUr 
any porvers (Art, 39-) whatever of a are multiplied 
eir product will be equal to the continued product of 
a repeated aa often at unity is contained In the sum 
«s (Art Sg.) of all the factors which are multiplied 
d it wilt therefore be correctly represented by a single 
whose index is equal to the sum of the indices of all 
:nt factors of the product: for it is obvious that the 
iCt written out at full length, without the abbreviation 
would exhibit the symbol a repeated as oiten as unity 
in the sum of the indices of all the powers which 
'ated into one term. 

me of the factors be a symbol without an index, we 
it to possess an index 1, for the purposes of the rule 
i last Article; for a' is clearly identical with a, inas- 
indicates that the symbol a presents itself once only 
r expressed by a^. 

; following are examples of the incorporation of 
lie same symlxd, in conformity with the rule whidi 
n established. 

a' =a' X fl' = a'+* = a*: attaching to the symbol a 

(Art. 42.) in order to bring the exhibition of the pro- 

d fl" under the operation of the rule in Article 41. 

X x^ = x"*^ = x^. 

'xSaJ = 7 x8x<i»xo^=56«3+J = 56o"': 

e order of succession of the factors, so as to make 

al, precede the symbolical, factors. (Art. 36.) 

< a° X o« = a«*»+« = a'". (Art. 41.) 

x8a»x9o9 = 7.8.9x a'a»fl» 

= 504o'+8+*=504a". (Art. 36. and 41.) 

B order of succession of the facttos, so as to bring 
le same symbol or like powers together. 

' X a*65 X a^b'! = a'a^tfii^b^b'' 
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(8) lOafic X l]fl«6«c8 X 12(j'iSc" 

= 10.n.l2ttnW66*i''cc»<J* 

= 1320a"6'«c". 

44. If we denote the indices of any two powers of a by the General 
symbols m and n, it will appear from the proposition investigated of indices. 
in Art. 41, that o" x a' = a''+': it is this proposition which 
becomes, when the indices m and n are generalized in Symbolical 
Algebra, the general principle of indices, from which innumerable 
important consequences will be found to follow. 

45. Let a, b and c be numbers, and let it be required to Result of 
multiply the sum of o and 6 by c. pUcSil^'of 

The product of the sum of a and b multiplied by c will be bio the 
expressed by ac + 6c: ot if the same proposition be represented JJ^™ ^e™. 
throughout algebraically (Art. 34.), 

ia + b)c = ac^bc. 

For it is obvious that the product of o + 6 by c, will exceed 
the product of a by c, by the product of 6 by c. 

46. Let a, b and c be numbers, where a is greater than b : Result of 

the mnlU- 
and let it be required to multiply the excess of a above b by c. plication of 

a aymbol 

The product of the excess of a above b by c, will be expressed into the 
J ,„, ... -11,. 11 amerence 

oyac — be: or if the same proposition be represented algebraically, of two 

(.-6)c.„.-6c. "*"■ 

For it is obvious that the product ofa-6 by c, will be less 
than the product of a by c, by the product of h by c- 

47- The propositions in the two last Articles constitute the The propo- 
most general form of the rules for the combination of like terms lU^twoUet 
into one, which are given in Arts. 29- and 31 : for if we consider a ^^^^^^^ 
and h as the coefficients (Art. SG.) of the terms ac and be, (which the most 
when so considered become like terms, inasmuch as they differ fipressioii 
from each other in their coefficients only. Art, 28.) then a + b will °^^^^ r"'* 
become the coefficient of their sum ac + be (Art. 45.) and a — b combina- 
will become the coefficient of tbeir difference ac - bo (Art 46.) : Je^gi'?* 
or in other words, ac + bc may be replaced by (a + b^c, ^id one. 
ae-bc may be replaced by (a - b) c, or conversely. 

' 48. The same propositions are of the greatest importance in ^""iV 
Algebra, inasmuch as they form the foundation of the rules for positions in 
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Bymbolical tymboUcal multiplication in all cases: the mode ii 
tian. ' niles are deduced from them will be seen from 

Artides. 
Inveati- 4&- Let it be required to multiply a single sy 

rale for the •"'» "" expression consisting of any number of ter 
tion'S'"^' ^y ^^ Mgna + and — , one or both. The esami 
a wnijle results obtained in a few cases will readily lead to 
anexpieas- ment of a general rule. 

inaof^* (1) Let it be required to multiply x into a + 

number of {a + b + c)x = ax + bx + ex. 

For if we express 04-6 by a single symbol s, 
a + b +c by s + c, we shall find 

(a + b + c) X = (s + c) X = tx + ex, (Art. 4 
= ax + bx + cx: fort:i: 
= (a + b)x = ax+bx, (Art 45.) 
and therefore sx + cx = ax + bx + ex. 

(2) Let it be required to multiply x into a + 

(a + b + c + d)x = ax + bx + cx + dx. 
For if we express a + fi + c by «, and therefore 
by s + d, we shall find 

(a + b + e + d)x=is + d)x 

= sx-i-dx = ax + bx + cx + dx 

and therefore sx + dx = ax + bx + ex + dx. 
The same reasoning may be applied successive 
duct of a single symbol or term into an express) 
of five, six, seven, &c., or any number of terms 
follow that the product is found by " multiplyii 
term successively into every term of the compound 
and connecting the several results together with 
signs." 

(3) Let it be required to multiply x into a + 

{a + b-c)x = ax + bx~cx. 
For if we express a + b hj t, and thwefinre 
t — c, we shall find 

{s~c)x = sx~cx, (Art 46.) 
= ax + bx — cx: for sx = (a + b) x = ax + bx, 
and therefore sx~ex = axA-bx-cx. 
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(4) Let it be required to multiply x intoa-b-^c-d. 

(a-b + c~d)x = ax-bx + cx-dx. 
For if we express a + b or the sum of the positive terms 
by «, and b + d or the sum of the negative terms by t, then 

a-b+c-d = *-t, 
and therefore 

{a~b + c-d)x = {s-t)x = tx — tx 
= ax + cx-bx-dx = ax-bx + cx-dx: 
far tx = (a + c)x = ax + CX, and ix = {b + d)x = bx + ds; 
and therefore 

tx — tx = ax + CX — {bx + dx') = ax + cx — bx — dx 

And generally, if we express the sum of the positive terms 
of any compound multiplicand by t, and the sum of its negative 
terms by I, the product of this multiplicand and of x will be, in 
a similar manner, expressed by sx — Ix: we must then multiply 
X into every term of «, and also into every term of I, and after- 
wards subtract the resulting products irom each other, in order 
to obtain the complete product required: the terms of this final 
product may then be arranged, without any alteration of its 
value (Art. 32.), in any order, whether alphabetical or not, 
which may be considered most convenient or most symmetrical. 

50. We thus have arrived at the following simple and general General 
rule for finding the product of a single term and of a compound ,q^|, ,^g^^ 
multiplicand. 

MuUiplg the tingle term tuccesnvtly into every term of the cam- 
pottnd multiplicand, and conned the several reeuUt together tuilk 
their proper signs, which are those of the several terms <f the 
muUipUcand. 

51. The following are examples of the preceding rule : Eiamplrs. 

(1) (7a-56 + 4c)i=7arf-5firf + 4c(f. 

(2) {<^-ab + ac)ad = tfid-a*bd+i^cd. (Art. 41. and 42.) 

(5) (10j:-lly + 12s)x4( = 40(j:-44(y-^48(a. 

(4) {Sxy~'^f-6sz)^lxyz 

^ili^fz-iSxy'z-iZx^^. 

(5) (a<-o'6 + fl»ft'-«fi3 + fi*)fl'6» 
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Prodact of 53. We bImII row proceed to inveatigate the r 

two raclore ,.,. . - - .n.-i 

whan both multiplication of two factors, both of which are coi 

comMSnT *^^ purpose we shall commence with the examin 

more simple cases, and advance from them to othei 

more complicated and which are adequate to form th 

of a general rule. 

Product 53. Let it be required to multiply a + b into c 

and c+d. If we express the multiplicand a + b by x, we sh: 

Or in other words, we multiply successively each 
multiplier into every term of the multiplicand, and c< 
results together with their proper signs, and place 1 
proper order. 

The common mode of exhibiting this process is 



ac + ad + be -^ bd. 

That is, we write the multiplicand a 4- i, and I 
c + d, underneath each other, precisely as in the mti 
numbers in common arithmetic : we then multipli 
-each term c and d of the multiplier into every term 
plicand a + b, placing the partial products ac + be, 
underneath each other as in common arithmetic: 
the partial products together, forming the final pi 

ac + ad + bc + bd, 
which we have arranged, as is most commonly di 
betical order. 

In compound multiplication the multiplicand t 
are interchangeable r but the partial products whic 
are not the same in both cases, though the final ai 
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(<i + 6)(c-d) = *(c-rf), makmg* = o + 6, 


and 


= cx-dx = {a + b)c-{a + b)d 




= ac + bc-ad~bd = ac~ad-\-bc--bd. 




Or thus. 




a+b 




c~d 




ac + be 




-ad-bd 




ac-ad + hc-'bd. 





55. It appears from thia example, that if a negative (Art. 33.) The ugiu 
term Buch as -f£ be multiplied into a positive term auch as a or +i, ^^^ 
the product will be a negative term, such as — nrf or — 6rf : it ia indemn- 
convenient to distinguish positive from negative terms by writing w^imum. 
the firat with no aign or with the sign + , and the second always 

with the sign — ; by prefixing such signs to terms, when referred 
to apart from their connexion with others, we merely indicate the 
gigns by which those terms are to be connected with the others, 
ivhen the complete product is written down in the same line, 
with all its terms in their proper order. 

It is for thia reason, or rather with a view to this convenience, 
that we write the se<x>nd of the partial products in the example 
under consideration -ad — bd, merely indicating that the two 
terms ad and bd will be preceded by the sign — in the com- 
plete and final product. 

56. Let it be required to multiply a-b into c-d. product 

{a-b) {e-d) = x{c-d), making x = a-b and c-d. 

= cx-dx = {a-b)c-{a-b)d 
= ac -be -(ad-bd) 
'^ac-bc-ad-t-bd 
= ac~ad — bc + bd. 

For ia-b)c = ac- be, (Art. 46.) and {a-b)d = ad- bd, 
and if the sec<Hid of these expressions be subtracted from the 
first, we gel 

ac- be -(ad-bd) 
= ac-hc~-ad + bd. (Art. 21.) 
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The preceding proceaa is moat commonly exhibited as follows: 



-bc~-ad + bd, or ac — ad — be ^ bd. 



he 57. From the preceding example, it appears that the product 
jj of the two positive terras a and c is the pofitive term ac: the 
product of the positive term c into the negative term —b is the 
negative term - 4c : the product of the negative term - rf into the 
positive term a is the negative term -ad: and the product of the 
negative term ~d into the negative term -6 ia the positive terra 6rf. 

The observation of these results leads to the following very 
a! important general rule for the concurrence of positive and 
negative terms in multiplicudon : or if we may be allowed, as 
ia commonly done, to separate the signs which precede or wiiich 
are presumed to precede (Art. 23. and 55.) thi 
terms themselves, the rule under consideration 
denominated the rule for the concurrence of li 
in multiplication. 

The product o^ two Posir/rE <n^ of two ne 
po^live: the product of a negatife and a 
posiTiFE and a negative term is negative. 

Or in other words, if ttno like signs, wh 
— and — , concur in multiplication, the resulting 
cedes the resitlting term, is + : if trvo unlik 
•I- and — or ~ and +, concur in multiplication, 

58. The same rule for the concurrence c 
gf signs in Algebra is not confined to their conci 

plication, but In a certain sense also applies in 
le addition and subtraction : for if we suppose 
J^ precedes a bracket enclosing two or more tei 

successively before every term which those 

like or unlike signs will concur, and will be r« 

signs in accordance with the general rule st 

Article: thus 
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a-(6-c) = o-6--c = fl-6 + c, 
a + (b-c) = a + b + ~c = a + b-c, 
a-{b + c)=a-b-->-c = a-b-c. 

59- The precediog view of the concurrence of like signs in In whai 
the operationa of addition and subtraction, though foreign to the ?^irfot*he 
principles of Arithmetical Algebra, is perfectly conformable, as concur- 
will be afterwards seen, to the principles of Symbolical Algebra : aigne maj 
if it be considered, however, as merely another mode of presenting ej wall ' 
the rules which have been strictly demonstrated (Arts. 20. and 31.) "le fn^a- 
for performing the operations of addition and subtraction in Arith- operatunu 
metical Algebra, it will lead to no error, and will enable us to give " '^'b*'"*- 
increased generality to the expression of the rule of signs which 
we have just been considering; assuming, therefore, that the same 
rule will be true for the concurrence of signs in the operation of 
division, though no proper examples of such concurrence, differ- 
ent from those which occur in multiplication, will present them- 
selves in this operation in Arithmetical Algebra, it may be stated 
in the following form : whenever two like *igns concur in any o?te of 
thejundamental operationt of Algebra, whether + and + or — and—, 
tketf Tiuvf be replaced by the single sign ■*-: and whenever two 
unlike signs concur, whether + and — or — and +, Iheg may be 
replaced by the tingle sign —. 

60. Let it be required to multiply together 

a-b + c, and d-e +f. 

a-'b + c = s~b, if we make s = a + c. 

d-e ■>-/= i—e, if we make ( = d 4-f. 

(a-b^c)(d-e+/) = (s-b)il-e) 

= st-bt-es + be. (Art. 56.) 

= (a + c)(d+/)-6(J+/)-e(fl + c)+6e, (replacmg*and( by 

their values) 

= ad + af-\-cd+ cf- bd - bf- ae-ce + be, 

= ad - ae + af- bd + be - bf + cd - ce + cf. 

The final product consists thereftve of 9 terms, which is equal to 

the product 3 and 3 of the number of terms in the multiplicand 

and multiplier: it is arranged in alphabetical order. 
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The ordinary miwle of exhibiting this process is as follows : 



■»f-t>f^cf 



ad-ae + af- bd + be - bf + cd ~ ce + cf. 

The three partial products ad-bd + cd, - ae + be - ce, 
of— bf+ cf, are obtained by multiplying successively d, — e, 
andy into the several terras of the multiplicand, in conformity 
with the rule for the concurrence of signs (Art 57-) : having once 
explained the sense in which + and — are allowed to be placed 
before potiiive and negative terms independently (that is, without 
another term preceding them. Art 55.), the rule for the concur- 
rence of signs admits of immediate application, and the several 
partial products may be arranged underneath each other, precisely 
as in compound multiplication in arithmetic, without occasioning 
any difficulty or doubt in the determination c^ the final product : 
if any such difficulty or doubt ^ould present itself to the mind of 
the student, it will disappear upon writmg the several partial pro- 
ducts successively in the same line, as in the first form whidi is 
given of the example imder consideration. 

61. The process which has been followed in the last example 
may obviously be extended to the midtiplicadon of two factors 
consisting of any number of terms whatsoever, connected with the 
signs + and - , one or both : when stated in words at full length, 
it will become the following general rule: 

General Write the tviofactori underneath each other, as in the muUipHca- 

multiph- '''™ '^ number* in common arithmetic : muUipli/ successively every 
cflUon of (^jTj[ o^ one Jactor into every term of the other, tke xigns of the re- 
als, suiting terms being determined in conformity with the rule for the 
concurrence rf like or unlike tigns (Art. 5?.); and write the several 
partial products either in the same line or underneath each other, 
as in the mtdtiplicaiion of nujrAers in arithmetic : (md, lastly, add 
the several partial products together, combining tke Uke terms 
severally into one, if any suck occur. 



V 
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If there he three faclori, muUiply the third into the product of the 
ttvojirxt: Iffottrfaetori, multiply the fourth into the product of the 
three Jirst: and MmUaTly whatever be the number offaclort which 
are rerptired to be multiplied together. 

In mriting the PARTIAL product* underneath each other, il it 
usual to place, as much as possAU, like terms (when such occur") 
under tike terms, inasmuch as such an arrangement greatly facUitaie* 
the combination of like terms into one, by thus presenting them to the 
eye in immediate connection with each other. 

The examples which follow will farther illustrate the applies' 
tion of this rule : many of them will be found to express impor- 
tant general thet^ema, to which very frequent reference will here- 
after be made, and which will require to be very carefully studied 
and remembered. 

62- To form the product of o + 6 into a + 6, or the square Square of 
(Art 39.) of 1+ 6- *'^*' 



)-2a6 + 6* = (<T + &)* 



Or the square of the sum of two numbers is equal to the sum of 
the squares of those numbers together with twice their product 
Thus, (5 + S)*=a5+ 9 + 2x3x5= 64 
(7 + 9)» = 49 + 63 + a X 7 X 9 = 356. 

In writing down the partial products in this Example, the like 
terms ab are placed underneath each other (Art 6l.) 

The rule for the formation of the square of the sum of two FoundiUon 
numbers will be found to be the foundadon of the rule for the for the 
inverse operation of extracting the square root. o^n^n. 

€3. To form the square of a 4- 6 + c. Squue of 



+ o6 + i* + be 

+ ac+ 6c + c» 
.* + 8«ft + 6» +%ac + ibc + t?= (fl + 6 + cf 
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GeDeral Or the aquare of the sum of three numbers is equal to the sum of 

rule tor the , ,. i . . . ■ ? . - >■ 

formation the squares of those numbers, together with twice the sum of all 
square of ^^ different products which can be formed by combining them 
the Bum of two and two tofretber. 
three or ^* 

more aqm- The same rule may be extended to the formation of tbe square 
ttf a + b + c-ni and of the sum of any number of symbols what- 
- — fer. 

64. To form the square of o - i. 
a -b 



e^~iab + b!' = {a-by 



the square of the difference of two numbers is equal to the 
388 of the Bum of the squares of those numbers above twice 
r product. 

Thus, { 5-S)» = 2*= 4= 25+ 9-2x 5x3 
(11 -4)*=7* = 49 = 12l + 16-3x11 x4. 

65. The following propositions are immediate corollaries 
Q the two last Articles. 

(a + b)'+ia-ly = a^ + 2ab + b> + t^-2ab + lf' = 2(fi-^Slf 
(ffl + Sf-(a-fi)* = a' + 2n6 + 6*-(fl*-2a6 + 6*)-4oft. 
the sum of the squares of the sum and difference of two num- 
i is equal to twice the sum of their squares : and the difference 
he squares of the sum and difference of two numbers, is equal 
our times their product. 

66. To form the product a£ a + b and a — b. 



the product of the sum and difference of two numbers is equal 
he difference of their squares. 
Thus, (5 + 3) (5-3)= 8x2= 25- 9= I6 
(11 + 4){ll-4.) = 15x 7 = 191 -16=105. 
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67- To form the cube o( a + b. (Art. 39.) 



+ 3ab + fi* = (« + by (Art. 62.) 
+ 6 



t^+3<fb + 9ab' + f^={a + by 



Or the cube of the sum of two numbers ia equal to the sum of 
their cubes, together with three times the two products which are 
formed by multiplying one of them into the square of the other. 

This rule, for the formation of the cube of the sum of two Foundation 
numbers, will be found to be the foundation of the rule for the in- f^^ j^e™ * 
verse operation of estractinjr the cube root, inveree 

operatioD. 

68. To form the cube of a -6. Cuba of 

a-b 



a'- 


-2o6 + 6' = (fl 
-6 


1-6)- 


o»- 


-Sa'6 + oi' 
- o'J + 2o6'- 


4» 


0^- 


-So-S + SoS"- 


-S>. 



(.-6)> 

Or the cube of the difference of two numbers ia equal to the dif- 
ference of the cubes of those numbera diminished by the excess of 
three times the product of Ihe square of the first into the second 
above three times the product of the square of the second into the _ 
first. 

The examples given in the isix last Articles form important 
Arithmetical as well as Algebraical theorems ; and we have written 
out their interpretation in words at full length for the purpose 
of familiarizing the student with the translation of symbolical 
results into ordinary language: the following are miscelliineous 
examples, where such translations are not given. 
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69 (1) Multiply a^4-7 into « + 



Jr' + IO* 

+ 7^ + 70 



The like t^ms lOz and fx aie placed underneath each 
and subsequently combined Into one term, which is 17x. 

(2) Multiply x-7 into j-IO. 



r»-10* 



(8) Multiply «-7 i 



- 7*- 70 



(4) Multiply J 



(5) Multiply «* + 



«•+ 


3* -70 


into 


10 

7 


+ 


10* 

7* -70 


!■- 


3^-70 


* - 


into X -a- 
ax + a' 


*'4 


ax' + a'x 
ax' -a'x -a' 


*■-«' 



The terms ax' and o'.c are obliterated. (Art. 15.) 
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(6) Multiply I'-ojr' + a'j-a' into i + «. 






The tenns «j*, a'ir* and a** are 

(7) Multiply «'+4* + 8 into a'-4* + 8. 
x*-4* + 8 
j:' + 4 X + 8 



X* 


-ix'+ 


8x* 








+ 4J:'- 


l6x'4 


32* 






+ 


8*'- 


82 X + 64 




** + 


64 







The terms involving x*, 3^ and x are obliterate 

(8) Multiply together x + S, x*S and x 4- 7. 

I +3 
1+5 
a^ + Sx 
+ 5*4-15 



x' + 8l 
* +7 


+ 15 




x' + 8j: 
+ 71 


+ 15* 

+ S6x + 105 


«*+15 


r + 71* 


+ 105 



(9) Multiply together 3i^+Sab-b' and Si^-2ab + l^. 
So'+Saft-f 



9ti^ + 6cfb~Si^b' 

~6efb-it:^b' + Zab' 
+ 3<i'6' + 2afi'- 
!)o*-4a'6' + 4a6'-*' 
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70. In the operation of Multiplication, Iwo factors are 
. to find their product; whereas in the operation of Divisio 
product or what is pretumed to be the product and one of tl 
factort are given, to find the other. With reference to this opei 
this product or this presumed product is called the Dividen 
the given factor is called the Divisor : whilst the factor o 
sumed factor whose value is required to be found, is callt 
Quotient. 

I. Thus, if the dividend be 96 and the divitor 8, the ijuoii 
IS : for the dividend g6 is the product of the divisor 8 and 1 
quotient 12: or in other words, 8 is said to be contained i 
IS times. If the dividend be ab and the divisor a, the qu 
is 6: for the dividend ab is the product of the divisor a and ■ 
quotient 6: or in other words, a is said to be contained i 
b times. Again, the dividend a'— 6' and the divisor a + b, 
the quotient a — b: for the dividend a* ~ 6' is the product « 
divisor a + b and of the quotient a-b, (Art 66.) : or in 
words, a + b is said to be contained in a'—b', a — b times. 

7I- The operation of division is denoted by the sign - 
more commonly by simply writing the divisor beneath the 
dend with a line between them, as in the case of numerical frac 

(Art 9.) :■ thus the quotient of a divided by 6, is denoted 1 

in the same manner that the quotient of a digital number 3 di 
by 4 becomes or is represented by, the numerical fraction ^ 

72. The operation of division is the inverse of that of t 
plication, by which it is meant that if a number be first mult 
and then dimded by the same number, its value is not all 
Thus, if the number 12 be first multiplied by 4, and if 
product 48 be then divided by 4, the result will be the or 
number 12 : and conversely, if the number 12 be first divided 
and if their quotient S be then multiplied by 4, the result will t 
same original number 12. More generally if a number de 
by a be multiplied by a number denoted by b, and if their 
duct a 6 be then divided by the same number b, the result w 
the original number a : and conversely, if the number a bt 

divided by b, and if their quotient -, , (Art "Jl.) be subsequ 

multiplied by b, the result is the original number h : or if 



r 
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processes be exhibited throughout algebraically, it will follow 
that 

. , 0x6 ab 

-'-'■|^» = T- 

73. It is this relation of the operations of multiplication and Important 
division, which enables us either to introduce or to obliterate cea which 
numbers or symbols, which are common to the dividend and the fjlJJ^, 
divisor, and which becomes the foundation of innumerable changes 
of form of expressions both numerical and symbolical, to others, 
"whether more complex or more simple, which are of equal import 
and value: we shall have frequent occasion to refer to it in the 
subsequent articles. 



IS unt/y. 

Thus. ^=1: 4 = 1^ ^=1- ^^=1: ^=1= J^XT 

100 54*"/ 

This proposition is only another form of the principle enun- 
ciated in the last article: it is equally true whether a represents 
a number or a concrete quantity : it is equivalent to saying that 
every magnitude is contained once in itself, and that therefore 
unity is the quotient which results from the division of any mag- 
nitude by itself 

75. When one number or expression is divided by another. Factors 
all those factors which are common to both the dividend and ^"^e"" 
divisor, may be struck out or exterminated without altering the 'li'i<lend 
value of the quotient which results from their division : and con- mav b« 
versely, the dividend and divisor may be both of them multiplied or'jn,^^ 
by any common factor or factors, without altering the value of ''■"^ *>('>- 
the quotient which results from their division. ^, the** 

loJue of the 

Thus if we represent the dividend and divisor by A and B quotient. 
respectively, and if we suppose A-aD and B=ad, where a is Proof, 
a factor common to both A and B, 
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then we have g =^ =§. (^y Art. 72): 

and it is obvious that whatever be the quotient {q), the same 
quantity or number {q), which, when multiplied into d produces 
the dividend D, will, when multiplied into ad, produce the 
dividend aD or A: and conversely, the same quantity or num- 
ber which multiplied into ad produces the dividend aD or A, 
will, when multiplied into d alone, produce the dividend D. 

FfLctorein 76- It will follow as a corollary from the proposition in the 

which ue ^"^ article, that when all the factors of the divisor are common 
not com- (o jjje dividend, that th^ may be entirely obliterated, and thai 
dividend the product of the remaining factors of the dividend will cmi- 
IX'edSi'^ stitute the quotient: and that if there exist any factors in th« 
ihedeaomi- divisor which are not likewise commtm to the dividend, the; 
natotofthe , , ,. , , ■ . , . ,. . 

quotient, cannot bc obliterated, and their product must remam as a divisoi 

in the quotient, which will retain therefore a fractional form 
The following are examples. 

Eramplei. 77. (I) The quotient of 4o* divided by %a, is 2jr: oi 
written algebraically, 

— — = 2*. 

(2) The quotient of ISa"** divided by Sax, is 4b«: oi 
written algebraically, 

12 o'** , 
"S a x '^ ■ 

(S) The quotient of t2abxyz divided by \Zaxz, is 6by 
or written algebraically, 

(4) The quotient of o' divided by o*, is a": or writtei 
algebraically, 

a' , , a' aaaaa . 

(5) The quotient of a" divided by a*, is «': or 
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When powers of the same symbol are divided by each other. Rule for 
"we obliterate the lowest of the two powers, and diminish the orpawers 
index of the highest of the two powers by that of the lowest: ''^'^?^" 
the remaining power with its diminished index will present each other. 
itself in the quotient : but if the highest index is found in the 
divisor, this diminished power will be found in the denominator 
of the quotient. 






27, 



(7) 



The quotient of lOOa'b'c' divided by 35a'b*c', is 4i 
The quotient of SSa'x'yz^ divided by S7a^x'if'x 






7xx 



78. 



, „ ,, . (he divisioi 
to the following afmanono 
miEils by 



"3°y 

The preceding examples and the principles upon which Rule 
their reduction is founded, will at once lead 
rule for the division of mononomiaU by numonomiaU. 

Omit all the quantities, rvketker digital or literal, nkich are ' 
common to the divisor and dividend; underneath what remains of 
the dividend write tvhat remains of the divisor, and the resulting 
expression is the quotient required. 

If no part of the divisor remains except unili/, the remuning 
part of the dividend is the quotient 

When We speak of the omission of common factors in the 
dividend and divisor, we mean that they are severally replaced 
by unity, which is not exhibited, when it is followed or preceded 
by other factors (Art SO), or when it is the only divisor. 
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Thus, - = — = - = 6. 

Common 79, The application of this rule, as we have already seen 

tors are immediate as far as all common literal factors are concerned : w 



concealed ''^*P**t> however, to common digital factors, they may be 
by their in. masked by their incorporation with others, as not to be eas 
wi^then. discoverable without the aid of the ordinary arithmetical rule 
finding the greatest common divisor of two numbers, which 
given in all books of arithmetic: unless such common facte 
wherever they exist, are found out and obliterated, the quoti< 
which is obtained will not be presented under its most simple foi 

Eiamplei. 80. Thus the quotient of Sgia**' divided by 258t^x* 

^7^ > which is reducible to the more simple form -— - , if 1 

common factor 17 of the numbers 391 and 258 be detected a 

obliterated. The quotient of 12987 a'fiV divided by 13209a'6' 

12Q87c' 
which is first found, is j , which is reducible to the m< 

simple form ^ , if the common factor 111 of the digr 

coefficients be struck out. 

Rulefor 81. If the divisor only be a mononomial and the dividei 

lutiol?-'" consist of two or more terms, the quotient may he found 1 

nomialbya the following rule; 

'"'"'■ Divide successively every term of the polgtumiial dividend, 

the monOTiomial divisor, by the rule given in Art. 78, and connt 
together tvith their proper signs the several partial quotients J 
the complete quotient required. 

It will obviously follow, from this process, that the dividei 
will be the product which arises from multiplying the mon 
nomial divisor into the quotient which is thus obtained, whii 
is the only condition which the quotient is required to satisfy. 

ffi. The following are examples of the rule in the U 
Article. 

(1) The quotient of ax + 6i divided by x is a + b, or 
expressed algebraically, 

ax + bx , 
= a + A. 
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For the product of the divisor x and of the quotient a + b, 
is the dividend ace + bx. (Art 45.) 

(2) The quotient of oi' + a'ar' + u'a^ divided by ax, or 

ax^ + a'x' + t^x ^ , , 

For the product of the divisor ax and of the quotient 

j' + QiT + i' is the dividend ax' + a'x' + a'x. 

(3) The quotient of 12jH' + 20ajr + 32a' divided by 4,ax, 

12^ + 20ax + S^a' 3x , So 
or, — — — = — + 5 + — . 

(4) The quotient of 8a'-6a6 + 4c+l divided by 4a', or 

8a'-6a6 + 4c+l 3b c_ J_ 

4a' " 2a ''"a'"*' 4a'' 

(5) The quotient of ISfia' -204a'* + 228a'i' divided by 
48 a* j:*, or, 

156o*-2Q4a'j: + 228a'j' ^ 156a' _ 304a 228 
48 a' i' " 48x» 48"^^ "^ 48 

^130' 17fl ^ 19 
4*" 4j; 4 ' 
reducing the several iractions 

156 204 . 228 
48 ' 48 ^ 48 
to their most simple equivalent forms. 

83- The third and moat important case of the operation of Third case 
division, is that in which the divisor consists of more terms ditborU a 
than one. pql.no- 

We possess no means of ascertaining, antecedently to the The practi- 
application of the rule for division itself, whether there exists jl^'J^'^"^ 
any definite quotient which multiplied into a giveu divisor will 'he iiyi- 
produce a given dividend : it is for this reason that the rule for two factors 
performing this operation roust be framed so as to furnish this ?/"!'■'*'' 
definite quotient whenever it esists, and to exhibit a quotient is ooe, is 
under all circumstances which will produce, when multiplied before™" 
into the divisor, a dividend which differs, by remainders which operation is 
are greater or less, from the given dividend which is under 
consideration. 
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Rule, 84, The following is the rule for' performing the operation 

of division with a polynomial divisor. 

Arrange the divuor and dividend according to the pomerg of 
tome one aymhol, or, ax much as possilile, according to the same order 
1^ successitm, nhether alphabetical or olherrvise, and place them in one 
tine in the same manner as in long efiuuion o^ numbers in arithmetic : 
Jind the quantity which multiplied into the first term of the divisor 
fv^ produce the first term (f the dividend; this is the first term 
of the quotient; multiply this term into all the terms of the divisor 
and subtract the resulting product from the dividend: consider the 
remainder, if any, as a new dividend and proceed as before, con- 
tinuing the process ' until no retaainder exists, or until it becomes 
obviously interminable. 
Cammon If there is any mononomial, whether literal or digital, which 

mial factors 'B common to both the divisor and dividend, it is generally most 
m"^ DOT be <^''™'^ent to strike it out in the first instance, and afterwards 
struck out. to proceed with the reduced divisor and dividend according to 
the preceding rule. 

By the preceding process we subtract successively the pro- 
im- duct of the divisor and of the aeverfj terms of the quotient which 
plete aiid ^^^ obtained, which is obviously equivalent to the subtraction 
able. of the entire product of the divisor and of all the terms of the 

quotient, by one operation ; the remainders, therefore, whether zero 
or not, will be the same in botli cases i if the remainder be zero, 
the quotient obtained is complete, and the dividend is resolved into 
two factors, which are the divisor and the quotient ; but as long as 
a remainder exists, the quotient is incomplete : and in those cases 
in which the remainder can never disappear, however often the 
operation is repeated, the quotient is necessarily incomplete and 
interminable, as there is no algebraical expression consisting of 
a finite number of terms which multiplied into the divisor can 
produce the dividend. We shall have occasion to notice all these 
circumstances, and many others, in the discussion of the follow- 
ing examples. 
Eiamplts. 86. (1) Divide 6a'-9ab hy2a-Sb. 

Sa-3b)6a'~$ab(3a, the quotient, 
6a'~9ab 



complete 



n,g,t,7.dM,GOOglC 



the q 
thefi 
(Art. 
fore 



By the first operation, we take away the product of a and 
a-h b from the dividend : by the second, we take away from the 
remainder the product of h and a + b: we have thus taken away 
altogether from the dividend the entire product of a + 6 and a + b, 
and there is no remainder : consequently « + 6 is the complete 
quotient of a'+ 2fl6 + 6* divided bya + i. 

If we reverse the order of the letters in the divisor and 
dividend, as follows, 

b + a)b' + ^ab+a'(b + a 
we should find 6 + a for the quotient, by a process similar to the 
preceding : the arrangement in this case, as in the former, being 
alphabetical, although in an inverse order : but if we pay no 
attention to the alphabetical arrangement of the terms of the 
dividend and divisor, though we may sometimes find the com- 
plele quotient after a greater number of operations than arc 
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otherwise necessary, yet in moat cases the process will i 
terminate, and consequently the complete quotient will nev 

divisor and dividend arranged as folli 



or 


-»■ 




fl* 


+ a& 






-06- 


-»• 




-«4- 


-4" 



ijuotient 2 ft + a - ft, which is equivalei 
erations instead of two. But if we 
; order, and adhere to it throughout 
rminate: 



-6" + a' 



6- i- . 

— +-}-, &c. 



a, produces -ft":" the third term - 
vhen multiplied into a, produces — :i' 

- — h*, (Art. 72): when we admit the existence 
IB reference to other terms with which it is con: 
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so on, the terms of the quotient, according to the rule, being 
such quantities as, when multiplied into the first t«mi of the 
divieor, neceBsarilj' produce in succession \^^ fir»i terms of the 
remainders : it is quite clear that by this process the remainder 
can never disappear, and consequently that the quotient can 
never become complete. 

(5) Divide 3;*+ (a + i) i -i- a6 by i + a. 

X + n^ ^c* -I- (a -I- A) ^ -I- aA (^x -I- fi, the quotient, 
x' + ox 
bx^ah; for(a+6)x-a«=6jt. (Art *9. Ex. 3.) 



(6) 


Divided 




1 by I + fi. 




-ax^uh; 
-ax~ab 


for -(«-*: 


(7) 


f3x-28 by J 
i-4;a:'+3i 


-28CH-7 



(8) Divide i»-86jr- 140 byx-K 
x-10^ji:*-86x-I*0 (^i'h 



In this case it is not necessary to bring down — 140 to form 
a part of the first remainder, as it would not be affected by the 
second operation: it is omitted, therefore, to save superfluous 
writing. 
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(9) Divide a;'-*a:'- 34*'+ 76^ + 105 by «-7. 
x-7)x'-ia:'-Six'+76x + l05 {x' + Sx'- 13t-15 



3*" 


-Six" 






3x» 


-21 x" 


76* 






-ISx'-t 






-13*'4 


91* 








15i + 


105 






I5* + 


105 



the complete remainders were brought down after each 
rtion, the process would stand as follows: 

c - 7; *• - 4** - 34*" + 76* + 105 f^*" + 3** - 13i - 1 5 
x*~7x' 



3^ 


-Six" 


+ 76* + 


105 


Sx? 


-21x' 








-13*' 


+ 76*4. 


105 




-ISj" 


+ 91* 








-15* + 


105 






- 15ar + 


105 



) Divide 3fl'+l6a'6-33a'6'+Ufl'fi' by a' + 7B6. . 
the first place, it is evident from inspection that a is 
n to every term of the divisor and dividend: we begin 
re by dividing them both by a, and we then proceed with 
nilts as follow : 

+ Tb) 3a* + I6i^b - SSa'b' + liab' iSa' - Sa'b -I- Sab' 
3a' + 21 t^b 



-Sa^b 


-SSaV 




-5M- 


35 a'*' 






2a'4' + 


««l' 




2<.'4' + 


Uo»' 
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<"> TTU^c — S + 3=. 

a*- I4fix* + lOgQj:'- 310I;r' ^- 3990»- 1800 



(12) 






(18) Divide *'-i^ + ^ + ^ by *'-2« + ^. 



Jo.-- 


lloV 

3 


a-. 
3 




aoi"- 


-lo'.' + rfi 






3 


So-* 
3 


4 




3 


3 





(14) Divide «• - go** + (a* - o6 - 6") * + o'* + ab* by 
-a -6. 

-(a-6)i'+(o'-afi-ft^i;for(<i+6)-2a=6-fl=-(o-6). 
-(a-i)ar'+(«'-i')«; for (fl+i(a-fi)=«'-6' (Art (66). 

-a6j+a'6+ai' 

-a6«*-fl'6+a6' 



The divisor and dividend being arranged according to powers 
of X, the divisor nrnst be considered as a binomial, under the form 

(16) ^'--■h...*.-. 



iti.rJM, Google 



(181 = x" + a:^ + a'x + a". 

(19) ~~ = *' + a«» + aV + o'ir + fl". 

Eiamplei gy j^ .^ preceding exaitiples, the quotienU obtained have 

plete^ been compleU, (Art. 85.); >" *•>«* which follows, the quotient is 
I.bte™M- «icomplele and w/crmi«a4fc. 
^*°'*" To divide a:" - <^ by * + a. 

« + aJx'-a'tjt»-ar + fl:' + -^-&c. 

I' + a*' 









The remainder afler the third operation ia -2 a', and the next 
term in the quotient is therefore ■, since xx=—ii^; 

or the product of the new term in the quotient and of the first 
term of the divisor, is the first, and, in this case, the only term, 
in the remainder : the next remainder is — , and the correspond- 

mg t^rm m the quotient is therefore ~~^, since — j-xj; = — : 

as the nature of the process in this case leaves necessarily a new 
remainder after every operation, the quotient may evidently be 
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continued without limit, and will consist of a series of terms 
altemateljr positive and negative, the index of a in the nume- 
rator and of 2 in the denominate, increasing by unity in erety 
successive term. (See Example 2, Art 86.)* 

88. We have here an example of an indefinite quotient, and ^^^ 
tlie theory of its formation may be easily understood, by reference formation. 
to the rule for division. (Art. 84.) As the terms in the quotient 

are successively determined by finding a quantity, which mul- 
tiplied, in conformity with the rule of signs, (Arts. 55 and 57,) 
into the first tenn of the divisor produces the first term of the 
remainder (Art. 84), it is evident that the process may be con- 
tinued as long as the remainder exists, and consequently may 
be continued indefinitely, when the reminder never disappears, 
which must always be the case when the divisor is not ti factor 
(Art 76.) of the dividend: such quotients, therefore, may be 
considered as originating in the rule for division, which is equally 
adapted to all cases, and whose application is not limited by the 
practicability of determining the quotient in any finite number of 

89. Incomplete and indefinite quotients present themselves Incimmlete 
in arithmetic as well as in arithmetical algebra, when the decimal goite auo- 
scale is supposed to be extended indefinitely, both ascending and j^^^hmeiic 
descending, by means of the use of decimals. In the following 
chapter we shall discuss at considerable length, the theory of 
arithmetical operations, and their relation to the corresponding 
operations conducted by general symbols: and we shall reserve 

to that occasion the further consideration of the series which these 
quotients form, when they possess a character which Is capable of 
being explained and understood, without the aid of the more 
general views which will be hereafter supplied by sjrmbolical 
algebra, properly so called. 

* In the course of tfais example and in ttiose given In the preceding ajticIeB, 
we are more or less compelled to consider tfae sign — as eiistiag independently, 
(Art. 55.) and thus Co adeance beyond the proper limits of arithmetical algebra : 
the Inct i», that the mere use of general eymbols and of signs to connect them, 
however strictly limited in their primitive meaning and application, conducts us 
almost insensibly to a science of pure symbola, presenting forms of combination 
and processes which are both uninlelligihie and impracticable when considered 
solely with reference to Iheir simple arithmetical usage. 
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CHAPTEE II. 



Crete be- 
come iden- 
tified by 
arithmetl- 



numbers 



ON THB TBBOBY OF THB PUNOAHENTAL OPKBATION8 
IN ARITHMETIC. 

90. Tkb numbers which are the objects of Arithmetical 
Operations, are considered as ahstract so long as no apecific 
properties are assigned to the units of which they are composed 
and concrete under all other circumstances. The notation, how- 
ever, which we adopt for the purpose of representing numbers, 
generally suppresses all consideration of the specific properties 
of their component units, and consequently indicates no di»- 
tincdoa in the operations to be performed upon them, whether 
they be abstract or concrete: it is only when we come to die 
details of commercial arithmetic, that we are compelled in general 
to take into account the specific properties of the units which 
compose our numbers, inasmuch as they are connected with the 
customary subdivisiouE of them, to which names are attached, 
which are very rarely adapted to the decimal scale, requiring 
therefore for Aeir r^uction and calculation, the application of 
rules which vary with almost every species of magnitude and 
which greatly interfere with the uniformity which might other- 
wise be made to prevail in nearly all the processes of arithmetic 

91. The operations of addition and subtraction can only be 
' conceived to take place between numbers which are abstract 
. or whose units represent magnitudes of the same kind, whe- 
ther they be specified or not: in all other cases, there can be 
no results of such operations. It is true that magnitudes of dif- 
ferent natures may be connected with the algebraical signs 
+ and -, but the operations which are indicated will continue to 
be impossible, until such previous reductions are effected, when 
such are practicable, as will restore the required identity of the 
units which compose the numbers which are the subjects of the 
operations: thus the sum of 2 cwt. 3qr. and 14>lb. may be 
represented by 2 cwt. + 3 qr. + I4lb. or more commonly by 
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and the toleration indicated, aa Itmg as the units of the numbers 
to be added together continue to be different in their value, 
will be impossible : but if we replace 2 cwt. by 338 lb., 3 qr. 
by 84 lb., then the units of the numbers 33S, 84 and 14 to be 
added together, become identical with each other, and their sum 
(3S61b.) is obtained precisely in the same manner as in the addi- 
tion of abstract numbers: but, if it had been required to add 
together 7 feet and i lb. whose units are not merely different 
but iiredudble to others of the same nature, the operation to 
be performed might be represented by connecting 7 feet and 4 lb. 
with the sign +, but no result, in which they are collected into 
one term, would be obtainable •- 

In conformity with the preceding observations it will be 
found that fractions, whose denominators are different, and 
whose numerators express therefore units of a different kind, 
are incapable of addition, until they have been reduced to the 
same denominalors, or in other words, until we have obtained 
the required identity of tile units of the numbers which are the 
subjects of these operations. 

92. The operations of multiplicaticoi and division are the In the 
inverse of each other, and so far as the numbers which form ofmnltipS- 
the multiplier or divisor are concerned, they must be conai- "•!"? »^ 
dered as perfecUy abstract, representing as they do, the num- ibe mnlii- 
ber of times that the multiplicand, whatever it may be, whether fi,e"ivkor 
abstract or concrete, is contained in the product and the quo- "* gener- 
tient in the dividend: it will follow likewise, that the units of stracinum- 
the multiplicand will be identical with those of the product, ^^ 
and tiie units of the quotient identical with those of the divi- 
dend. If, however, the divisor is not contained a certain num- 
ber of times exactly in the dividend, and if a remainder, less 
than the divisor, is found to exist, tile operation of division 
cannot be extended to the units of that remainder, unless we 
conceive tiliem to be concrete : for, if we form a fraction, to be Origin and 
added to the integral quotient previously obtained, of which the n^^c^ulin 

quotienls. 
* la Algebra, syinbola or combinations at ajrmbola are conoecled together 
with the Ngns + or — , wilhout any immediate reference to the identity or 
diversity of Ibe quuitities which are thus connected together, whether in their 
specific nature or in the uaila of the numbers which eipreea them: it is only 
when the quantities thus connected together possess the Bsme sjmboliciil part, 
with or without aumeiical coefficients, that results are obtained of the operations 
denoted by (he signs + nnd — , by the reduction of all such terms into one. 
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numerator is the renuinder and the divisor is the denominatm', 
it will signify, that unity (that is, the primary unit) is divided 
into as many equal parts as there are units in the divisor or 
denominator and that as many of these subordinate units are 
taken as there are units in the numerator: it is for this reason 
that we are compelled, under such circumstances, to consider the 
units of the original dividend to be concrete, inasmuch as the 
mind cannot conceive the resolution of unity into parts, unless 
it represents a real magnitude. 

_ 93. There will occur cases in whidi the multiplier or di' 

luUiplier visor will no longer be abstract numbers, where products and 
are not &b- quotients will be obtained whose units are no longer identical 
su^ctDum- ^iij, {hose of the multiplicand and dividend respectively: but 
under such circumstances, a meaning can very rarely be ^ven to 
the operations of multiplication and division, and even then rather 
by the aid of a reference to the results which are obtained, than 
to the primitive and cndinary meaningl of these tenuB them- 
selves. In considering the multiplication and dii'ision of frac- 
tions> we shall be compelled to have recourse to this extendetl and 
in some respects conventional meaning of these operations. 

ft^ilo'ns"^ 94. We have referred, very briefly and imperfectly, (in Arts. 

71 and p2), to the origin and meaning of numerical factions : in 
the subsequent articles, we propose to discuss their theory at 
considerable length, forming as it does, one of the most im- 
portant departments of Arithmetic 
Theitoiigin Assuming that the units of all numbers represent real mag- 
ins, nitudes, we may conceive them to be capable of indefinite sub- 
division, forming an indefinite series of subordinate units related 
to their primary unit by means of their numerical divisor, to 
which the name denominator is given: thus if the unit, which I 

represents, be divided into three equal parts, -- will represent 

one of them, - will represent two of them, - will represent 
three of them, or will be equivalent to the primary unit, 

- will represent four of the subordinate units denoted by -■ , 

— ten of them and so on, whatever be the multiple of the 
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sutwrdinate unit which is required to be expressed, the nam- 
ber by which it is multiplied being called the numerator of the 
fraction : more generally if b represent the denominator, which 

tienomnates or determines the subordinate unit tj j ^^^ ^^ 
present two such units, ^ three such units, and t , a times such 
units, where a is the numerator of the fraction, which wtm- . 
bers or determines the multiple of the subordinate units dtno- 
minaled by b. 

95. The fraction % is said to be ^n^er or improper, accord- f^^Z^ 

, , , fiBctiOIU. 

ug as Its numerator a is leas or greater than its denommator 6; 
in the latter case, the numerator a may contain b, p times 
exactly, or may contain b, a times with a remainder c : the first of Reduction 

'' ' u ofimjiroper 

these hypotheses gives %=^~p, {Art 72.) a whole number „hoie Jfr *" 

^ ^ mixed 

expressing the primary units only; whilst the second gives numbers 
, , and con- 

a pb + c po C e vereely. 

b — r-=T^b = p*b' 

or p primary units and c subordinate units denominated by c, 
(Art 94.) and is therefore properly called a mixed number, in- 
volving units of different kinds : it thus appears, that improper 
&actions, whenever they occur, may be reduced to whole or 
mixed numbers or conversely. 

ThuH -T- = *, and conversely 4 = -3-j whatever the units of Examples, 
the number 4 may denote : -r- = 3 + -, a mixed number, and con- 
versely 3 +— (or S -, as it is conunonly written) is equal to the 
fraction —. 

Similarly ^ = 5 + -^ = 5^: 
' 17 17 17 

15^9 ^„ . 76 ^ „ 76 . 
Ill 111 111' 

12 13x13 + 12 181 



and conversely 13 



407 X 61 + 7 24627 
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Rule. 9g. Generally an improper fractum becomes the mixed num- 

ber, tvkon integral* pari it the integral quotient which aritetjrom 
dividing the numerator by the denominator, and whoie Jraciiottal 
part M the Jraction nhote nvmerator is the remtunder, and whose 
dentminator it the original denominator <f the improper Jraction ; 
and conversely a mixed number becomes the improper Jraction, 
whose numerator is the product of the integral part o/* the mixed 
number and of the denominator of the Jraction, increased by itt 
numa-ator, and mhote denominator is the denominator qf thejrac- 
tional part. 

The nume- 97- If we suppose the subordinate unit t to be again divided 
^oomina- by c or to be resolved into c equal parts, it will be equivalent to 
ftaction tlie division of the primary imit 1 by 6 times c or be, and each of 
""jtiplwd them will be represented by t-, (Art. 94.): if c of these secon- 
bTlhesuoe ■ i 

numlKi dory subordinate units represented by 7- be taken, the result will 
alter^ itt ^ I 

nine. be represented by 7-, which is evidently equivalent to ^; since 

c secondary subordinate units such as t-i compose one priniary 
subordinate unit 7; and if we take ac times the secondary subor- 
dinate unit y- , forming the fraction j- (Art. 94.), it will evidently 
be equivalent to a times the primary subordinate unit -r , and will 
consequently form the fractim t: it follows therefore generally 
that T-^Ti from whence we derive the foUowisg very important 
propositions: 
Propou- (1) If the numerator and denominator of a fraction be 

"' multiplied by the same number, its value is not altered. 

Its con- (3) If the numerator and denominator of a fraction be 

verse. divided by any factor which is common to both, its value is 
not altered. 

' An iategml number is a. multiple of the primary unit, vhalever it may be : 
a fraetumai number is a multiple of the subordinate unit denominated by the 
this sense, the term numfrer may be correctly applied to 
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The whole theory of die reduction, addition, and subtraction 
of fractitms will be found to depend upon these propositions. 

98. If a common divisor of the numerattnr and denominator Obliieia- 
of a fraction exists, it may be obliterated (Art 97.). ^uid an equi- common 
valent fraction obtained which is in more simple terms (Art. 75.) : ^^^f,. 
but inAsmnch as the products of numbers present no easily rator and 
discoverable traces of their component factors, those factors which oatuc. 
may be common to the numerator and denominator of a frac- 
tion are rarely recognizable by inspection or by the knowledge 
possessed by ordinary men*, whether from memory or other- 
wise, of the composition of numbers. Under such circumstances 
it is necessary to have recourse to the following arithmetical 
rule, by which the greatest common divisor or the greatest com- 
tiioH measure, as it is called, of any two numbers, may be found 
in all cases. 

Divide the gretder qf the tteo numbers by Ike lest and the latl |tul.e fo' 
divisor by the last remainder, repeating the process until there it greatest 
no remainder: the last divisor is the greatest common 



bjaip 
pb 



OH? 

qc 

d)c(r 



The interpretation of this form of the process is very easy: ^J^^^J;' 
b is contained in a, p times, with a remainder c ; c is contained 
in b, q times, with a remainder d; d U contained in c, r times 
and there is no remainder. 

■ The unuBuil and almost inatinctive insight which was possessed b; some 
very remarkable boys, such as Zerah Colbuni, George Bidder, aod others, inlo 
the compoutioQ of aamhers is one of tbe moat curious and untcconntable &icts 
which pietenla itself in the history of the human mind : in ordinary cases this 
direct and immediate power of resalnng numbers into their factors is eitremely 
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Proof that 
<l»the 



We have aupposed the process to terminate after three divi- 
sionB: the demonstntioti which follows would be equally appli- 
cable, if it had proceeded to a greater number of them : for this 
purpose, it is convenient for us to premise the two following 
Lemmas. 

100. Lbmha 1. If one number measures another, it will 
measure any multiple of that number. 

If (I = ex, then ma = mcx: or it x is contained c times in a, 
it is contained mc times in ma. 

101. Lrhha II. If a number measure each of two others, 
it will measure their sum and difference. 

For i£ a = ex and b = dx, we have 

a + 6 = ci + rf* = (c + d)« (Art 46.) ; 

and a-b = ex-dx = (e~d)A! (Art. 47-): 

and since c and d are whole numbers, e + d and c - if are whole 

numbers; and therefore x, which measures a and b, measures 

a +b and a - b- 

t 102. In the first place, we shall prove that d ia a measure 

'' of a and b. 

Since d measures e by the units in r, it measures qc 
(Art- 100.) : it measures qe + d at b, since it measures qc and d 
(Art. 101.); it measures b, and therefore pb: it measures pb 
and c, and therefore pb + e or a: it appears, therefore, that d 
is a measure both of a and b. 

a- 103. In the second place, we shall prove that every measure 
of a and & is a measure of d. 

For if a number measures a and b, it measures a and 
pb, (Art. 100.) and therefore their difference (Art 101.) a - pb 
or c: it measures b and c, and theref(»% b and qe, and con- 
sequently b — qc or d. 

104. Since every number which measures a and b, measures 
d, the greatest number which measures a and b measures d: 



ot therefore d, which measures a and b, is their greatest common 
"■ measure; for no number greater than d can measure d. 
iple. 105. The following is an example of the application of the 

rule, which we have just demonstrated, to reduce the fraction 

to its most simple equivalent form: 

2997 
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2553; 2997 (.1 
2553 



444J 3553 (5 
2220 



833) 444 (^1 
333 



U1)SSS(^3 



Consequently 1 1 1 is the greatest common measure of the numbers 
- ^553^ 23 X 111 ^88. 

"27x111 "27 ■ * 

106. In connection with the preceding rule for finding the Greattsi 
greatest common measure of two numbers, it may be convenient meagre 
in this place to notice its extension for the purpose of finding the "^ ^^ee 
greatest common measure of three or more numbers : thus, if Dumbera. 
a, h, c, d, &c. be a aeries of such numbers whose greatest com- 
mon measure is required, find x, the greatest common measure Rule, 
of a and b : y the greatest common measure of x and c : z the 
greatest common measure of y and d : and so on, whatever be 
the number of these successive numbers: then z, or the last 
of the common measures thus found, is the greatest common 
measure required. 

For every common measure of a and 6 is a measure of x FrooT. 
(Art 103.): and therefore y, the greatest common measure of 
X and c, is the greatest common measure of a, b, and c. In a 
similar manner it may be shewn that z is the greatest common 
measure of a, b, c, and d. 



107- If 1 and b have no common measure except uni^, if a be 
they are said to be prime to each other, and the fraction t is in '^?'^ ¥ " 



Other eiampLee are 

63 7x9 7 


1919 101 X 19 

2l28"llix-B' 


657142 6x142857 6 
^^9 = 7x142857=7^ 


2019 673 x; 
3873 " 1391 X 
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its lowest terms : for in that case there ts no other fhictioii equal 
to r , whose tenna are not equimultiples of a and b. 

This proposition is very nearly self-evident, but is capable 
of bdng proved in the following manner: for this purpose it 
IB convenient to premise the two following Lemmas. 

^ft'vo 108. Lemma I. If two improper tractions be equal to one 

fractions another, the integral and proper fractional parts of the mixed 

be equal niimbers into which they are severally resolviblcj are also equal 

another, to one another. 

the integral , 

S^d^ia ^°' '*" I = S *• **'^™ " " greater than b, and therefore oT 

numbera greater than b', tjien if a = pb 4-c (Art- 95.) and a' - p'ft' + c', 

also p + r =p'+ t;. »nd therefore p = p' and T = -n'- *"•>' '' " 
obvious, since ? and -p are both of them less than the primary 

imit, that p and y cannot differ from each other by 1 or by 
any multiple of 1. 

}^^? 109. Lbmma II. If two fhictions be equal to one another, 

fractions , . . , , , , 

be equal thejT reciprocals are also equal to one another. 

'^^"- For if | = p. and if we multiply both of them by bb', 

are also their equimultiples will be equal to one another: the first product 

equaltoone , ,, , ,,, 

another. il£l£. = a6'_ ^nd the second ^-^ =a'J(ArL 79.): if the equal 

numbers ab' and a% be divided by the same number at^, the 

first becomes -—, = — , and the second — = ~ : it follows there- 



■ We use the accented letters o' and 6' instead of other symbols, such as c and 
i, iDasmuch as these accents sufficiently distinguiah them from a and h, and 
further indicate the connection which both the proposition and the process of 
demonstration employed establishes between ihem : the saine observation applies 
to the other accented letters which are employed in this and the follow ins Arti- 
cles, and may be extended generally to most of the cases In which they will be 
found to be employed both in this work and others of a similar nature. 



n,g,t,7.dM,GOOglC 



61 

110. Supposing T = /j, the proceases for finding the greatest Proof, 
commoa measures of these fractions will stand as follows: 

bj a {p V) a' (y 

■pb /6' 

"oh? O *' c?* 

qc jV^ 

d) c [r d') d Kf 

rd r-d- 

From the first Lemnis (Art 108.) it will follow that p=j/, 
and also T=r;- from the second Lemma (Art. IO90 'twill follow 
that - = p - «nd since b = qc -*■ d, and 6* = ^d + d', it also ap- 
pears that q = q', ---)> and therefore ,-5= ^, or r = r". It 

follows from hence likewise that the divi^ons terminate after the 
same number of (q)erations in both eases. 

Since a is prime to h, it follows that the last diTisco* d=\: 
for if not, a and h would have a common measure different 
from unity, which is contrary to the hypothesis. (Art 98.) 

Again, since r'=r = c, we %<eXd -r'd' = cd' : 

also 6'=y'c'+d'=^C(/'+ £, (since <(=q) 

= (50+ \)d' =bd', since b — qc-¥d = qc-¥ 1: 
and fl'=p'6'+ d = pb' + d (since f> = p*) 
= pbd'+ cd' (since 6'=firfandc'= cd') = (pb -i- c)if •= ad', 
since a = pb + c. 

It follows therefore that t = t; = Tj; ■ <*r in other words, 
a* and 6* are eitJier equal to a and b respectively (if d'= i) 
or are equimultiples of them. 

111. The proposition just demonstrated, though extremely imwrtant 
simple and obvious, is the foundation of several important pro- p.ropui' 
positions in the theory <rf numbers, and is one to which frequent pendent 
reference will require to be made in our subsequent Jnvestiga- ™^-n-. 
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tions connected with the reduction of ordinary into decimal frsc- 
tions: we shall therefore proceed at once to demonstrate them 
in connection with the proposition upon which they depend. 

Ifanumber ng. If a number c be prime (Art 107.) to each of two 

U prune lo, .... , . ,, 

each of two others a and b, it IS pnme to their product ab. 

igpriine For if not, let c and ah have a common measure x: and let 

prod^t. "^ suppose ab = xp, and therefore (dividing both of them by bx. 

Art. 109,) - = ? : but since a is pritne to x (for by hypothesis a 

is prime to c and :c is a factor of c), it follows that the fractiati 

- is in its lowest terms, and therefore b is either equal to x 

or to a multiple of* (Art 110.): in neither case, thereftn^, 
can b be prime to c, which is contrary to the hypothesis : it 
follows therefore that ab and c can have n 



Ifaoumber ^^ If " be prime to a, it is prime to any power 

anKr i? ^^^ ^^"^ **^ "*' w*"^^ "'' '^' ™ ™<"* generally a". 

ia prime to p^f by the same process of reasoning as in the proof of the 

of It. proposition in the last Article, it would appear, that if c be 

prime to a and a {b = a), it is prime to axa or 1^: and there- 
fore if prime to a and a' (fi = a'), it is prime to a j< o" or a" : 
and in a similar manner it may be shewn to be prime to a*, a', 
or to any integral power of a whatsoever. 

If one 114. If c be prime to a, then any power of c will be prime 

number („ ^^y -o^g, ^f a. 

IS pnme ' ' 

to anouier, -p^f if c be prime to a, then c is also pnme to any power 
any power ^ ' . ' 

of one will of a, such as a', o", or a' : and if a', iT, or a" be pnme to c, 
an^^e!" also a*, o", or a" will be prime to (f, c", or any power of c, 
oftheother. gucb as c". 

"onbem 11^- I*" *^^ fraction t be in its lowest terms, the fractions 

its lowest J 1 a _. 

^'^ n, S- ^. Ti' ^, will also be in their lowest terms. 
fraebonB fi" ft"' fi" J" (f 

terms are Thig jg ^n immediate corollary from the proposition proved 

any powers ' "^ * '^ 

ofita in the last Article. 

and de- H6. In the reduction of fractions to their most simple corn- 

are also in mon denominators, and in the solution of many other problems, 
terns'.™*** '* *'" ^^ found necessary to find the least common multiple of 



n,g,t,7.dM,GOOglC 



two or more numbers: we shall begin by the investigation ai 
the rule for finding the least common multiple of two numbers, 
and subsequently shew in what manner it may be extended 
to any number of them. 

Let m be the least common multiple of two numbers a and b, Pn>o(of the 
whose greatest comnum measure is j: : since m is a multiple £^dii« the 
both of a and b, we may assiune m=pa = qb, where p and ^l«»>tco"' 
are whole numbers : also since pa = qb, we get (dividing them liple of two 

both by pb. Art. IQ9.) t=-- ^nd since m is by hypothesis the 
U<ut possible multiple of a and b, it follows that p and q are 
the least possible numbers which answer the preceding condi- 
tion, and that therefore the fraction - is the fraction r in its 
p ^ b 

lowest terms: for if not, let any other traction ^ be the iraction 

P 
r in its lowest terms : then since Jj = t . we get (multiplying 
both by f/b) q'b =pfa, or, there are common multiples of a and b, 
which are less than pa and qb, which is impossible: it foDows 
therefore, that ° is the fractitm t in ita lowest terms, and there- 

f ^ »s 

fore we have 9 = -, and consequently m = qb = ^=pqx: a re- 
sult, iVom which we conclude, that the least common mulitpk of 
two numbtrs it their product, divided by their greatest cmttmon 
meaiure; or in Tither words, that it is the continued product of 
the greatest common measure of two numbers and of the quotients 
Khick arise from dividing them by it. 

117. Every other multiple of two numbers a and b, is a Every other 
multiple of their least conuuMi multiple m. For let JW be any ^'^'*.'^ 
other multiple of a and b, different &om m, and let us suppose bers is a 

a multiple of 

M=Pn = Q6: we thus get ^ = ^=2, (Artll6): and since i ^^„tm^' 
" ^ P P multiple. 

is in its lowest terms, it follows that either Q = q and P = p, in 
which case M~m, or that (l = nq and P = np, where n is a 
whole number (Art. 110): we thus get M=Qb = nqb = nm, since 

m = qb. common' 

* multiple of 

118. If the least common multiple of three numbers a, b, c ^^^ ^„ta- 
be required, we must find m the least ccmimon multiple of bers. 
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a and 6, and then m' the least c<nnmon multiple of m and c, 
is the least common multiple required. 

For every common multiple of a and b ia a multiple of m, 
(Art. 117) and therefore the least common multiple of m and c 
is the least common multiple of a, b and c. In a similar man- 
ner, we may find the least common multiple of four or more 



Another 119. If a=pxy, b = qx, c=qy, where p, q and r are prime 

"" ^ ° to each other, then pqrxyz will be the least common multiple 



eiprewing 

Ihe lean of a, b and c. 

multiple ^J 

of two or For m = — -pq^^ Is tile least common multiple of fl and b: 

and m' = — ^pqmt/x is the least common multiple of m and c, 
and therefore of a, 6 and c. (Art. 118.) 

It ia easy to extend the same reasoning to four or more num- 
bers, between two or more of which common measures exist. 

It follows therefore that the least common multiple of two 
or more numbers will be Ike continued product of the common 
measures mkick exUt bettoeert Itbo or more of them and the quo- 
tients as prime to each other, which arise from dividing them\ 6jf 
all common factors. 

General 120. The following easy arithmetical rule for finding the 

BTithmeU- igagj common multiple of two or more nimibet^ is immediately 
fiaiUng die derivable from the proposition given in the last article, 

Write domn in the same line all the numbers whose least com- 
[ multiple is required : ^nd common measures of any ttvo or 
more of these numbers, which are prime to aU others : divide suc- 
cessively all the numbers by these common divisors, and bring 
damn the quotients, or the entire numbers when not divisible, to 
a succession of lines, continuing the process until the last line 
contains numbers which are all of them prime to each other : the 
continued product of all ihe divisors and of all the numbers in the 
last line, is the least common multiple required. 

The 121. If divisors, not prime to all the numbers which they ' 

em^yed ^*' "'^ measure, be employed, cases may occur in which the 
must be final product obtained by the preceding process, would not be 



tipte. 
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tiie least common multiple required: thus if a=pxy, b = qxif, ^ 
c = rx, then if we make xy, which is & measure of a and b, the < 
first divisor, the process will stand as follows, tl 

p, q, c 
where p, q and c are prime to each other, but pqcxy is not 
the least common multiple required. If however we make * 
and y, the factors of xy, successive divisors, the correct result 
will be obtained as follows, 

!f)pS' 19' »■ 



and pqrxt/ is the least common multiple required. (Art 119-) 

122. The following are examples. Eiamples. 

(l) Let it he required to find the least common multiple of 

6, 15, 27, 35. 

3)6, 15, 27, 35 

5J2, 5, 9, 35 

a ■ 1.9-7 



The least common multiple required is 
3x5 x2x9x 7 = 1890. 
In this case S is the greatest common measure of 6, 15, 27, 
end is prime to 35 : 5 is the greatest common measure of 5 
and 35, and is prime to 2 and 9: the numbers 2, 9 and 7 
in the last line [are prime to each other. 

(2) To find the least common multiple of 12, 14 and 36. 
2J12, 14, 36 
6)6, 7, 18 
1.73 
and 2x6x7x3 = 252 is the least common multiple required. 

If, in this case, we had made 4, which is a common mea- 
sure of 12 and 36, and not prime to 14, the first divisor, the 
process would have stood as follows ; 
4^12, 14, 36 
3^3, 14, 9 
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The niunfoers 14 and 3 in the last line are prime to each 
other, but 4 x 3 x 14 k S = 504 i« not the least common mul- 
tiple required. 

The same erroneous resolt would have followed, if we had 
made 12 the first and only divisor. 

It does not follow, however, that the cii^loyment of a 
common divisor, of two or more numbers, fvktck it not prime 
to the otkert, will in all cases lead to an erroneous result : 
thus if we make 6 the first divisor^ and 2 the seccmd, we get 
6) 12, 14, 3G 
i)2, 14, 6 
1 ■ 7 ■ 8 
where 6x2x7x3 = 252 the least common multiple required: 
in this case, the number 14 is not prime to all the other num- 
bers in the second line and consequendy its factor, which was a 
measure of the first divisor, disappears by a second operation. 

(3) Let it be required to find the least common multiple 
of the nine digits. 

2J 1, 2, 3, 4, 5, 6, 7. 8, 9 



2jl. 


1.8.2.5. 3.7.4.9 


3;i. 


1.3. 1.5. 3. 7. 2. 9 


1.1.1.1.5.1.7.3.3 



and 2x2x3x5x7x2x3 = 2580, the least cmnmon multiple 
required. 

Thembor- 123. Considering all fractirais as numbert (Art QlS. Note), 
of which And, as such multiples of the subordinate units, denominated 
the nume- jjy [i,gj, denmninatora (Art 94.), as are expressed by their nume- 
fiactiaas rators, It follows, that the component subordinate units of such 
pl««, are fractions can only be considered as identical (that is, as ezpress- 
ooly ideati- j,,g (jj^ same magnitude) when their dfenominators are dte sanie : 
(hedeoami- under no other circumstances, therefore, can such fractions (or 
the^Snef numbers) be compared with each other with respect to magni- 
tude, or admit of being added together or subtracted from each 
other. 

124. But inasmuch as the values of fractions are not altered 
(with respect to the value of their primary unit) by having 
their numerators and denominators multiplied or divided by 
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the same number (Art. 97.). it will be always possible to re- 
duce them to equivaleDt ftactiong having a comnion denominator 
and consequently expressing multipleB of identical subordinate 
onits, when the primary, unit is the same for them all. This 
may be effected by the following general rule. 

Find the least comwtm multipie of the denominatort of all Ike Rule for 

Find Ihe successive quotients tehich arise from dividing this J?"™ '"*'" 
l&ist common mulHple by the teveral denominatort of all Ihefradions. mostBiisple 

Multiply the several numerators of the fractions by the sue- , 
cettive quotients nhich arise from the last process, and the pro- '> 
dud* which arise will form the nem numerator* of the equivalettt 
fraction*, n)ho*e common denominator is the least common multiple 
^ ihe primitive denondnators. 

By the application of this rule, we obtain a series of equi- 
valent fractions, expressing identical subordinate unite of the 
highest possible order, or with the least possible common de- 
nominator. 

125. The following are examples. Eiunplea. 

(1) To reduce — and — to equivalent fi-actions having 
tlie least common denominator. 

Denominators 14, 21. 

Least common multiple i2. 

Quotients 3, 3. 

Old numerators 3, 5. 

New numerators 9. 10. 

Equivalent fractions 751 7s- 

(3) To reduce the fractions, 

_Z. 11 1£ II 

10' 15' 18' S4 
to others, which have the least common denominator. 
Denominators 10, 15, 18, S4. 
Least common multiple 360. 
Quotiente 36, 34, 20, 15. 
Old numerators 8, 11, 12, 17- 
New ditto 252, 264, 240, 255. 
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_ . , . . 252 264 240 255. 
Equivalent fractions ^. ^, ^, gg^V 

Pnirfthat 126. A very slight attention to the process just exempli- 

tioospro- tied, would shew that the numerator and denominator of every 

Uuced by fi^action ia multiplied and divided by the same number, namely, 

are the by the quotient which arises from dividing the least common 

pie which multiple of all the denominators by its denominator: and, inas- 

admitofa much as the least common multiple of the denominators is the 

denomioa- least number which is divisible by all the denominators, it follows 

^'- that the fractions which result from this process are in the 
lowest terms, which admit of a common denominator. 

Thuf 

common multiple of b, d, f, so that m = bx = dy-fz, then the 
reduced fractions are 



Compari- 
■onoftVte- 
doiiH with 



£2 



cy 



bx- dy' fz' 

and since m is the least number which is divisible by 6, d 
andy, it follows that these fractions are in the lowest or most 
simple terms, which admit of a common denominator. 

127. Fractions which are reduced to a common denomi- 
nator, become numbers which are multiples of identical units, 
and thus admit of comparison with each other, *with respect to 
magnitude, in the same manner as ordinary numbers: thus the 

fractions - and — -- are reduced to the equivalent fractions 
— and — , which express respectively 33 times and S5 times 
the same subordinate unit -^ or one fifty-Mh part of the 
primary unit, whatever it may be: it is obvious therefore, that 



* Other Example) 
The tractions — , 



10' 100' 1000 



are reduced to 



IHoiJ' lOOO' 1000' 



I- 3- 4- 5- ■§■ ?■ 8' 9 '"•"™''™''" 2520' 2520' 

620 - 504 420 300 315 280 

2520' 2520' 2520' 3520' 2520' 2620' 

3 7 11 18 "., 300 260 275 288 

'^-4' W W 25 ^'<^ '«'*''=«'"" 400' 400' M' 400- 
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the first of these fractions U less dian the second, uid that the 
relation between them, is that of the numbers SS and 35, whose 
units are the same, whatever the; may be. 

128. Fractions also, when thus reduced, are capable of arith- Ftactiong 
metical addition and sabtraction like ordinary numbers: thus the wme de- 

iT .». c ^ 3 ,7 „ 33 , 35 . 33 + 35 68 """l""??! 

sum of the fractions - Mid - -, or of -r and — , is = — , Brerapaws 

5 II 55 55 55 55 of addttioa 

35-33 2 and sab. 

and their difference is ■■ ■ ■ ■ — — . traction. 

It is obvious, however, that these operations Ate ilil^taclj cable, ^°^ 
unless the quantities which are subject to them are numbers of 
the same donomination: for the same difficult would present 

itself in the addition of the fractions - and ~ which occurs in 

the addition of quantities of the same kiiid but of diHerent 
denominations, such as £7 and 3 shillings : we can conceive 

the sum of - and — (when their primary units are the same) 

equally with that of £7 and 3 shillings: but it is only wheii 

the fractions are reduced to the common denomination — , and 

also £7 and 3 shillings to the common denomination of shillings, 
^at the actual c^radon by which they are incorporated into 

one term can be performed, when the first sum becomes — and 
the second 143 shillings. (Art. 91.) 

129- The following are esumples of the addition and ftub- Eiamples 

. . ,. of addition 

traction ol fractions. and «ul>- 

(l) Add together -, -, - and -. (raciioos. 

The fractions reduced to the least common denominator are 
30 SO 15 IS 



60' 


60' go' 60' 


Their .um -*'*»°^" 


■na 77 
-So' " 


"••= """ Si- 




(!) Add together ^, 


*. 7 
' 100' lOOO' 
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The reduced fractions a 

3000 400 70 



lOOOO' 10000' 10000' 10000' 

3479 
lOOOO' 
11 



Their «um 

(S) From the fraction — subtract 

The reduced fractions, with a common denominator, are — 

42 

and — : their difference ia —7^ — ' ^ ii • *'*''''* ^ *"*® of the 

Bubordinate unita, of which the two reduced fractions are 

severally multiples. 

{*) From the sum of the fractions — and — subtract 1 ^ . 

The mixed number 1^ ia reduced to the equivalent fraction 

— (Art. 95-): the three fractions tt> ttj ''"d — are reduced 

„ . 560 493 847 . ^ , 

to the equivalent fractions T-=rr, ==77, ;r=T: the sum of the 

^ 770 770 770 

from which if -— be subtracted, there remains 





two first 


. 1055 
"770-' 




208 
770 


104, 
885 ■ 


of 


130. 


A fract 



A fraction may be multiplied by an abstract number, 
tnd^f ^a ^7 multiplying ita numerator by it and retaining its denominator. 
BbBtract _ Q„ a 3a 

number. Thus, twice t is denoted by -r-, three times r by -r-, and 



c tunea j by -j: 


fcf 


means a times 




and -r denotes a 


times 


the 


aame subordinate unit. 


(Ah. 91.) 


• Other eiamplw 
^ 2i ia |. tbe 


Theau 

um of 


an of 

6n. 


8». «?. » 


e? 146 3 
11' 17 ■ 7 


...1,1, 


Th.diffi,re.c.oflandiiai 


the diS^reuce of 


i at.d| «^: the difference 


of 3f. aad ^, or of 


i- 


59 

20' 


■• k- " 


from the bdiu of 


^-4 


we tike away the sum 


"^ in ""*> 4 


, the diffijre 


n„i.il. 
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131. A fraction may be divided by an abstract number, by Quotient of 

,.,,., .,, a fraction 

multiplying its denommator by it. divided by 

Thus, to divide the subordinate unit t by c is the same number, 
thing as to divide the primary unit 1 at once into be equal parts, 
each of which is denoted by ?- (Art. 97-) ■ <» ^ similar maimer 
the quotient which arises from dividing a times the subordinate 
unit Y or T by c, is a times as great as that which arises from 
dividing -r by c, and is therefore denoted by y- . 

132. A fraction may be multipLed by one number and To mul- 
divtded by another, by multiplying its numerator by the first fracdon 
number and its denominator by the second. numter 

a audio 

For if a fraction t be first multiplied by c and then divided lii'ide it 

bj another. 

by d, it will become by the first operation -r (Art 130.), and 
by the second r-j (Art 131.) : and conversely, if we should first 
divide the fraction t by d, the quotient would be tj> and sub- 
sequently multiplying this quotient t-^ by c, the result would 
be — 

133. It follows therefore that when a fraction is to be mul- T^^ opera- 
tiplied and divided by two numbers, it is indifferent in what be per- 
order the operations are performed, inasmuch as the result is fi^ined in 
the same in both cases. 

134. To find the value of a fraction of a fraction. to find 
If unity be divided into A equal parts, and if a of them be ^f ^ "* 

taken, the result is denoted by t- (Art 94.) a fraction. 

If a fraction -^ (considered as a unit) be divided into b equal 
parts, and if a of them be taken, the result will be denoted by 
r-j: for to divide -: (considered as a unit) into b equal parts, 

is equivalent to dividing the subordinate unit j- into d equal 



n,g,t,7.dM,GOOglC 



paru, each of which ia denoted by t-j, and then taking c of 
them, the result of which operationB is denoted by r-^ : if wc 
now take a times y-j, we obtain t-t, which is equal therefore 
to a times the b equal parts into which -c is divided: this is 
what is meant when we speak of the fraction r o^ j- 

S x5 15 

i of ^. or .e..n ^kih. of ^, is equal to ^ or |: 

- of - of -, or one half of one (AW of -, is equal to - of 
1x1 1 V - . ■ , 11 I 

■ ■ ■■ ■ or - — , which IS equal to ~ x — or — . 
3x4 12' ' 2 12 2* 

In speaking of a fraction of a fraction, we distinctly refer 
to operations, with abstract numbers, by which the fraction, 
which is the subject of them, is to be multiplied and divided : 
we are thus enabled to determine the result which corresponds 
to the operations indicated. 

limT'^ 135. To find the product of two fractions ^ and ^. 

fraction!. 

The fractions t and ^, considered absolutely by themselves, 

are concrete numbers (Art. 92.); and whether they be of the 
same (when b = d) or of different kinds (when 6 is not equal 
to d), they are incapable of multiplication into each other in 
the ordinary sense of the term. (Art. 93.) 
Iisanumed Ju order to give a meaning to the term multiplication in this 
case, we consider the terms a and b of the multiplier t as abstract 
numbers, and we assume that by multiplying this fraction 
-r into -1, we are required to multiply the fraction -^ by a, 
and to divide it by b*, which gives the result or product j^: 
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in other words, we consider the product of r and -3 as identical 
in meaning with the fraction t of ^, as explained in the laat 
Article. 

136. Such a sense of the multiplication of a firaction j by j which the 

* * prodnM of 
wiU be perfectly consistent with its ordinary meaning, whenever ^o (tac- 

j- becomes an abstract whole number, either by b becoming 1, **'^- 
or by a becoming equal to or a multiple of, b : this is the only con- 
dition which the proposition already established respecting the 
multiplication of fractions by abstract numbers (Art 130.) requires 
to be fulfilled : and it may be easily shewn, tbafr no other form of 

the result of the multiplication of -5 by r, different from ^, 
is competent to satisfy the condition above-mentioned: for it is 
this form alone which can become ^ (Art 97.) when a^b, 
^ (Art ISO.) when 6 = 1, or ^ (Art 97-). when a^mb, 
m being a whole number. 

Having thus shewn that ^j will represent the product of -3 

by T, in those cases in which the multiplier t assumes such 

a value, as to give to the term product, when thus applied, 
its ordinary meaning, the interpretation of the phrase product 
of two fracliotu in all other cases mast be derived from that 
form of the result which alone can correspond to it «msistently 
with the conditions which it must satisfy : it thus appears that 

the product of -1 by r> means a times the b* part of the 
fraction ^. (Art 1S4.) 

137. The product of two fractions, therefore, can only gene- T'".'^" 
rally admit of an interpretation when one of the fractions (the mul- fractioiii 
tiplier) ceases to have an independent existence and meaning and '^^o^ 
is merely considered as indicating certain defined operations to be the multi- 
perfbrmed upon the other: namely, that the fraction which is (^iTe no in- 
their subject, or the multiplicand, shall be multiplied by the ^J^"**" 
numerator and divided by the denominator of the fraction which 
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Cases in 

which the 
■oultiptier 



aiiBiD^ from 
the results 
connected 



is the multiplier: by such a procesM the product continues to 
be a multiple of a subordinate uuit of that primary unit to 
which the multiplicand is aesumed to correspond. 

138. If, however, we should continue to congider the multi- 
plicand and multiplier as fractions which have an independent 
existence, and therefore as concrete numbers, we may form 
a product identical in form with that which is obtained upon 
the preceding hypothesis: but it will only be in certAin cases 
of assigned primary units of the multiplicand and multiplier, 
that the resulting primary unit of the product will admit of an 
interpretation : it is not our present object to enter upon the 
diacusaion of such cases. 

139. We are accustomed to speak of r limef a frac±ion -j, 

simply meaning by such a phrase, the product of these fractions, 
agreeably to the interpretation which we have given to it (Art 
136.): we must not consider, however, by the use of such a fanuliar 
term as product, that we make any nearer approach to the deriva- 
tion of the actual product of two such fractionB, independently 
of the conventions upon which we have determined it: in other 
words, the product in question is not the necessary result of the 
operation of multiplication in its ordinary sense, but of a sense 
of the term which is modified by a reference to the only form of 
this product, which is consistent with what the result must be 
when the multiplier becomes a whole number and also when that 
whole number is further considered to have reference to an opera- 
tion and not to the expression of magnitude: it is by a reference 
to such a result alone, that we are enabled to give a meaning 
to such phrases as one and a half timet, three and three faurik 
times, or to the still more startling expressions one ha^ limes, 
one quarter timet, and so on: if we could obtain no result of 

a multiplication when the multiplier was 1^, S\, ^, at \, ^re 
should be unable to assign a meaning to the phrases in question. 
It is indeed a very natural tendency of the human mind to 
attempt to invert the process by which we really pass from 
wcffds to the things signified, in those cases in which a gene- 
ralization originating in the use of symbols or in any other cause, 
has ^ven them a much more extended meaning than when 
used in their primitive and obvious sense. 
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140. In common books of arithmetic and itlgebra, it Is ge- Failure of 
nerally att^npted to prove the rule for the multiplication of ^^p^^^ 
fracttcHiB, and to found the proof upon the primitive meanine directly die 

, . ,. . , .1 n .f ™le for the 

of the term multiplication: such attempts must necessarily fail, muliiplica- 

inasmuch as the term muIUpUcation acquires an extended signi- ^,J^" 
nification Irom the assumption of the practicability of the opera- 
tion, so long as the result which is obtained satisfies certain 
conditions -which have been otherwise establisheil when the 
multiplier assumes a particular form : it follows, therefore, that 
the meaning of the term multiplication is modified by the as~ 
sumed result, and consequently that the result cannot be con- 
sidered as a necessary deduction trom the original and obvious 
meaning of the term. 

141. .The use of symbols, whether digital or general, vill Great 
lead to many other examples of the use of terms in senses ex- of the 
tremely remote from those which they naturally possess, and will "f'^J!* 
be exemplified, as we shall afterwards find in symbolical Algebra, amiag 
not merely in the varied meanings of the terms which express i™™^j,. 
the fundamental operations of algebra, but in many others; and ''°°°^. 
it will be found, that however great is the licence which we aadoiher 
thus assume in the use or abuse of terms, that it will he totally """I**- 
inadequate to meet the almost endless variety of interpretations 

of symbolical results which the different circumstances of their 
applica^on will be found to render absolutely necessary. 

142. In determining the form of the result of the division of The quo- 
one fraction by another, it is merely necessary to consider the dkSionrf 
inverse relation of the operations of division and multiplication to onerractiDD 
each other: a relation which is established from the primitive ^ " '' 
meaning and application of these terms, and which must continue 

to be preserved, whatever be the variety of meaning which they 
may be destined to acquire in the various circumstances of their 
applicati<)n : thus, if the quotient of the division of the fraction 
T by Y he required, it is merely necessary to determine the 



fraction which multiplied by the divisor ^ will produce the 

c . . bo 

-;: this is obviously —,'■ for the 

which is equal to ^ . (Art. 97.) 



dividend -;: this is obviously —,'■ for the product of —, and 
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Rales for 143. It may be convenient to state in worda the rules for 

pUcBtioD the multiplication and divisicra of ftactiona. 

uonof^- ^^* numerator of the product of tnm fractions, it the product 

tioiU' of Iheir numeraiors : its denoimnator is the product of their demy- 

mtHalors. The numeralor of the quotient of one fraction divided 
by ane^her, it the product of the numerator of the dividend and (f 
the denominator tf the divisor ; and itt denominator is the product 
o^ tke denominator of the dividend, and of the numerator of the 
divisM: 

Tomnltiplj 144. jo multiply a traction or number by - is the same 

anumberor ' "" 'a 

ftMtion by thing as to divide it by o ; and to divide a. fraction or 

" number by - is the same thing as to multiply it by a. 

it by a and These propositions, which are frequently referred to, are im- 
codverae y. ^^^1^^^ corollaries fi«m the rules in the last Article : for the pro- 
duct of 5 and - = -j X -, 



J = 



considering the fraction -| included between brackets, or placed 
above the larger line, as the dividend, and a as the divisor. 
The quotient of ^ divided by - = ^ -=- - 



I 



(Art 130.) 



i) \ 



It is very useful to attend to all these varieties of equiva- 
lent, fbrms, which are of frequent occurrence, and which are 
connected ^th reductions and transformations, which, when 
(otce understood, are made with great facility. 

145. The following are examples of the multiplication and 
division of fractions. 
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/.^TL j^i.3 ,6.3x6 18 9 
(1) The product of J and- iS;j^=- = ^. 



21x57 1197 9' 
ducing the product to its most simple terms. 

(S) The product of 7^ and 8^, or of — and —j 

■ 6* X '07 ^ 68*8_ 1712 

" 9 " 12 ~ 108 ~ 27 ' 

,., ™ ,_ .13 3 ,4. 1x2x3x4 1 

(4) The product of -, ~, j and - is ^-^-^-^ = -, 

striking out the common &ctors of the numerator and de- 



(5) The product ^ and ^ (Art. 
3x5 



(Art. 41.) 

(6) The product of 
•t 44.) 

(7) The product of 4^ by i of |, or of ^ and i-J 

..33 . 
or if — and 

(8) The product of 14, 
14x2x3x64=5376. 

(9) The quotient of 3 divided by 

(10) The quotient of ^ divided by X is - " !? = fi- 

(11) The quotient of - of - divided by ^ of j, or of ^ — x 
ivided by - — 7 , or of ^ divided by - is = 5 . 

(12) Thequotientof A divided by ^ « fvi^^f 



ICPx. 10* lO" 

, _1_ . 1x1 1^ 

ICV " 10- X 10- Iff- 
(Art 44.) 



_ 33x3 _ 
' 10 '^ 8 X 10 ^ 
5 4 

6' 5"' ^"*""' T' 6' 

4x9 64. 14x5x4x9x64 

-5-' T" W7-5 = 

3 . 3x2 
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(IS) The quotient of ^ divided by ^ is ^\^^ 
11 X 100 1100 



(14) The quotient of ^^ divided by j^ "-io=^=I^' 
(Art 77.) 

(15) The quotient of^ divided by j^ is i-^y^= 10-, 
(Art. 77-) 

(16) The quotient »f | of | (^ 5 - divided 1*7 | of | of |, 

or of - — s~^ divided by - — - — -, or of g divided by -, 

'^9x2*18" 9 ' 
Decimal I4g. In congidering arithmetical notation in its most general 

■upeiior form, we may assume the existence of a scale of units indefi* 
<"""■ nitely continued, both ascending and descending, where each 

succeeding unit is one tenth part of that which precedes it: 
upon such an hypothesis nine digits and zero will be compe- 
tent to express any magnitude, which is capable of being ex- 
pressed by the units of such a scale, and what is not less im- 
portant, we shall be enabled to pass at once from the expression 
of numbers, by ordinary numerical language, to their correspond- 
ing expression, by means of nine digits and zero, and eaa- 
Immediate versely: thus fifty seven thousand, four hundred and twenty 
oTttni^S ^US^^ immediately becranes 57428, by merely writing in suc- 
laDgnafe cession the digits which represent the numbers ^w, seven. Jour, 
meticul tfoo, and e^ht, being the multiples of the units of the scale 
■jndcoD- expressing severally ten thousand, one thousand, one hundred, 
venelj. ten, one or the primary unit: in a similar manner, eighty 
thousand and nineteen becomes, in this system of arith- 
metical notation, 8OOI9, there being no units or multiples of 
them in the expression of this number which correspond to 
one Ihoufand and one hundred in tile general scale of units : it 
is this immediate transition from ordinary numerical language 
to the equivalent expressions by means of arithmetical sym- 
bols and the exact correspondence between them, which con- 
stitutes the great superiority of the Arabic system of numeration 
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above that which was known to the Greeks and Romans and 
the other nations of antiquity. 

147- If the continued decimal subdivision of primary units Decimrf 
of weights and measures and of specific magnitudes generaJly, f^^^or 
had been sanctioned by usage, and if the inferior or subordinate "?im., 
units which thence arose, had been expressible in ordinary inferior de- 
language, the transition from such numerical language to their cor- <:i"«>»lBnii»- 
responding expression in arithmetical symbols, would have been 
equally simple and immediate, as in the case of multiples of 
the primary unit: but as in the latter case, the digiul multi- 
ples of the superior units in the scale are placed to the left 
of the primary unit, the higher the more remote, so likewise 
in the former case, the digital multiples of the inferior units 
are placed to the right of the primary unit, the lower the 
more remote: and in order to mark the position of the primary 
unit and the separation of the scales of the superior and in- 
ferior units, it is usual to place a dot to the right of the pri- 
mary unit and to the left of the inferior units, which is termed 
the decimal pmnt. Thus, if the units in this descending scale 
were named primes, seconds, thirds, fourths, &c. with reference to 
the primary unit, whatever it might denote, ve should express the 
sum of three primes, four seconds, seven thirds, and maefourths, 
by .34<79: and if the magnitude which was required to be ex- 
pressed numerically comprehended both superior and inferior 
units, such as three thousand, four hundred and six, four se- 
conds, eight thirds, and five Jifiks, it would be represented by 

3406, 04805. 
the zeros taking the places of those units 'in the scale, whe- 
ther superior or inferior, which are not comprehended in the 
number which is required to be expressed by means of arith- 
metical symbols. 

148. Though the numeral language of no nation* (which Conve- 
must express generally the customary subdivisions of primary ^hwAst- 

tend ^« 
• The French Eyatem of weights and meaBnres was ttccompanied by a cor- adoption of 
responding Quroeral language, admirably adapted to its purpose, and which haa ^^,^1^ ^j 
partially survived the genera! ahandonment of their system of decimal subdivisions, subordiaale 
The Greeks from the period of Ptolemy adopted the seiageBima! division of units, 
primary units, which survives in our subdivisions of a degree and of time: as 
their system of arithmetical notation was not adapted to a scale of units, and as 
their arithmetical processea were consequently limited in their extent, and ex- 
tremely 



,t,7rJM,G00glc 



units, whatever they may be) is adapted to the decimal scale 
of inferior units, yet the great convenience of a uniform scale 
of notation, comprehending equally all magnitudes, and leading 
to uniform and simple arithmetical processes, has lead to the 
general adoption and use of the inferior as well as the superior 
decimal scale of units, notwithstanding the necessity wliich it 
imposes of departing from the customary subdivisions of specific 
magnitudes, and the consequent separation which it requires 
of arithmetical notation and ordinary language; it is true, indeed, 
as we shall afterwards shew, that there are many very simple 
subdivisions of a primary unit, and therefore many magnitudes, 
which are not expressible by any finite succession of such in- 
ferior units : but in all such cases, we are enabled to approximate 
as near as we choose to the expression of the magnitude in ques- 
tion, though the actual and finite numerical expression of the 
magnitude itwif may be unattainable*. 

Decimal 1^. We shall now proceed to examine the theory of arith- 

or whole^ metical operations with numbers adapted to this extended 
numbers, decimal scale. 

It is usual to designate numbers which comprehend units 
of the descending scale as decimaU, to distinguish them from 
such as are multiples of the primary unit or integrals : it will 
be found, however, that there will be no essential distinction 
in the theory of arithmetical operations upon them, the units 
of which they are composed being only distinguished from each 
other by their position in the scale. 

bemdy difficult in their application, particularly in the treatment of fiactioni, the 
seiageramal was nearly aa veil adapted aa the decimal scale to their system 
of arithmetic, and possessed some advantages in the great numher of divisors of 
the ladli of its scale. Astronomers have continned to retain the use oF the 
seiagesimal division of the degree and of time, partly in consequence of the 
influence of habit and of names, and still more from a sense of the gnat iu- 
conveniences which would accompany a change, as rendering comparatively 
useless the great mass of tables and inslTuments which have been constructed 
or divided in conformity with this scale. 

* If a series of weights, the primary units being 1 ib. avoirdupois or any other 
customary staodard we^ht, were constructed according to this scale, npwaids 
and downwards, nine for each unit in the scale, it is obvious that it would enable 
US to weigh any mass, whose weight is a multiple of any unit in the scale, 
however remote from the primary unit or decimal point, and also to approiimate 
indefinitely to it, in case it should be incommeDEurable with any unit in the scale 



n,g,t,7.dM,GOOglC 



160. Numbers, whether decimal or integral, may be multi- ^'umben 
plied or divided by powers of the radix 10, by merely altering maybe 
the position of the decimal point or of the place of the primary " j^^ 
units, without any change in the significant digits which exprecs by powers 
thein, or in their order of succ^aion. Bmere' 

In order to prove this important proposition, it will be con- of^^a- 
vetiient to premise the two following Lemmas: sWodob 

^ ^ the scale of 

151. Lemha I. The order of a digit of any order will be S^.'^Anl 
raised n places, if it be multiplied by lO". of a digit 

If a be a tvperior digit of the m'^ order, denoting a multiple raiwd 
a of the superior unit 10", (Art 146.^) or be a multiple of the ^jj^^ 
primary units equal to a x 10", then by lO-. 

o X l(r>t 10" = «xlO^+' (Art. 41.): 
or, in other words, the order irf the digit is increased by n, 
or a becomes a multiple of the superior unit 10"**. 

If a be an inferior digit of the m*" order, equivalent to 
-^ , or be a mnltipie a of the subordinate unit — — , then 

when n is greater than m (Art, 77- )> or = a, when n =m, 

or = — -^i when m is greater tlian «: or, in other words, 

the inferior digit a of the m*^ order will becotne a superior 
digit of the order n — »t, or will become a, digit of the primary 
units simply, or will continue an inferior digit of the order m — n, 
according as m is less, equal to, or greater than n: and in all 
these cases its order is raised by n places. 

152. Lekka II. The order of a digit of any order will fiemiier 
be depressed m places, if it be divided by IC. depreBsed 

Let n be a superior digit of the order m, then b^ beiDg 

„ ^ ifvt a divided 

— — — * o X 10"-, or = «, or = — — , bj ice. 

according as m is greater, equal to, or less than, n : in all these 
cases its order is depressed by n places. 

Let a be an inferior digit of the order m, then 

or a becomes an inferior digit of the order m + n, and its order 
Ib therefore depressed by n places. 
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fSlf^''' 153, If we multiply « number and therefore its succesave 

whether digits, expressing multiples of different orders of units, whether 

noi.'byio-. superior or inferior, by 10", we raise the order of each of them 

by n places, (Lemma I. Art. 1-51.), and we therefore remove 

the place of primary units, or the decimal point, n places to 

the left, without alt^ng the digits themselves or their order of 

succession. 

Eiample.. Thus, 

31.245 X 10' = 3124.5 
31.245 X 10"= 31245 
31.245 X 10' = 312450 
.00045 X 10" = .45 

.00045 « 10* = 4.5 
.00045 X 10* = 45 
.00046 X 10" = 45000. 

A decimi] 164. A decimal number becomes integral, if it be multiplied 

comes inte- by ^ power of 10, whose index is equal to the number of de- 
^ii^ranl- '^''^ i^aces: for under such circumstances, the decimal place 
tipiiedbja is removed to the ri^t by a number of places equal to the 
, Jq whose iti^x> ^^^ therefore just beyond the limit of the decimal places. 

:d"t,ber Thus, 

of decimal .0004 X 10* = 4 

^ "^"' 74.269 X 10» = 74269 

.0000001x10'= 1. 

Integnl- This transidon &om a decimal to the corresponding inte- 

mil. *^' S^^ number, which arises from the obliteration of the decimal 

point, is very frequently required, and it may be convenient to 

term the whole number which thence arises, the inlegralixed decimal. 

QuoticDtof 155. If we divide a number and therefore its successive 
nhether digits, expressing multiples of orders of units, whether inferior 
not'diJiiW *"" ™P«rior, by 10", we depress the order of each of them by r 
by l(r. places, (Lemma II. Art 152.), and we therefore remove the place 
of primary units, or the decimal point, n places to the right, with- 
out altering the digits themselves or their order of succession. 
Eiaraples. Thus, 

5^— « 
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4500O 



156. A dedmal number may be converted into an equiva- ConvenioD 
lent fraction, whose numerator is the iategralized decimal, (Art. mal inti 
15+.), and whose denominator is 
the number of decimal places. 

For if the decimal number in question be multiplied by »« power 
such a power of 10, (whoae index is the number of decimal "^ 
places), the decimal will be integralized, (Art. 154,): and if the 
integralized decimal be subsequently divided by the same power 
of 10, which was before employed as a multiplier, the frac- 
tion which arises will express the value of the original decimal, 
inasmuch as it has been multiplied and divided by the same 
number, (Art 97-)- 

Thus, 

„„,, 81.245 >c Itf 31245 

.045 :- 

.00045 =^ 
4.l€78d4 



4167894 

io*"' 



157- Conversely, a fraction whose denominator is a power Convei 
of 10, may be converted into an equivalent decimal, by omitting Sod wi 
the denominator, and striking off in its numerator a number ^ 
of decimal places equal to the index of 10 in the denomi- pomr^of 
nator. 10 into an 

equivalent 

This is the converse of the proposition in the last article: ''""n*'- 
it is merely dividing the numerator by a pow^ of 10 equal to 
the denominator, in conformity with the rule in Art 155. 
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Thua, 

714 



340 



13S4 



7.14 
.0340 or .Oi 
.00001284. 



Convereion 158, If the denominatoi- of a fraction be not a power of 

of irai^tians . . _ ' . _ 



intoequiva- 10, it may, in many cases, be converted into an equivalent 

lentdeci- fraction, whose denominator is a power of 10, and therefore 

into an equivalent dedmal of a finite number of places. 

FractiaoB J^ the fraction in question, in its lowest terms, be ^: then 

vhich are O 

convertible o fl x 10" , . « 

into finiie =■ = j — 77^ (Art. 97-) J and if the denominator 6 be a divisor of 

dedmalB. o ox IIT 

10*, the fraction wiD be reduced to the form -Xj wh^e 

p=— 7-, and consequently to a decimal of n places. 

Proof. Every number which is prime to a and to 10, is prime to 

a X 10^, (Art 111, 112.): and therefore if b, or any factor of b, 
be prime to 10, (b is assumed to be prime to a), it is prime 
also to a X 10*: but inasmuch as 2 and 5 are the only num- 
bers less than 10 which are mU prime to 10, it follows that 

in no case can the fraction t be reduced to the form -^ and 

therefore to a finite decimal of n places (Art. 157.), unless the 
factors of 6 be the numbers 2 and 5 only. If however the denomi- 
nator b be resolvible into factors which are powers of 2 and 5, 
one or both, and if it be, therefore, of the form 2' x 5', then if n 
be taken equal to the greater of the two numbers r and s, we 
, „ -. , a a X 10^ a X g" X 5" a x 5"^ .- , .„ , 

•"' «°'' I - mo^- ^TffTiff - -uT- ■■'""""' '"^ ' ■» 

greater than *, or = — t^^— , if " = « and if «be greater than r; 

the first of which is a decimal of ,r, and the second of s, places. 
Such fractions ahne produce equivalent decimals of a finite 
number of places. 



3 8 _ 3 X 10* 3xg'x5' 3x5' 75 

' 4~2'"S'xl0'^ 2'xlO' 



Thus = ^ ■""" .^ ■"•^ "o ZJL^- IB.- 7>;. 
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rxiff 


10* 



7 X a* X 5' 7x2' 56 ^ 



400 : 

169. Fractions, in their lowest tenns, whose denominatOTs Fractioiifi 
are not of the form S' x 5", can always be converted into de- convertible 
cimals which never terminate and whose digits sooner or later '°J" ^^^' 
recur by periods. malsonly. 

Let f- he such a fraction in its lowest terms, whose deno- 
minator is prime to 10 and therefore to its powers (Art 112.), or 
which contains factors which are so : it will follow therefore that 
a X 10" divided by b, will never give a complete quotient, what- 
ever be the value of n (Art 158.); and since a is a whole number, 
it is obvious that a x 10' will be expressed by the digits of the 

number a followed by n zeros* ; but t = t — tt^^ > whatever n may 
be, and we can therefore proceed to divide a x 10" by b, and 
continue the process as long as we choose : if the order of the 
digits of the dividend be raised n places, and if the remainder 
fccaa the division be r, the quotient will be a decimal number 
of R places (Art 158.), and the remainder will be expressed by 

J — -— ;. It is obvious that by the continuation of this process, 
the remainder r — tt^i since r is less than 6, may be made as 

small as we choose, and that consequently the decimal quoti^it 
may be made to t^proximate, as near as we please, to the true 
value of the fraction t '■ but, however long this process may be 

continued, this remainder can never disappear, and consequently 
no finite decimal quotient can be obtained which is accurately 

equal to the fraction ti unless its denmninator possess the pe- 
culiar composition which we have noticed in Art 15S. 

160. Again, since the remainder r is always less than 6, The inde; 
and since the process of division, as soon as the dividend be- mals wl^cb 
gins to comprehend the zeros which arise from multiplying ?"'tf"'" 
it by powers of 10, can, under no circumstances, produce curUy 
■ TIiub37x10'=3700: Ux 10' = 1400000. 



n,g,t,7.dM,GOOglC 



more than b— l remainders different from zero and from b, it 
fc^Dws necessarily, that the same remainders must recur at 
least within 6-1 operations, and that they consequendy must 
produce a similar recurrence, in the same order, of the divi- 
dends to be divided and of the corresponding digits in the 
quotient: it is for this reason that the indefinite divisors which 
arise from such fractions, must sooner or later become periodic 
or recurring, and that the number of places included in each 
period must always be less than the denominator of the frac- 
tion in its lowest terms. 

161. The following are examples: 

(1) To convert - into a recurring decimal 

SJ 1.00000 
.SSSS... 
The decimal places commence with the first introdiicti<m of 
the new added zeros in the dividend, (Art 159-). 

(2) To convert - into a recurring decimal. 

Ij 1.00000 

.1*2857142857... 
The recurring period 142857 comprehends in this case 6 
places, which is less by 1 than the divisor: if we take the suc- 
cessive multiples of-, namely =, -, -, -, -....the recur- 

7 "^77777 

ring periods will consist of the same digits: and if we further 
suppose those digits placed round a circle, the successive pe- 
riods will be formed of those digits in the same circular* order 
as follows; 

1= .285714285714... 



.571*28571428... 

:ea if the digits are arranged ihas. 
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.714285714285.. 

: .857142857143.. 





7 


.142857142857 


(3) 


1 
9 


.1111... 


(*) 


1 

99" 


.0101 . . . 


(5) 


1 
999" 


.001001... 


(6) 


I 

O0QQ~ 


.00010001 . . . 



If the denominator of the fraction be 10" - 1, or be expressed ^raciiona 
by n times the digit 9 in succession, each period of the recur- of whose 
ring decimal will consist of n places, and the significant digits ^^^"""g-', 
in each of them will be those of the numerator, unless the 
numerator be greater than the denominator, in which case they 
will be those of the remainder which arises fVom its division by 
the denominator: we shall have occasion to notice this fact 
more particularly in the next article. 

(10) ir=. 9411764705882352... 

The recurring period consists of l6 places. 

Fractions, in their lowest terms, whose denominators are 
19, 23, 29, 47. 59, 61, 97, 109, HS, 131, 149, 167, 181, 193, 
will produce recurring decimals, the number of places in each 
of whose periods reaches the extreme limit, namely, one less 
than the denominator d. 
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00 



= .0243902439- - 



fromth 



(12) ~- = .014925373134328358208955223880597. . ■•- 
The recurring period conaials of 33 pbces. 

(13) ~ = .523809523809 . . . 

=.020408l63265306l2244897959183673469S87755I. 



(14) 



49 



The recurring period consists of 42 places. 

162, The conv^se prdjlem of determining the fVactioa 
which will produce a given recurring decimal will admit of 

very easy solution: for if - ^ ■ _ -j , (Art l6l. Ex. 9.) be a 

" prefer fraction, it will produce a recurring decimal, the sigiti- 
ficant digits of each of whose periods of n places express the 
number p: it will follow therefore, that the equivalent fractions 
corresponding to such recurring decimal*, will be formed by 
placing the integral number, which each complete period ex- 
presses, in the numerator, and lO*— 1, or a number ot ffs 
equal to the number of places in such periods in the denomi- 
nator: such fractions may be subsequently reduced, when prac- 
ticable, to their lowest terms. 



l"hus. 



.3737-. 



_37 



.010989010989 = ^^^=-. 

163. Inasmuch as the multiplication and division of deci- 
mals by 10" will remove th« decimal point m places to the left 
or to the right, and consequently may place the commencement 






connecteil with these ci 



a knowled^ of 



■ome imporlanl prapiMitioQS in the thsoty of numbers : thus if the i 
^.i| Riinie namber, the number o( places in each period muM be il — 1, oc a aub- 
multiple of it. The property of numbers upon wltich thid propositiou depende, 
b demonstrated in Art. 530, Chap. x. of this volume. Sec also a Alemoii by. 
John Bernoulli, the younger, in the Berlin Memoirs for 1771. 
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of the repeating period m places before or after the decimal point, 
it 'will follow that the value of the circulating decimal, which re- 
sults, will be expressed by in one case, and by r-s — (■xct' i- v 



the first repeating period bein^ removed 2 places 
of the decimal point. 

271 



.000024392439-.. = 



10'x9999 UilOOOO' 



the first repeating period being removed 4 places to the right 
of the decimal point. 

125185 10- « 185 18500 

"•'"'=■- 999 ^ 999 ' 
the first repeating period being removed 2 places to the left 
of the decimal point. 

164. In some cases the repeatins period will commence at When the 
a certain pomt, and the precedmg part of the recumng deci- putl; re- 
mal, whether integral or not, will not partake of the repetition: J^^l^nrt^ 
in this case, we must add the number or equivalent fraction 
which expresses this non-repeating portion, to the fraction which 
expresses the value of the repeating portion of the decimal, 

IT,us,I..0769.3076923... = 13.^ = 13.i.^. 

.030*0* 100 * 100x99 "9900- 

1394 230769 725 



100 100x999999 52 ' 
In the first of these examples 13, in the second .63, and 
in the third 13.94, forms no part of the recurring period. 

165. In the three last Articles we have determined the A" f^P?"'" 
fraction whose conversion will generate any assigned repeating mals, whe- 
decimal : and it is obvious, from the process which we have !''*' '*Ki- 
adopted, that there exists no such repeating decimal, which are Keoem- 
does not admit of being generated by an assignable fraction. ^ib^«u;. 
We are also further authorized to conclude, that a decimal in- tloiu. 
definitely continued, whose terms follow no assignable law of 
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succeMion or which never recur, will be incapable of being 
generated by a fraction whose terms are any fiuite numboi 
Ndd-i«' whatsoever : for if it were »o, the digits of the equivalent d»- 
^idbIb in- cimal must be repeated within a number of places, as on 
defimielf extreme limit (Art l60.), which is less than the denominator cf 
continued , . . ■ - , - . , ■ ■, , 

eiprenin- the faction : such indefimte decimalB, whenever they occur, m^ 

^^blemu"-' ^ Gtmsidered as iaammetuurabU, inasmuch as they express no as- 

niiudea. signable multiple of a tubordinale unil, however small it may be. 

T''"*^™?- 166. The fraction which generates an assigned repeadi^ 

generates & decimal, may be also considered as Its ram, or as the result 

Jj^f^^* of the aggregation of all its terms or periods ind^nitelt/ coa- 

niB.Tbe tinued. When such terms or periods, as in the case of repeat- 

u its sum. ^^ decinuds, diminish rapidly> it is very easy to shew that a 

_finitt number of them may be determined, which will diS^ 

£rom the entire turn, as defined above, less than any fractiomal 

number (Art 96, Note-) which can or may be assigned: thus if 

the repeating decimal be regular or consist of repeating periods 

only, commencing from the dedmal point, (Art. 162.), and i£p be 

the initial number, which corresponds to each period of n places, 

then the decimal may be replaced by the indefinite series 

' If we express the fraction which generates this series (I), 

which is J^ by t, we shall also express the fraction which 

generates the series which arises from dividing eadi of ite tenns 
by 10", or 

by ~rr^ (Art. 163-)^ if >*c now subtract the second series (s) 
from the first (I), we shall get the value of the sum of its r 
first terms, or 

10" 10'- 10" 

■ Thus the decim&l .333... ia equivalent to the aeriei 
3^_3_ 3 . 

and the dedmal .135135139 is equivalent to 

125 125 ISfi , ... 

T^+io» + W+*''- ■■■"""■*'• 
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which is *~:r;^= "^'^ it ia obvious that a value of r may 
always be assigned which will make ^^ less than any fractional 
number or than any subordinate unit which can be assigned: it 
follows tberefore, that the result of the aggregation of a finite 
number of the terms of the series (1), and therefore of the dedmal 
which it expresses, may be made to differ both from t and from 
the result of the aggregation of all the terms of the series, by a 
fractional number which ie less than any that can be assigned ; 

we therefco^ conclude that t or l^ - correctly expresses its sum. 

167- We speak of quantities as being arithmetically equal, ^rat of 
which differ from each other by arithmetical quantities which cil equal- 
are less than any which can be assigned : in comparing mag- "^• 
nitudes of the same nature, we consider them either as equal 
or as different, and we are incapable of conceiving a difference 
which is less than any which is assignable: it is for this reason 
that we consider the absence of any such assignable, and there- 
fore conceivable, difference as the test of arithmetical equality: 
or in other words, we assume all quantities in arithmetic to be 
equal, whose differences are less than any which are assignable*. 

168. It is in this sense also that we consider the results Theiesulta 
of operations, expressed decimally, whether repeating or not, lion^e^J 
(as in the case of incommensurable quantities. Art l65.) as con- P^****^ d*- 
tinually approximating to the true results and as ultimately capable of 
equal to them: for under such circumstances, if we assume any '""^^'".'6 
number of terms as representing the result which is required, 
the sum of the remaining terms will be necessarily less than 
the next ascending unit, and probably less than half nf it : in 
other words, if r such terms be taken after the decimal point, 

the sum of all the rem^ing terms must be less than — , and 

is probably less than - — ^t; it follows therefore, that the pro- 

* Equality both in Geomelrr and Arithmetic i« delenniDed by deRnitioa, though 
gucb definitiona »re not arbitrary, but aueh &a moBl iccurately eipress our concep- 
lioiis of Ibeir subjects, which have au existence in our minds antecedently to 
the deBnitiona themselves. 

tSince ^ = .333... and therefore l=3x ^ = .g»9...itfo]lowBthat =^wil[be 

equal to a series oF 9*, vidi r 
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every gradation of magnitude, whether continuous or not, by 
means of nine digits and zero. 

170. The operattons of addition and subtraction in Aiith- OperatioDs 

,-,..-, , ... .. . oiaddition 

metic, require that digits of the same order, or Itie digits, uidsub- 
whether superior or inferior, should be placed underneath each '™^'"''- 
other, preparatory to their being added together or subtracted 
Irom each other ; for without such a previous arrangement, it 
would be difficult to avoid, in performing these operations, con- 
founding digits of different orders with each other : and inasmuch Pos'tioa of 
as the decimal point determines the position of the primary 
units, it likewise determines the position of digits of all orders. 

171' The identity of the units of the digits placed under- Operations 
neath each other being thus ascertained, the operation of addition ijom right 
or subtraction is carried on from right to left, beginning with '" '^■ 
the extreme digit, so as to allow of the conversion of the digits 
of one order into those of the order next superior or inferior : 
in addition, we transfer multiples of ten to the next superior 
order: in subtraction, we borrow, when necessary, a unit from 
the nest superior order, and convert it into ten units of the 
order next inferior to it : it is this mutual transfer of units from 
one order to another, which renders it necessary to carry on 
the process from right to left: if we should proceed from left 
to right, the digits of the sum or remainder could not be ab- 
solutely or finally determined, as the process proceeded, without 
rrference to those which succeeded them. 

l^. The following are examples: Exainples. 

(1) To add together 769-1234, .00024 and 24000. 
769-1234 
-O0OS4 
S4000. 



2476912364 



In this example no transfers are required, and the result 
would be obtained with equal readiness, whether we proceeded 
fivtm right to left or from left to right- 

(2) To add together 74-8495, .06947 and 365.000748., 

74.8495 

.06947 

365.000748 

439.919718 
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In this example, 5 tranafera or conversions of 10 into a unit 
of the next superior order are required : if the process was car- 
ried on from left to right, it must stand as follows: 
74.8495 
.06947 
365.000748 



S39.8O86I8 
Add digits carried 1 1111 



(3) To subtract 4-3S015 from 5.46*27- 

5.46*27 
4.32015 
1.14412 
In this example no digits are borrowed. 

(4) To subtract 71-96405 from 100.24162. 

1002*162 
71.96*05 
28.27757 



If the process had been carried on from left to right, h. would 
have stood as follows : 

100.24162 

71.96405 

139.38767 

Subtract digits borrowed 111.11 1 

28.27757 

Z«iosare 173- The use of zeros in arithmetical notation is merely 

guppieased subsidiary to the determination of the positions of the signifi- 

required foe cant digits, and whenever such positions are sufficiently deter- 

mbation" •'"•'^ by succession, by their known orders, or in any other 

of the pou- manner, it is usual to suppress them, in conformity with the 

ni*6cuit"^ great principle which ought to characterize all processes in 

digits. Arithmetic and Algebra, of writing no sign or symbol tokaltver 

mhich is not required for Ike performance of the operation, or 

for the distinct and unambiguous es:hii>iCion of its result. Thus if 

it was required to add together a series of numbers 1234, 
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aS45, S*56, 4567, whose final digits are known to belong to 
successive descending orders, it is usual to write than as follows: 
1SS4 
S3*5 
34,56 
4567 
1507627 
and if the order of the first or last of these digits is known, 
the position of the primary units or the decimal point is dcter- 
■nined: thus if the final digit 7 be of the 10"" inferior order, 
the required sum is .0001507637: if the final digit be of the 
4** superior order, the required sum is 15076270000, and simi- 
larly in other cases: if the final digits of the numbers 1234, 
S845, 3456, 4567, were known to belong to successive atcend- 
ing orders, they would be written as follows: 
1234 
3345 
3456 
4567 
4937284 

and the position of the place of units or of the decimal point 
would be at once determioed, as before, &om our knowledge of 
the order of the first or last or of any other assigned digit in 
the sum". 

174. In examining the theory of the arithmetical operation ^'^ *^ 
of multiplication, oar first object will be the determination of the the final 

digits of tbe 
• It may be very easily shewn how much superfluouB writing ia Mied by ^ij^ 
tite nLppreadon of the leroe in the conduct of such operatioiia : thus, if the lut mnliiptier 
digit in 1334 was of the fourth tigcending order, and if the ««veral numbera to God the 
written at full length were 13340000, 334SOO0O0, 3456000000, 46670000000, the I^L"!. 
process foi theii addition would stand as follows^ dicitoftheir 

13340000 product. 



where all the i«rai. excepting thnee in the first and last line, are superfluous, 
and consequently such 93 a properly framed arithmetical rule would necessarily 
etclnde. 
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orders of the digits of the product, whcsi the orders of the digits 
of the multiplicand and multiplier are given. 

Thus if a and 6 be the multiplicand and multiplier, and if 
their final digits be of the vfi- and ji"" tuperior orders, the final 
digit of their product a b wiU be of the {m + «)* superior order. 
(Art 151.) 

If the final digits of a and i be of the m"" and «"■ inferior 
orders, the final digit of ab will be of the (m + m)"* inferior 
order. (Art. 152.) 

If the final digit of a be of the m* superior order, and 
that of 6 be of the n"" inferior order, the final digit o{ ab will 
be of the (m — n)"" superior order, if m be greater than n, or 
of the (n ~- wi)* inferior order, if n be greater than m. (Art, 
151 and 153.) 

The following are examples: 
Eiamploi. (1) .7000x80000 = 560000000, where 6 is of the 7th tu- 
perior order. 

(2) .007 X .0008 = .0000056, where 6 is of the 7th inferior 
order. 

(8) 70000 X .008 = 560, where 6 is of the first superior 
order. 

(4) 70000 X .0008 = 56, where 6 is of the order zero, or in 
the place of primary units. 

(5) TOOOO X .00008 = 56, when 6 is of the first inferior 
order. 

(6) 70000 X .0000008 = .056, where 6 is of the 3d inferior 
order. 

It thus appears that the order (or position with respect to 
the place of units or the decimal point) of the final digit, 
whether it be zero or a significant digit, of a product, is at 
once known, from the order of the final digits of the compo- 
nent factors. 

FiocesBof 175- I^ the operation of multiplication be carried on from 

"oil c?^i^ right to lefl, the order of the final digits (including zero) 
oa from of the successive partial products will ascend regularly by imity, 
1^ of die and we shall thus be enabled to write down theb sum firom 
f^^^' right to left, by transferring the multiples of ten to the next 
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superior places ' : and if we proceed with the successive digits 
of the multiplier from right to left, the orders of the final 
digits of the successive products which arise, wiU ascend regu~ 
larlj by unity, and their entire sum, or the complete product of 
the multiplicand and multiplier, will be found by placing like 
digits underneath each other and adding them in the ordinary 
manner: thus the product of 2S.4-5 and 642-9 ^iH he found as 
follows : 

23.45 
6*2-9 
2H05 
4690 
9380 
14070 



15076.005 



The final digit 5, of the first partial product, is of the third 
inferior order (Art. 174-): there are, therefore, three decimal 
places in the product 

176. It is usual to take the digits of the multiplier from The digits 
right to left, or in the same order in which we multiply the SoiL* ma 
digits of the multiplicand: it would be equally convenient be iiiken 
however, to take them from left to right, in which case the to ^At. 
order of the final digits of the partial products would descend 
successively by unity : thus the example, given in the last Article, 
if treated in this manner, would stand as follows : 
23.45 



4690 
21105 



15076.005 



177. This second form of the process of multiplication Thiesecond 
possesses some advantages above the one which is commonly*"™^""* 

" If we multiplied (he successive digits of the mulliplieand from left to right, cbiUjii iMd's 
we should not be able to write down in ooe line the digits of the partial products, immediate- 
( corresponding to one dipt of the mnltiplier) as the process proceeded, in con- !l ^ *^^ 
BftqneQce of the chaDges which thay may undetpi from the ttansfisr of mnltiplos ef ""^"^ 
10 and their conYeraioQ into simple digits of a superior order. ofdivision. 
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followed, inaamucfa as it leads mare directly and obviously to 
the form of the procera for the inverse operation of division, by 
presenting the several partial products, which are successively 
subtracted from the dividend, in the same order in the two opera- 
tions: thus, let it be required to divide 15076.005 by 23.45: 
23.45; 15076.005(^642.9 
14070 
10060 



21105 
21105 



It is obvious that the sum of the partial products 14070, 

9480, 46(|0, and 21105, considered with reference to their 

proper orders, is equal to 15076-005, which is therefore the 

sum of the same series of addends which forms the product 

of 23.45 and 643.9. 

ITieorjof lyg. The process of division proceeds necessarily from lefl 

the opera- '^ i i. j- ■ c i. ■ 

tiooofdivi- to right, determmmg successively the digits of the quotient in 

"""' the same order, and subtracting the partiAl products from the 

dividend as they are formed, so as to leave a series of remain- 
ders, trom which the highest multiples of the divisor by digits 
of descending orders in the quotient, which are contained in 
them, are successively subtracted: if the result of these operations 
leaves no remainder, the quotient obtained is complete (Art. 88.) : 
if not, it may be continued until a complete period of the circu- 
lating decimal of the quotient is formed, (Art l6o.) which must 
take place after a finite number of operations : such a quotient, 
as we have already shewn (Art. 166.), may be made to approxi- 
mate as near as we choose to its true value. 
Rule for jjg. The order of the final or of any other digit of the quo- 

ihe order rf tient, may be determined by attending to the following rule. 
ofthe quo- V '^^ '''*'' '^'S^ °f '^^ dwidend, included in any assigned 

''^''*' operation, be of the svperior order m, and (he last digit of the 

divisor be of the superior order n, the corresponding digit of the 
quotient tuill be of the superior ordxr ai — n, or of the inferior order 
n — m, according as m is greater or lest than a. 
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If ike last digit of the included dividend be of the inferior order 
m, and Ike last digit of the divisor be of the inferior order n, 
the corresponding digit of Ike quotient will be of the inferior order 
m - n, or of the superior order n - m, according as m is greater 
or less tkan n. 

If the last digits of the included dividend and divisor be of tke 
same order, mkether inferior or superior, tke corresponding digit of 
the quotient mill be of order zero, or in the place <f primary units. 

If tke last digit of the included dividend be of the superior 
order m, and the last digit of tke divisor be tf Ike inferior order n, 
Ihe corresponding digit of the quotient mill be of the superior 
order m + n. 

If the last digit of the included dividend be <f tke inferior 
order m, and Ike last digit of tke divisor he of tke superior order n, 
the corresponding digit of Ike ipudient mill be of tke inferior order 
m +n. 

The proof of all these cases will follow immediately from 
considering the order of the iinal digit of the product of the 
last digit of the divisor and of the corresponding digit of the 
quotient, given by the preceding rule, as determined by the rule 
given in Art. 174. 

180. An arithmetical rule, if it be properly framed, should ^h^"^' "^ 
give the precise result required, without the introduction of super- iag arith- 



thus in the multiplication and division of numbers consisting of 
many places, we may require in the product or quotient no 
digits below a certain order and we may adopt any process 
of abbreviation, which will give us the required digits either with 
perfect or with sufficient accuracy for our purpose. In a similar 
manner irreducible fractions may be required to be expressed 
approximately in lower terms, and rules can be given, not merely 
for determining such approximating or converging fractions, but 
also for estimating the course and degree of their approximation; 
and even incommensurable quantities, which are not expressible 
by arithmetical notation, may be subjected to similar approxi- 
mations. We shall now proceed to explain some of the methods 
which have been adopted for this purpose. 

181. The conversion of multiples of 10 inferior digits into Abbre- 
simple digits of superior orders, which is the great principle of tiplicatio 
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our srithmetical notation, and the coniequent depend^ice of the 
superior digits of the product upon combinations of digits of the 
multiplier and multiplicand, whose order is inferior to those in 
the required product, makes it impracticable to determine its 
digits abtolutely, without the complete formation and addition of 
all the addends, and, consequently, without the completion of the 
entire process of multiplication of all the digits of the multiplicand 
by all the di^ts of the multiplier : if, however, an approximate 
result is considered sufficient for the purposes required, we may 
form the addends by multiplying together those digits only, the 
final digits in whose products are within the prescribed orders : 
for this purpose it is convenient to take the digits of the multi- 
plier from left to right (Art 176.): thus, if it was required to 
multiply 347.13567 by 14.0069, neglecting all digits below the 
4ith inferior order, the process would stand as follows: 



347.19567 




14.0069 




34712567 




]38850£4 


omitting 7 in the multiplicand 


30896 


do. 2567 do. 


312S 


do. 12567 do. 



4862.1540 
The correct result, to the fourth place of decimals, is 4862.1545. 

182. When the dividend and divisor consist of many places, 
, or are even indefinite decimals, we may obtain, in most cases, 
with perfect accuracy, any required number of digits in the 
quotient, by taking a limited number of digits of the true, 
as the approximate, divisor, and correcting the successive re- 
mainders by subtracting from them the sums of those products 
of the successive digits of the quotient and of the neglected 
digits of the divisor whose final digits are severally of the same 
order with the final digits of the remainders : by this means we 
shall obtain a series of corrected remainders which either coincide 
with, or approximate to, the initial digits of the real remainders 
if complete, and which consequently will enable us to determine, 
tentatively at least, the successive digits of the real quotient : 
thus, let it be required to find the quotient of 4869.154547123 
divided by 347-12567: 
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347.12567^ 4862.154.547123 O*-0069000000 * 

34 = I X 34, making 34 the partial divisor. 
146 Ist remainder. [|6 in 146. 

7 = 1 >( 7> for this product is of the same order with 
139 l^t coirected remainder. 
136 = 4 X 34. 
33 2d remainder. 
29 = 4x7 + 1x1. 
a 2d corrected remainder, less than 34. 
31 3d remainder. 
6 = 0x7 + 4x1 + 1x2. 
25 ' 3d corrected remainder, less than 34. 
255 4th remainder. 

13 = 0x7+0x1+4x2 + 1x5. 
S42 4th corrected remainder. 
204 = 6 X 34, taken in defect 
384 5th remainder, 

68 = 6x7 + 0x1+0x2 + 4x5 +1x6. 
316 5th corrected remainder. 
306 = 9 X 34. 

105 6th remainder. 
100 = 9x7 + 6x1+4x6 + 1x7- 
54 7th remainder. 
49 = 9''l+6x2 + 4x7. 
57 Sth remainder. 
48=9'<2+6x5. 
91 9th remainder. 
81=9x5 + 6^6. 
102 10th reminder. 
96 = 9x6 + 6x7. 
63 1 1th remainder. 
68 = 9x7. 

The operKtion is in this instance complete, and an ex- 
amination of it will shew that we have subtracted from the 
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dividend in their proper places the products of all the digits 
of the divisor and quotient : atid inasmuch as there is no re- 
mainder, the quotient which is obtained is complete: the last 
six subtractions give no additional digits to the quotient, and 
are merely required to exhaust the remaining part of the 
dividend 105471S3. 
Corrc; 183. If we should multiply the divisor and quotient, both 

mode 0^ of them from left to right, considering the partial divisor which 
'"™''K tte .^g have employed as a single digit, and placing underneath 
of two each other in their proper places the products of the s 
numbers, ^j^.^ ^j. ^j^^ quotient, and also of 34 and of the i 

digits of the divisor, we shall be enabled to obtain the product 
as follows: 

347.12567 
14.0069 

1 X 34 = 34 

1x7 = 7 

4x34= 136 

4x7+1x1= 29 

4x1 + 1x2= 6 

4x2+1x5= 13 

6x84= 204 

6x7 + 4x5+1 x6= 68 

9x34= 306 

9x7 + 6x1+4x6+1x7 = .... 100 

9x1 + 6x2 + 4x7= 49 

9x3 + 6x5= 48 

9 x5 + 6x6= 81 

9"6 + 6x7= 96 

9"7= 63 

4862.154547123 

In the reverse operation, the quotient is complete as soon 
as its last digit 9 is determined, but the product is not com- 
plete without the formation and addition of all the addenda: 
this will explain the reason why this process may be a real 
abbreviation for one operation and not for the other. 
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184. Inasmuch as. the successive corrected remainders, as Sources 
furnished by this process, may be erroneous in excess, in con-- 
sequence of the omission of the subtraction of all the inferior 
digits of each complete subtrahend in the operation at full 
■ length, there will frequently be an uncertainty in the corre- 
sponding digits of the quotient: it is for this reason, when 
the correction is Ukely to be considerable (which is very 
easily seen frora inspection of the digits which come into com- 
bination with each other for this purpose), that we take, under 
such circumstances, the digit in the quotient less than its ex- 
treme value, as it would be determined in the ordinary process 
of division: if, however, we should take a digit which is 
too great, the error will always be detected in the next step 
of the process, unless the next digit be 0:* and if we should 
take a digit which is too small, the occurrence of 9 or of a 
succession of d's in the quotient with continually increasing 
remainders, will sooner or later direct attention to its origin: 
as an example, let it be required to divide 10 by the repeating 
decimal 3.3343334... 

3.3343334^ 10.000. . . (^3.00 Eiimple. 



10 corrected remainder. 



10 remainder. 

J large. 



It thus appears that the last remainder 10 is less than its 
correction : it follows, therefore, that the digit 3 in the quotient, 
preceding ike zeros, is too great. 

• A nile might easily be framed to guide ua in most cases (not in all) to 
the selection of the digit in the quotient, nhethei it should be taken in defect 
or not; but it is hardly necessary to propound it, inasniueb aa it would eacumbet 
a piocesB which, when not complete and theiefora not admitting of verification 
fniin the result, is generally directed to the deteTminntion of an approximate 
raiult only . 
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Again, renimiiig Uie process; 

S.S343334J 10.000 (2.99909- ■ ■ 
6 
40 remainder. 

6 = 2x3. 
34 corrected reminder. 
27 
70 remainder. 
33=2x3 + 91(3. 
37 corrected remainder. 
27 

100 remainder. 
62 = 2x4 + 9x3 + 9x3. 
38 corrected remainder. 
27 

110 remainder. 

96 = 2x8 + 9>'4 + 9"3 + 9x3. 
140 remainder. 

96 = 2x3 + 9x3 + 9x4 + 9x3. 
44 corrected remainder. 
27 
170 

If, in this and similar cases, we had taken a complete 

period 3.334<, of the recurring decimal, for the partial divitor, 

no ambiguity could have occurred in the determination of the 

di^ta of the quotient.* 

Abbre- j35_ ifjjg same method is applicable to the solution of 

division many other arithmetical problems of considerable importance 

orilinal'' '" different applications of mathematics: thus, if it was re- 

<ii''""f quired to find the quotient arising from the division of one 

increased number divided by another, increased by the unknown quo< 

by the 

obtained. ' ^^ '''^ selection of the partial divisor, it is generally convemenl to iacludt 

a laiBe digit, if succeeded by i«ro or a small digit: tlius, if 79164321 ba the 
divisoi, it is more convenient to take 79 than 7 for the partial divisor : bj this 
means the corrections of the successive remainders will be smallei munben, 
and there will be less dapger of introducing erroneous digits into the quotient. 
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tient which results, we may solve the problem m all cases 
"where the initial digit of the quotient sought for is of a lower 
order than the final digit of the divisor* : thus let it be required 
to divide II by 12, increased by the quotient of the division. 

12.8'5'5'6'5'4'; 11.000. . .(_.855654. Eimple. 

96 = 8 X la : add -S to the divisor. 
140 = first remainder. 
64 = 8 X 8. 

76 = corrected remainder. 

60 = 5x12, taken in defect: add .05 to the divisor. 
]60 = Sd remainder. 
80 = 5x8 + 8x5. 
SO = corrected remainder. 
6o = 5 X 12, taken in defect: add .005 tothe divisor. 
200 = 3d remainder. 
105 = 6x8 + 5x5 + 8x5. 
95 = corrected remainder. [divisor. 

72 = 6 X 12, taken in defect: add .0006 to the 
230 = 4th remainder. 
146 = 6x8 + 5x5 + 5x5 + 6x8. 
84 = corrected remainder. [divisor. 

60= 5 X 13, taken in defect: add .00005 to the 
2M = 5th remainder. 
l65 = 5x8 + 6x5 + 6x5 + 6x5 + 5'. 8. 
75 = corrected remainder. [the divisor. 

48 = 4 X 12, taken in defect: add .000004 to 
270 = 6tb remainder. 

The accraituated digits are those of the quotient, which are 
successively added to the divisor, in their proper places, as they 
are formed: the value .855654, which is obtained, is the ap- 
proximate solution of the equation * = t^ or :r'+ 12i = ll. 

* If we call X the unknown quotient, D the dividend and d the divinoi, Ihen 
1= ■■: it i» obvious therefore thai i(i + d)^ D, or z'+di = D, which is, as 
will be afierwords shown, one of the four algebrucal fonns of quadratic eqaations. 
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We shall h&ve occasion to pursue this snbject further in ttie 
following Chapter on the estroction of roots. 
Import- 186. The conversion of ordinary into continued fractions, 

theory of and their subsequent Teconversion into a series of fractions ctm- 
roQi^ued verging in value to the primitive fractions from which they 
are derived, forms, or rather ought to form, one of the moat 
important departments of arithmetic, not merely as ftimishin^ 
approximations to them in their most simple terms and the means 
(^ estimating their closeness, but also on account of their use in 
the solution of a great variety of interesting problems : it is for 
this reason, that we shall subjoin to the present chapter, a short 
theory of their formation and of some of their most useful proper- 
ties ; an enquiry which will involve no algebraical or arithmetical 
t^ratiana or principles which have not already been sufficiently 
expluned or established. 

ConTemoD 187- Let — be any proper fraction", whose terms are either 
of as ordi- -^ 

cMiiii^tii' finite or indefinite numbers, and let us apply to its terms 
fraction. A and B the process which we have employed, (Art. 99.) 

for finding the greatest commtMi measure of two numbers, as 

fUlows: 

B)Mf 

C)B{b 

D)Cjc 

' II — be aot a proper fraction, it rnay be cedaced to an equivalent mixed 
number, (Art. 95.), and the process which follows may be applied (o the frac- 
tional part; othenrise, (he ccmliuned fraction which arises will correspond to 
^ or the' reciprocal of — . 

t Thus, if the faction be ^ , we get 
130J 421 (3 
390 
31; 130 (4 
124 
6>31 (5 



•V 
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This process may be continued, if required, as long as a 
remainder exists : if the terras of the fraction -j be finite num- 
bers, it must necessarily terminate, sooner or lat^, the last 
divisor being 1, in all cases where there exists no common mea- 
sure of A and B, (Art. 104.)- 

It will immediately follow from the nature of division, (Art 9&) 
that 

C 







A = 


o« * C md Iherefore 


«■ 


-^. 








B. 


bC + D 


B 


-?. 






Again, 


C 


cD + E 


C 


E. 








tbe 




B' 


C' D 


. &c 


and of the mixed numbers (Art 95.) 


corr&- 


sponding bi 


.then 


1, we get (Art 109.) 
B 1 
A'—C' 














C 1 









C-— I*- 

for the fraction — , we get 
421-3x130 + 31, and therefore ^ = 3 + 
130 = 4 X 31 + 6 ^ = * + 



= 5x6 + 



■■■g- = 



130_ 1 3] 

" ^1 - T~W' 130 = 
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If in the value — ^ of -j, we replace g by its value w. 

we shall get 

B 1_ 

^%a D 

and if in this second value of -j , we further replace ^ by !u 
value ■—■ J we shall get 



It is now obvious in what manner this process may be con- 
tinued, as long as the quotients exist, the successive quotients 
forming the successive terms of the condnued fraction. 

The same continued fraction wilt result whether the traction 
-J be in its lowest terms or not, inasmuch as the succesdve 
quotients will be the same in both cases. (Art 110.) 



and it we further replace in this second value of tti . jf by ito value— y, 

we shall get 

m 1_ 

wbicb IB a complete continued frectioa, formed by the teveral quotients 3, 4, 
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(l) Let the fraction be - 

79) 135 {} 
79_ 

56)79 {} 
-^ 

as; 56 12 



10)28(2 



_9 
I) Sis 

The quotients are 1, 1, «, 2, 3 and 3, and the correspond- 
ing continued fraction is 



(2) Let the fraction be =— - . 

The quotients ivill be found to be 10, SO and 3 
6Q1 1 
6040 iO + £■ I 



The quotients wilt be found to be the numbers 1, 2, 3, 4, 
5, 6, 7, 8, 9 and 10; and therefore 
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TJ^^P^ 189. If a, b, c, d, &c. be the several quotients of a con- 

whichara tinned fraction, then the aevewl fractions 

foimed by 

omitting all 1 

the quo- (1) — , 

the first, 

thirf, ' (2) ;; , 1 



nrealer a 



which are formed hy taking one, two, diree, four, and so on of 
these quotients, and omitting all those which follow them, will 
be altemately greater and less than the primitive fraction ; diose 
which comprehend an odd number of quotients being greater, 
and those which comprehend an even number of them being less. 

(a) For it is obvious that the first partial fraction - is 

greater than the primitive fraction --3 = t^t (Art. 144.), since 

\b) 

a is less than ^ or than die complete quotient of the division 
of ^ by B. 

{b) _ The second fraction (S) 

1 1 

a + j 

is less than -j, since n + t is greater than -^: for t is greater, 
for the reasons just given, than the continued fraction 



and therefore a + j-is greater than the complete quotient of 
the divisifoi of A by B, and consequently, 
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W) 



(c) The third fraction (3) 



1 greater than —j, 



is leas, as has been just demonstrated {b), than the continued 
fraction which must be added to a, in order to make up the 
entire quotient of the divisiui of A by B. 
(rf) The fourth fraction (*) 



5 + 



is greater, as has been just demonstrated (c), than the continued 
fraction which must be added to a, in order to make up the 
entire quotient of A divided by B. 

The same process of reasoning (c) and {d) will be sufficient to 
shew that if any one partial fractim in the series is greater than -j , 
the next in order will be less, and so on for ever ; it follows 
therefore, that since one partial fraction with an odd number of 
quotients is greater than -j, that alt other similar fractions 
which have an odd number of quotients are greater than — : 
and also, that all the intermediate fractions, alienating with 
them, which have an even number of quotients, are less than -j . 
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CpnTereioD 190. The partial continued fractions, which were the sub- 
of partial jcct of the last Article, may be successively reconverted into 
"""*«■* "'^"'"'y fractions by a very simple rule: it is under this re- 
tlow. converted form that those properties of such fractions present 

themselveB, which give them their peculiar usefulness in a. great 
variety of very important applications. 

In order to investigate this rule, let us represent the suc- 
cessive reconverted fracdons by 

q ^ g" q"' g" 
distinguishing the successive numerators and denominators by 
means of accents or by Roman numerals, when their number 
exceeds four, (Art. 108, Note)*; we thus get 

(1) -=-, orp=l and q = a: we shall continue to r^we- 

sent the numerator and denominator of this fraction by p uid q, 
in (H^er to give greater symmetry to the results which follow 
and to make the law of their formatitKi more manifest. 



(«) 



^ = ■■ , which is derived from - by putting a + 7 in 
^ fl + X " 



the place of a 




by b, it becomes -^ , which is the reconverted value of 




i.r-'f 


(3) 


9" "J + I .(6.1)*/ 


for 


a + i 1 is formed from ^ -i-t 


by putting b + 


- in the place of i; or from its equivalent 


• Boman instead of common numerali ue used for the purpose of distinguiBh- 



ing them from ordinary indices. 
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fraction - v ■ -- (2), by putting 6+ - in the place of 6; if we 
remove the brackets from (b + -\ (Art. 24.). "id rqJace 1 by 

p (1), o by 5 (l), ft by p' (2), and o6 + 1 by q' (2), we ahall 
get 

y _ c ^ 5 _P^£iP 

multiplying the numerator and denominator by the quotient e. 

for it ia obviously formed frvm- 1 by putting - 1 in the 

"'*' S + - 5 

place of c, or by putting c + -j in its equivalent ^ or 

^ ^ (3), in the place of c : if we now remove the brackets 

from (c + -j). we easily get 

replacing p'c + p by p" and <fc + q by ^' (S) : if we further 
multiply the num«-ator and deninninator by the quotient d, we 



The lame process of reasoning would shew that 




uid lo on successively until we arrive at the last (tf the quo- 
tients: it being merely necessary in passing from one fraction 
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to the foUowing, to advance the order of the numerators deooted 

by p, of the denominators denoted by q, and of the final quo- 

timt« of each fraction, by unity. 
Role. 191, The law of formation whidi ib expressed algebraical]; 

in the preceding formula, if expressed in words, will fona the 

following rule. 

The numerator of any /radian, after the lecond, tviU be formed 

by adding the product (/ the latt quotient and </ the ultimate 

numerator to the penultimate numerator. 

The denominator of any fraction, after the jrecond, will be 

formed by adding the product qf the last quotient and if the 

ultimate denominator to the penultimate denamnalor. 
Foraiation It \s only for the third and following fractions that this 

fint law becomes applicable : the first is the reciprocal qf the first 

fractioDB. qiuoient; the numerator qf the tecond it the second quotient, 

and its denondnaior is the product if the tteo first quolienit 

increased by \. 

The last 192. The last of the successive fivctions formed by the 

rec^verted '"^^ ™ ^^ '"*' Article will be the primitive fraction in its 
fnctiou lowest terms: for it is necessarily equal to the entire oon- 

wUlbethe . , „ . , , ... 

tmued fraction, and the quotients from which it is formed 

„ are the same (Art; 108.) whether the primitive fraction be in 
its lowest terms or not 

1&3. The series of fractions °, —,, ^j--- "* greater 

laccewie than the primitive fraction, and the intermediate series >~, 
fractions V 

(thelesB ^, ^> &c, are less (Art. ISp.): and it may be shewn that 

being lakea ¥ T 

ftomthfl the difference between any fraction of the first series and the 

equfti to the inferior fraction of the second series which immediately precedes 

o?tie°"* or follows it, will be a fraction whose numerator is 1 and its 

product of dentminator the product of the denominators. 

meir deno- 

minatoTB. ^hus (!), 

t^t^PXz^ (Art. 128.): 

and its numerator pq'-qp' = ab + 1 ~ab= I, replacing p, q, p', 
and t' by their values as given in Art. igo, (1), (S). 
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Secondly (8), 



^ p'_ p'Y-f>'g" . 
9" 9' 9'g" ■ 

■nd since p"=/»'c + /i, Artigo, (3), and 9"=g'c + ^, Art.l90,(3), 
we get 

p'V=y?'c + 9'p. 

and therefore, subtracting the second from the first, 
pY-PV=7'/'-9P'=1- 
Thirdly (3), 

g" p'" _f W"-p"Y . 

9" 9"' A'" ■ 

and since p"' = p"d-\-p' and i/"=i^'d + ^. Art 190,(4), we get 

p'Y"=p"y"''+P'Y. 
p"Y'=p'V'<'+p'9"; 

and therefore 

P'Y" - P" V = P'V - pV = J ■ 
By enccessive repedtions of this fffocess, we may shew that 

^=P"?"'-P"V'=P"9'-PY'=P"9'-PY*= ■■■ 
snd so on, until the quotients terminate. 

It consequently follows that 

1 9' 97" 

9" 9" 9'9"' 

^ P'" _ 1 

9" ?"' fl","" 

£!^ p'"^ 1 

9" 9"' ^"9." 

■£:: £!=^ 

9" 9' 9'Y ' 

and so on to the end of the series of fractions. offr^b^ 

194. It appears, therefore, that the difference of any two t^^le m 
consecutive fractions (the less being taken from the greater) is ^onia^'e 
equal to the reciprocal of the product of their denominators: P^rP*^'"^'' 
and inasmuch as these denominators, as we advance in the series, of the 
increase perpetuaUy (and also very rapidly when the quotients ^-"^0^ 
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are luge numbers) bm Is manifest from the law of their forma- 
tion (Art 19lO>* it will necessarily follow that these succesdve 
fractions will approximate perpetually in value to each oUier, and 
therefore also to the value of the primitive fraction, whidi is 
always intermediate between them: it is from this property <^ 
such fractions that they derive the name of converging Jractkmt. 
195. The following are examples of the formation of con- 
verging froctiona. 
' (1) To find a series of fractions converging to the fracticsi 
538 

iigs' 

From the rule in Art 187, we get 
582 ^ 1 

The quotients are therefore 2, 4, 8, l6. 

The converging IractionB formed by the rule in Art 191, are 
1 * 33 532 

2' 9' 74". ngi' 
the last of which is the primitive fraction, f 

(S) To find a series of fractions converging to S.lilSQZG 
at to the equivalent fraction 

31415936 
10000000' 

• For 9"=j'* + 9, q"' = g"d + g', q =q'"e + q", and so on, where the 
qnotieDti c, if, t, &c. a 



The third ?5 = 't— 
J get- 

The fourth C = C^ 



g ? 18" 7" g' 666 
it hence appean how nearly the fiaction = 
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The quotients of the equivalent continued fraction are 

8, 7, 15, 1, 2*S, I, 1, 9, 1, 1, 4. 
The converging fractiona inverted, (for tile fraction is im- 
proper. Art, 187> Note,) are 

8 ^ 333 355 86698 86953 173551 16*8912 

1' 7' 106' 113' 275B5' 27678' 55243' 524865 ' 

1822463 3471375 15707968 

580108 ' 1 104970 ' 5000000 ' 

The final fraction ,,^„„,^ is the primitive fraction in its 
oOOOfKH) 

lowest terms. (Art. 19S.) 

If the diameter of a circle be expressed by I, its circum- ^PP"""- 
ference has been found to be approKimately expressed by eipres^oii 
3.1415926, though its real value is incommenturable (Art. 165.) ci^„^, 
with the diameter: it will follow, therefore, that the converging feienceof 
fractiona given above, are approximate values of the circum- termeofiu 
ference of a circle, the primary unit being the diameter. diamater. 

Those omverging fractions which precede large quotients Thosefrac- 
fumish near approximations to the primitive fraction : for sudi very new 
fractions differ much less from those converging fractions which ^J^^' 
immediately follow, than from those which immediately pre- which pre- 
22 355 ''*^*.'"K* 

cede them : this observation applies to the fractions -=- and - — , fl""""""- 
'^'^ 7 112 

which severally precede the quotients 15 and 243 •. 
(3) To find a series of fractions converging to 



£ 24.7 
S66.Z5 
14-98 



' , which is equivalent to it. 



The quotients of the equivalent continued fraction are 
1, 1, 1, 1, 2, 30, 1, !5. 

' For if three ronsecalivi: denomiDiUnra of such fiacliDiiii be deaoted by 
f, ;', q", the last of them q" -q'l + q, will be much greater than f, if the 

quotient i be a Urge number : the difference of the two fiisl fiactions U ~-, , and 

99' 

the difereace of the Iwo laat is -rr^ , and the second is therefore much smaller 
than the tnl. 

The firrt approximalian -j was given by Archimedes ; the second ^m ^J 
Mctiiu : they are both of them too sreat, but (he second is accurate within 
one three millionth part of the diameter. 
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The converging fractiiwii are 

1' 2' 3' 5' 13' 395' 408' 2435' ' 

the last of which is the primitive fraction in its lowest terms. 

The numbers 284.7 snd 365.25 express, in days, very nearly 

the periods of a complete revolution of the planet Venus and rf 

the Earth in their orbits round the Sun, and since the fractioa 

— precedes the large quotient 30, it will furnish a very neir 

approximation to the primitive fraction: it will be consequentlj 
found, that 13 complete periods of the planet Venus will be 
very nearly equal (within one day) to 8 complete periods of 
the Earth, or to 8 sidereal years, an astronomical fact of no m- 
considerable importance'. 

* The frocliani y^ SDd .^ iuTolve almost the entire theory of the recurrence 
of those lare but ver; important phtEDomena, the tnuuils of Venus over the dial 
of iLe Sua, the two laat al wluch tocA place on the fith of June 1761 and on 
the 3d of June 1769, at an inteivaJ of 8 years, and the two next of which will 
lake piiLce on the Bth of December 1874 and on the 6th of December 1882, u 
intervals of US} years (ISIJ-S) and 121} years (the half of 243) fraio the Bnt 
of the former : the two last transits will take place at a different node from tbe 
two first, which will explain the occurrence of half a period of Venus, and irf 
half & period of the Earth, in ad<Ution to lEM and 197 complete periods of one 
planet, and of 113 and 121 complete periods of the other: the fiiat s^jproxiBn- 
tion is not sufficiently near to allow two successive Iranwts to take place at inter. 
vals of S years each. 

The ciHnplete period of the planet Mercnry ie 87.97 days nearly, and the four 
first fractions converging to the fraction -u^^ will be found to be 
1 6 7 , 13 
4' S- W'^bi- 
the tiauBils of this plaDet over the disk of the Sua may be expected at inter- 
vals of 7 and 13 yeats, at the same node, and at intervals of 3) yean at a diflerent 
node ; there were transits on the 7th of May 1799, the 8th of November 1802, the 
11th of November 1815, and tbe 4th of November 1823. 

The complete periods of the great planets Jupiter and Saturn are nearly 4333 
and 10759 days respectively : the three first fractions converging to wncn are 
1 S ^ 
3' S' 72 • 
and the second is therefore, with reference to the large numbers 4333 and 10759, s 
near approximation ; we are thus led to observe that S periods of Juiutei ait 
nearly equal to 2 periode of Saturn, an important (act in physical astronomy, and 
connected with the eipianation of the cause of what is termed the ;r<ae intguaUtf 
of Jupiter and Saturn ; a similar eSecl, though comparatively "very minute it 
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(4) To (ind a series of fractions converging towards 



The first six quotients of the corresponding continued frac- 
tion are 

4, 7, 1. 4, I, 7. 
The successive converging fractions are 

4' 29' SS' l6l' 194' 1519 * 
196. The formation of converging fVactions is applicable to the 
solution of the following problem, which will be found to be one 
of the most important which occurs in the theory of numbers. 

Given two niunbers a and b which are prime to each other. Problem, 
to find two others x and i/, which wilt satisfy the equation 
as:- by w 1=0- 
For this purpose it is merely necessary to form the whole 
series converging to r, when y and x will be found to be the 
numerator and denominator of the converging fraction which 
precedes j-: it having been shewn (Art. I89.) that if - occi^y 

an odd place in the series of converging fractions, that 

by-ax = l, or ax-btf-t-lTrO; 
and if - occupy an even place, that 

ffiT — fcy = l, or ax -by — 1=0. 

quantity, reauitt from the relatioD of the numbers 8 anil 13 to the peitoda of 
VenuB and the Eartii. 

These obBemlioaB mighl be very easily eiteoded, but what we have said a 
sufficient to ghew the bearing of a very aimple ahtbmetical process, Bpon tome of 
the most interestiniE and difficult enquiries in aMnmomy. 

* The length of the tropical year, upon which the recurrence of the leasons 
depends, ii 36S.2432fi38 days-'-. (lees than the complete or udereal period) and lis 
excess above 365 days, may be eipresaed by 3, ^, ^, — , jjj, the primajy 

nnil being one day : if the first of these fractions be taken, it will give one day in 
four yeara, which Is provided for by the leap yeaT or the Julian correction of the 
calendar : this is too great : if we take the fraction -^ (which is also too great, 
though very nearly accurate), it will give 47 days in 194 yean, or 94 days in 
368 yetus, or very nearly 94 + 3, or 97 days in 388 + 12, or 400 yean; this a 
the Gregorian correction of the Julian Calendar, and is efiected by the omiasioQ 
of the intercalary day in three centurial yean out of four. Thus, of the yean 
1600, 1900, 2000, and S100, which would he leap years according to the Julian 
Calendar, the year 2000 alone is a leap year according to the Gregorian Calendu. 
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EiaraplCT. 197- (1) Let a be 9 and fi, IS: then the converging frai>- 

tions are 



and therefore 

9x3-13x2-1 = 0. 
(2) Let a be 77 and b, 344 : then the converging fractions are 
1 a 15 77 
4' 9' 67' 344' 
consequently 

77 X 67- 84* X 15 + 1=0. 
We shall resume the consideration of this problem, when we 
come to the Chapter on the solutbn of indeterminate problems. 
Everrfiniie 198. The process by which the quotients of a continued 
leads lo fraction are deduced from the primitive fraction, shews that they 
''^ri'^Hi "^"^^ always terminate, inasmuch as every successive remainder 
fraction, is less than that which precedes it: and conversely likewise it 
will follow, that every finite continued fraction will lead to « 
finite equivalent fraction in its ordinary form. If therefore we 
should meet with an interminable continued fraction in whatever 
maimer formed, we should conclude that it does not originate 
in any fraction with finite terms or in any commensurable num- 
ber: and conversely likewise that the continued fraction which 
is equivalent to any incommensurable number, (if such a phrase 
may be used) must be necessarily interminable*. 
Different 199. There are various other modes of resolving fractions 

reaoUine '"'*' * series of rapidly converging terms, which either termi- 
fraciioiiB natg 0r not, and one of these constitutes the method, which 
eeries of we have already explained at considerable length, of converting 
rapidly _ 

tei^*^^ 8 fraction into an equivalent decimal. Thus, let t be a fiction, 

and let us multiply a and its remainders successively by the 
series of numbers q, 5', q", q"', &c and divide the suctxssive 
results by b, when we shall find 

-r = P + T> and therefore r = - + 7— j 
b "^ b' b q bq 

* The aquare root of a Dumber not a complete squarej anch us 4, 9, 16, 6cc. 
is ineommtniurabU, and will be eiprasaible (aa ne shall shew in the next Ch^ter) 
by a continued iudeliiiite fraction with quotients recurring in periods. We shall 
discuBS the subject of iucommenBurable quanlitieB or numberB at some length ia the 
Chapter on Ratios and Proportioiu. 
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-J-=p'+T and therefore ,=^+ i-jt 
6^6 h t( hq 

dq" „ e d j/' e 

T-P*i l^Y' '^"' 

and con sequent! J 

T = 2 + - . Y (and replacing v by its value), 

= £ + i ('P'4. ''\ 

= " +— , + — T . v ^and replacinir t by its value), 

= £+p1+JL (p1^±\ 

q qq' qt( V' fx^')' 

200. Ifwemake, = Y = ^'...=10, weget ««^^ 

«_ P P' P" detimala- 

where p, ff, p", &c are the digits of an ordinary decimal*' 

201. If we make ^ = ^ = 5"= ... =18, we get 

6 12 12' 12' 

forming a series of M-dinary duodecimals, where p, p',j/'... axe Theorj- 

some one of the digits 0, 1, S, S, 4, 5, 6, 7, 8, 9, 10, II, decimals. 

and where the numbers 10 and II, considered as digits in the 
decimal scale, may be denoted by X and TK t. 

■ Thni tbe frscBon 

when expressed bj Ihe Drdinary decimal noMdon. 
t Thus the fnictioD 

if : be used to denole tha duodecimal point. 
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Of other 
forms of 



203. If we make q = tf 

- = 2 + £.' + 
i 2 2' 



= . . . = 2, we get 

2' 2' 2* 
are either 1 or zero*. 



where p, p, y, p"'. 

If we make 9 = 2, ^" = 3, g"=4, 9"' = 5, andw 
ing the series of natural numbers, we shall get 



6 3 2.3 2.3.4 2.3.4.5 ' 

If we assume successively such values of q, <(, q", 
will make p = p' ^p"- .. . = 1, we shall get 



q qq' q((q" 



■&C....X 



DeceMarily 

Tcpiesenl 



203. In the last case, the remainders from each division go 
on diminishing, and the factors q, if, q". Sec. of the denomina- 
tors increasingj, and consequently the resulting series must 
sooner or later terminate: in other words, no finite fraction can 
produce an interminable series of such a form : conversely like- 
wise we may conclude, that no interminable series of such a 
form can originate in a finite fraction, which, consequently, must 
in all cases be considered as the representative of an incommea- 
turable number. 

Of this kind is the series 



1 .2 1.2.3 1 .2.3.* 



__._,i.o I 
' TS 2 ''"a" ■'■2' 2< ■''a' ■'■2" ■''a''' 

if Ihe biQRiy point be denoted by the line | . 
t Thus, 



' Thus, 




2x3xix5x6'^-ix3n' 



2K3x9jtlO'^2x; 



J For, if 9 be the multiplier and ^ = ' + T • ^t*" if "' l>« " 
a leu vBlue of q may be taken. 
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-whose law of formation is manifest, which is the representative 
of an incommensurabh number of very great importance in 
analysis •. 

204. Another very simple mode of resolving fractions into A 
a. terminable series of terms, whose numerators are I, originates re 
in dividing the denominator of the fVaction by the numerator and 
the successive remainders: thus if the fraction (supposed proper) 



be , we proceed. 


II rollowi: 
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q qlf qi^q" q<^q"'a' 
, until the quotients terminate. 



whicli enters very enlenfflvely into 



uaually denoted by the nynibol 
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Thu 


. let it 


he required to reeo 


fraction 


769. 
1114' 






769; 


lUHi 

7* 

345^ 1114 i^a 
1035 

79J1114(,14 



this manner, tiie 



Therefore, 



S) 1114(^139 
1U3 

2)1114^557 
1114 

1 1 



3 X 14 3 X 14 K 139 3x 14x I39x 557* 
onhe^?b ^*^- "^^^ expression of concrete magnitudes in terms of 
ofroncrete units of different denominations, which neither follow the de- 
ioM equi- cinial oor any regular scale of subdivision, will furnish immen- 
valeat Burable examples of the resolution of fractions similar to those 

which we have been considering in Art. 199, Thus if a, b, c... 
be the successive divisors of the primary unit, the several sub- 
ordinate units will be expressed, with reference to it, by the 

several fractions -, — r, -7- &c.: if the primary unit be £l- 
sterling, its subordinate units, which are a shilling, a penny and 
. ftrthing, will l- ..pr..«d by i, jjijj. J^TSTJO ' "■ 
the primary unit be 1 lb. Troy, its subordinate units which are 
an ounce, a penny weight and a grain, will be expressed by 

W iSTTi "'' MTSlTii- '' ''" ?"'"">' """ 1» 1 yud » 

length, its subordinate units, a foot, an inch and its successive 
duodecimal parts, will be expressed by -, , — j — , 

—J- &c. : if the primary unit be 1 week of time, its subor- 
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dinate uniu, which are a day, an hour, a minute, a second and 
its successive sexagesimal parts, will be expressed by -, 

> f.;. ■ „ -: — = , gA. ■ „ - . — = and 80 on ; and in every ease, 

24 X 7 ' 60 X 24 X 7 60" X 24 X 7 ■' 

it is merely necessary to know the successive divisors whi .i con- 
nect the successive subordinate units with each other, in order 
to form the corresponding series of equivalent fractions, whose 
common primary unit is the primary unit of the series. 

206. The expression of a composite concrete number by Itesoluiion 
means of fractions of the primary unit, is immediate, whenever po,ite 
the divisors which connect it with the several subordinate units concrete 
are known: thus £S44. 17s'- 8irf. becomes, in terms of the pri- imucqui- 

17 fi 1 viilent 

m„, „„i, or f ,. .«,ll„g, ,« , _J . __ , _j-_. f-,-.... 

In a similar manner t ton 11 hundred weight S quarters 
15 pounds and 10 ounces avoirdupoise, becomes 



20 4x20 28x4x20 16x28x4x20' 
innecting divisors being 20, 4, 28 and l6: and in a simi- 
r 3 hours 17 minutes and 35 seconds become 

60 60" 
all the subdivisions proceeding regularly according to the sexa- 
gesimal scale. 

207- Fractions, whether proper or improper, of any primary Resolution 
concrete unit, may be converted into the equivalent composite "[ ™im°JJ.y 
numbers by resolving them into a series of subordinate fractions conciete 

with their appropriate divisors: thus the fraction ~ "f t''^ ^mMlf" 
primary unit £l. sterling is equal to 

10 7 2 

20''^ 12x20''' 4x 12x20' 

and therefore equivalent to 10*. l\d.: in a similar manner, the 

fraction ^ of a week is resolved into the series of equivalent 

fractions 

3 8 53 20 

7"^ 24x7"'' 60x24x7''"60'xa4x7' 
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and is equal therefore to S days, 8 hours, .53 minutes and SO 
neconda. 

208. A compoatte concrete number is immediately expressi- 
ble, as we have seen, in temw of a series of equivalent fractbns; 
and such fractions are reducible to a simple fraction of any pri- 
mary unit, whose denominator is the continued product of the 
successive divisors, which may or may not admit of furth^ re- 
duction : thus, I oz. 3 drams 2 scruples and 1* grains (apothe- 
caries weight) becomes, the primary unit being I ounce, 



3x8 20 X 3 X 



which is convertible ii 



+80 ^80 4fi 1^ 7U^ 119 
480 ^ 480 "^ 480 "^ 480 "^ 480 ~ 80 



of one ounce, when reduced t 



s lowest terms. 



numbers 
inalB of the 



209. The expression of the values of composite concrete 
numbers, or of their correspondent series of fractions, by means 
of the ordinary decimal notation and the reconversion of such 
expressions into composite concrete numbers, constitute two of 
the moat common and most useful operations of commercial 
arithmetic: thus if it be required to express £S. 17*- Sjrf. by 
means of the ordinary decimal notation, the primary unit being 
£l,, we proceed as follows : 

.25, the decimal expression for one farthing, the primary 
unit being one penny : it follows therefore that 8\d. is equivalent 

to 8.25<f. 

nj 8.35 

.6875. the decimal expression for 8^d. if the primary 
unit be 1 shilling: it follows therefore that 17«- SM- is equi- 
valent to 17.6875*. 



.S84375, the decimal expression for IJs. 8^d, the pri- 
mary unit being ill. sterling: it follows therefore that £S. 17*- 
8id. is equivalent to £3.884375- 



c\ 
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210. The regular and ordinar; arithmetical process for this ^^'°"'' 
conversiMi of £3. 17*. 8irf- into an equivalent dedmal of£].tical 
would stand as follows: P"^*"' 

^) 1 
12) 8.35 
20; 17.6875 
3.88*375 
The rule which is followed in this and all similar cases, is to Hule. 
place in 3ucce88ion underneath each other the numbers whidi 
compose the composite concrete number, bepnning with the 
lowest, and to divide them and the several resulting decimals 
placed after them by the succesaive divisors wliich connect the 
successive units of different denominations with each other : the 
result in the last line is the equivalent decimal required. 

Thus let it be required to express 17 yards, 1 foot and fi 
inches by an equivalent decimal of 1 mile. 
IQ) 6 
S) 1.5 
1760^17.5 



.0099*318, 

the equivalent decimal required. 

Let it be required to reduce 1 1 gallons 3 quarts and 1 pint 
of wine to an equivalent decimal of a hogshead. 

V ^ 

i) S.5 
63; 1 1.895 



which is the equivalent decimal required. 

211. The decimal of a concrete unit may be converted into Conversion 
an equivalent composite concrete number, by simply reversing of icon- 
the steps of the preceding process ; namely, multiplying those fJf'^""'' 
parts of such expressions only which JblUm the decimal point, by equivalent 
the divisors which successively connect the superior with the concreie 
inferior units: thus the dedmal 3.884375 of £l. may be re- nu"*!*'- 
converted into an equivalent composite number as follows; 
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3.884375 



00. 



The successive integers which present themselves to the 
right of the decimal point form the successive parts of the 
composite numher required, which is £$• VJs. &k^. 

Again, let it be required to convert .4SS57 of a month into 
an equivalent composite concrete number. 
.42837 

4 weeks in 1 month. 



1.71428 



7 days in t week. 



S4 hours in 1 day. 



minutes in 1 hour. 



59.94240 

60 seconds in 1 minuti 
56.54400 
Consequently 1 week 4 days 23 hours 59 : 
seconds, and the decimal .544 of a second, or the fraction — ~^ of 

a second, is equivalent to .43857 of a month: if the name of 
trines, quatrines and quines, were applied to the subsequent 
sexagesimal sub-divisions of time, the decimal .544 would be 
" convertible into 32 trines, 38 quatrines and 24 quines. 

212, The same process which converts a decimal of any 

, assigned primary unit into an equivalent composite number, 

eiFects its conveiwn into a series of equivalent fractions of the 

same primary unit, where the successive multipliers become the 
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factoFB of the denominatorB,' and the aucceasive integers become 
their numerators: tfaua the last example gives the decimal .4S857 
of a month equal to the series of fractions 

i ^ 33 59 56 

4"''4x7'^24'<4x7'''6Ox2Ox*x7''"60'x24x4x7 

32 36 24 

eO^x 24x4x7 "^ 60*x 24 x 4 x 7 "^ 60* x 24 x 4 x 7 " 
213. These conversions of composite concrete numbers into ^"l?"*"^ 
equivalent decimals, and the reconversion of decimals of an m«tical 
assigned primary unit into equivalent composite numbers, bring 2!*^*""'' 
all the relations of concrete magnitudes, which the customs and ajnaDi. 
laws of nati(His have established, however arbitrary and irr^u- 
lar, immediately under the dominion of the same uniform nota- 
tion, by nine digits and zero, and c(»isequently under the same 
r^ular and uniform system of arithmetical (iterations. It will 
by no means follow, however, that the practical processes whid 
thence arise, are the easiest or the most rapid which can be 
formed, or that they may not be superseded in the real trans- 
actions of life by other methods, which, though less general 
and systematic, are much better adapted to the ordinary babita 
and acquirements of those who are required to use them. In 
the preceding chapter, however, we have considered arithmetic 
rather as a speculative than a merely practical science, with a 
view to the complete theoretical establishment of its rules, and 
to shew the dependence of the forms of its fundamental opera- 
tions upon the principles of mthmetical notation. 
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CHAPTER III. 



FonaatiaD 
of the 

sqmie of 



MraninKor 214. The square root of a number is that number, whether 
root^fT^ expressed bjr a finite series of digits or not, vhich multiplied 
Dumber, into itself will produce the primitive number : thus the square 
root of 4 is 2, since S x S = 4 : the square root of IO69.39 is 
32.7, since 32.7x32.7 = 1069.29: the square root of 10 is in- 
terminable, but its first seven digits are 3.162277, the product 
of which approximate root or number into itself differs from 
the primitive number 10 by .000004175271 only. 

215, The rule for the extraction of the square root of num- 
bers is derived from the rule for the formation of their squares : 
thus if the symbols a and 6 represent two numbers, the square 
of their sum, or 

(a + 6)'=o'+2<i6 + 6', (Art 62.) : 
and if we further suppose a to represent a number whose final 
digit is of the r* superior order and b to represent a digit of 
the (r- I)"" or next inferior order, then the final digits of a*, 
Sab and 6' will be of the 2r^, (2r-l)* and (Sr-a)"" supe- 
rior orders respectively * : and also if the final digit of a be of 
the r* tn/irior order and if the digit fi be of the (r+ 1)"" or 
next inferior order, then the final digits of a', 9,ab and &* will 
be of the 2/*, (2r + l)-* and (2r + 2)* inferior orders respect- 
ively. In both cases therefore, the orders of the final digits 
of the three terms a', 2(i& and 6', of which the square of a + b 

■ This fblloirs at once from Art. 174 ; in the view which we have given of 
arithmetical notation by nine digits and zero, ne have assumed the eiisteace 
of suceessive orders of units detenniued b; their position with respect to the place 
of primary muts or of the decimal point : and whenever the relative ariert of the 
final d^ts of any nnmhere aie in any way determined, we can place them under- 
neath each other, add them together, eubtiact them from each other or from any 
other number, without any immediate reference to the abeolnte orders of the digits 
themselves : it is this principle which is the source of so much ahbrevialion in the 
eihibitioD and conduct of arithmetical operations. 
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is composed, will be successive and descmding; and the disbmce 
of the last digit from the decimal pointj whether to the right or 
to the left, will be double the number which expresses the order 
of the last digit of the root. 

216. Again (a + b)' = a' + Sab + 6' = a' + (2o + b) b, since f^j^j^^, 
(Sa + b')b = 2ab + b' ; and inasmuch as the final digit of a and fbnnofthe 
the digit 6 are of successive orders, the digital expression for ^"^ 
2a + b will be found by writing b immediately after the digit 

or digits of 2a. 

Thus, if a = 3 and i = 2, 2a + 6 = 62 : 
ifa= 32 and 6 = 4, Sa + b = 64*, 
if a = 324 and 6 = 6, So + 6 = 6486, 
and similarly in all other cases. 

217. After this preparation, it will be very easy to exhibit ^^^^ 
the formation of the square of a number in that form tn which for fonninf; 
it immediately leads to the inverse opoation of extracting the ofamin^r 
square root. prsMrslorj 

Thus let it be required to form the square of 3246. ^^ P'"" 

3246 
3246 

= 6, 6 = 2, 2 
a* =32. 
2o' = 64, 6'= 4, 
a" = 334. 
20"= 648, b"=6, 

10536SI6 = (3246)'. 

The preceding process furnishes successively the squares of 
the number expressed by the first, two first, three first, &c. digits, 
and so on until alt the digits are exhausted : it is analogous to 
the method of multiplication proposed in Art 183, upon which 
the inverse process of ordinate division, given in Arts. 183 and 
]84 was founded. 

218. The arithmetical rule for performing the operation, Rule, 
whose scheme has been exhibited in the last Article, is as follows: 





9 


3o + 6 = 62xS 


124 = (2<i + 6) b. 




1034 = (SS)", 


2fl'+6'= 644x4 


3576 = (2o'+ f ) b'. 




104976 = (32+)', 


, 2o"+6"=6486x6 


38916 =(2a"+fi")6". 
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tf^rite down the tqnare of Ikejint digit (a»). After double (2a) 

theJirH digii, place Ike tecmd digit (b) and multijig the resulting 

number (2a+b) btf the Meeond digit (b), placing it underneath the 

JirH square and advancing Us last digit two placet to the right : the 

turn mhich arises from their addHion, adding Hie digits to like digits, 

mill be the square of the number expressed by the ttvo first digits. 

After double (Saf) the number {a,') formed by the two first digits, 

''-domn the third (b'), and multiply the number (2a'+b^, which 

e arises, by the third digit (b"), and place their product beneath 

juare of the number expressed by the two first digits (a"), ad- 

ng its last digit two places to ike rigkt : Iheir sum, adding like 

^ lo Hie digits, will be the square of ike number (a") ei- 

ed by the three first digits. 

''he same process must be repeated until all the digits of the 
are exhausted, when the final result will be Ike square of 
ntire number. 

19. The inverse process for extracting the square root 
es us to subtract from the given number (whose root is 
red) the complete square of the number eKpressed by the 
1 of the root : if there be no remainder, we conclude that 
;iven number is the complete square of the root which has 
assigned: if not, we conclude that no such root, with a 
number of places, exists: let us take as an example of 
iverse process the number 10536516, which has been shewn 
217.) to be the square of Sii6. 



10536516 
9 


(^3246 


153 

12* 


Resolvend. 
Subtrahend = 2«6 + A*. 


2965 
2576 


Subtrahend=-2«'6'+6'". 


38916 
88916 


Resolvend. 
Subtrahend=2«"6"+6'« 



0. The description and explanation of the different steps 
1 process will liimish the rule which may be followed 
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into period* of tteo places, by jdacing a dot over the place of units 
and over every second place both to the left and to the right. 

Tat if the order of the highest digit in the root be r, the 
order of the highest digit of the square will beSr or 2r+l, or 
the number of places, including that of primary units, will be 
2r + l or2r + 2': in the first case, the first period will con- 
sist of one place only, and, in the second, of two : and again, 
if the order of the lowest inferior digit in the root be r, the 
order of the lowest inferior digit of the square will be 2rf: 
or in other words, the number of decimal places in the square 
will always be even and double of the number of decimal places 
in the root. 

Find ike greatest number mhote square is less than Ike ^rst Rule for 
period: write this in the frst place of the root and also m the ^u'^cewive" 
left of the square, repealing it again immediately beneath it: their digits of tie 
sum placed belorc {2a) {in the third line) is the first divisor: their 
product (a*) i* placed belotn the first period, and subtracted from it ; 
and the remainder teith the digits of the second period written after 
if, forms the first resolvend: divide the resolvend {omitting Us last 
digit) by the divisor, taking the quotient in defect mhen necessary: 
this quotient is the second digit in the root, which is written after 
the first divisor and also beneath itself as before: the sum of the num- 
bers thus placed beneath each other is the second divisor : their pn- 
duct is subtracted from the resolvend and the remainder, augmented 
by writing the third period after it, is the second resolvend: we 
now employ the divisor and resolvend as before, to find the third 
digit of the root, and so on, until the last resolvend disappears, 
in which case the complete root is obtained ; but if the remainder 
and therefore the resolvend never disappears, the process is in- 
terminable. 

* Foi if a be a. anperior digit of the r^ OTdec and thererare equal to a x 10' in 
lertDB ofprimary units, its ijq«»re will bea'x 10"', and therefore the final d^it of a* 
is of the St'*' Enpetiai order : and since the root a or ax tO' is less than 10 x IC, 
whose square ia 1(P*' or the least namber of the (2t+2) order, it foilowa that no 
digit of o'x 10" can exceed the (2r + l)* order, or caJi coasial of mote than 
2r+-2 or of less than 2r + l places. 

t If a be aji inferior digit of the r"* order, and lherefi>re eqaal to ^ in 
terms of priinar; uniti, it follows that its square is w. • (^ final digit of which 
is of the Sr" order, or eiactly double Ihe numher of decimal places in the lool. 
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231. The preceding Rule has been adapted to the scheme of 
the operation which is given in Art. S19i and whidi is that whid 
is moBt convenient and most rapid in practice. Its principle is 
very obvious : supposing that we have subtracted a* from tbe 
square, and that we wish to subtract (u+i)' or o' + 2ai + ft" fr«n 
it, where b is the next digit inferior to the last di^it in a, we 
observe that the order of the last digit of (a + by is lower hy i 
than that of the last digit of a', and consequently that its signiB- 
cant digits can only embrace two more digits of the original 
square: we therefore bring down the digits of one additioiul 
period mily, to form the remainder or resolvend from whic^ 
the subtrahend Sab + b' is to be taken, a* having been already 
subtracted by the previous operations : we first determine b tenta- 
tively by dividing the resolvend, omitting its last digit, by Sa* ; 
when b is thus found, we form Za + b by writing the digit b ailer 
the digits of 2a, (Art 2l6) : we multiply Za + b hy b and sub- 
tract the product from the resolvend : we then form a new 
resolvend and a new divisor as before, and so on until the 
operation is concluded. 

222. The following are examples: 

(1) Extract the square root of 119550.669121. 

3 119556.669121 1^345.761 

3_ 9_ 

6* S95 Resolvend. 

4 256 Subtrahend. 

685 3950 

5 3425 

6907 52566 



69146 421791 
6 414876 



691521 691521 
691521 



• There are two places in 2at-|-fi' below the last diBit in o': 
2ab+b'' bj 2<i, we shauld get jencralJi/ two places in the quotient: 
the last digit of the dividend we reduce the quotieal lo one place only 
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(2) Extract of the square root of 10, 

3 16.060600 (3.16227 



3900 
3756 



6322 14400 

2 12644 

68842 175600 

2 126484 

632447 4911600 

7 4427129 

632454 48447100 

The process is interminable- 

(3) The square root of .1 is .816228.... 
The process is interminable, 

(4) The square root of .00000256 h .0016. 

... -ru . c- 582169 763 

(5) The square root of ^^g^^=—. 

In this case we extract the square root of the numerator and 
denominator respectively to form the numerator and denominator 
of the root of the fraction: for it is obvious that the square root of 

the fraction -^ is j-. 

(6) The square root of ^ is 1.32287-. -and is interminable 
without repetition. 

(7) The square root of 3^, or of 3.333 ... is 1.8257, and 
is interminable without repetition. 

323. The sign J is usually placed before a number or al- SigDofthe 
gebraical quantity, to indicate that its square root is to be taken : 
thus ^4, ^189, J(i^+2ab + b'), ^^> denote the square roots 

of 4, 189, a' + iab + b' and t respectively. 
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Iheequaw 234. Another mode of denoting the square root by means of 

led by the a fractional index ^, is derived from the principles of symboliol 

iadei i. algebra, and therefore involves higher and more general views 

than we are yet authorized to refer to : we shall thus find th»t 

(*)*, (189)', («'+ aofi + 6')', f|), will denote respectivelj 

the square roots of *, 189, a'+^ab + b' and r. 

Cjueji ia 226. Whenever a remainder continues to exist, after all the 

proeemfor periods of the number, whose root is required, which invoWe 
Ihe^uarl Significant digits, are exhausted, so that the corresponding re- 
rooi Id ia- Bolvend and all those which follow it have necessarily two zeros 
lennim le. j^j jjj^jj. ig^ggj places, the digits of the root will be interminable: 
for the last digit of the subtrahend, being the last digit of the 
square of one of the nine significant digits, is necessarily dif- 
ferent from zero, and therefore when subtracted from a number 
terminated by zeros, will necessarily leave a remainder : it will 
follow therefore that such a remainder can never disappear, and 
consequently by writing after it one or more pairs of zeros, the 
process may always be continued, so as to furnish for ever 
significant digits hi the root. 

The digits 226> Such interminable roots will never form recurring de- 

roDta ciraals: for such a root, if it existed, would be convertible into 

an equivalent fraction, and its square would also be a fi-actiui 
never form which would not be reducible to a finite number, whether deci- 
periods. nialornot*: it follows therefore, that no finite number, whether 

decimal or not, can possess an interminable root which is s 

recurring decimal. 

What re- 227- If the root of a recurring decimal be required, which 

cimab have '^ Convertible into an equivalent traction whose numerator and 
raota which denominator are complete squares, it will be found to present 
rinsdeci- itself. If extracted by the ordinary rule, in the form of a re- 
">»!». curring decimal t .- the roots of all other recurring decimals, 

• If the rqol be Ihe fraction r in its loweel terms, or the recurriuB decimi] 
which ia equal to it, its square will be t;. which is also in its lowest tenns, and 
Dot convertible therefore into a finite number, whether deciaial or not. 

t The root of the recurring decimal ,444 ... is the recurrinB decimal .666 ... as 
will appear upon the application of the common rule. 
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-will not form recurring decimals and trill therefore be incom- 
xnensurable numbers. 

238. The square roots of numbers, which are not complete P 
squares, may be exhibited in the form of continued fractions, g, 
irhich vill be found to possess some remarkable properties. ° 

Thus, let it be required to exhibit in this form the square w 
root of 19. ft 



Cl) J'9-t- 



v'19 + 4 



; and J19 = i + 



For CVl9-4)x(^19 + 4) = S*: and- 



19 + 4 
3 
5/19+4 



(,,Vl9^0=^»!2^,„d Villi. 
2 



(6) 



^19-^3 ,/l9-8 ^1 ^^ Ji9^3 ., 1 

8 3 

^19-1-8 „ V19-4 ] , V19 + 2 „ 1 



(7) */l9 + *-8=s/]9-4=^yj^: and ^19 + 4=8 + 



We have thus arrived at the same complete quotient as 
in (1) : the same series of quotients, after the first, ■wiU therefore 
recur and in the same order, for ever, the series being 
4 I 2, 1, 3, 1, S, 8 I a, 1, 3, 1, 2, 8. 



• For gdnendli (0 + 6)(b-6) = fl«-f (Ait. 6 
we shall get 



I if we raplac, 



.by 
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Th« continued ftaction h therefore 



S + T ,1 

2 +-S+ . 



1+^ 1 



229. We will now exhibit the same process in general symbob, 
■■- with a view to the deduction of the general rule for conducting it. 

Let n be the number, ^n its root, (Art. S33.), a the great- 
eet whole number which is less than \/n; b, b', b", b'" . . . the 
several quotients which follow the first quotient a: then 

Jn = a + Jn-a = a+ i , where r = n - a*.' 

Jn + a , Jn+a-rb , I i. - t 

S. -b+^ = 6 + - , — ■ , whereo =r6 — a. 



i^^' = 6' + V" + "^ ^^' = h'+ >\^l . where a"=r'6'-fl', 

■^^ '' = ^-t' 

and so on, until we arrive at a value r which is equal to 1, 
which gives the last quotient (Art. 232.) of eadi period. 
Rule 230. The examination of these results will make Uie law of 

font^tion *'**''" f™™Btion sufficiently manifest, 
eftbe 

" For n — a'= (V» — o)(Vn + n) = r, and therefore 



■ Tb _ -Jn^(,Ti-a) ^-Jo- 
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The teveral quotients are the greatest whole numbers which 
are less than the mixed fractions or complete quotients 

>±1, >±i!, >j:,f!, &c. 

The several integral portions of the numerators a*, a", a'", 
&c. are formed by subtracting the preceding integral portion of 
the numerator from the product of the preceding denominator 
and integral quotient, as expressed by the formula a' = rh-a. 

The several denominators t, r", /', &c, are formed by di- 
viding the excess of the given number above the square of the 
integral portion of the numerator just formed by the denominator 
of the preceding complete quotient, as expressed by the formula 

231. Thus let it be required to deduce the quotients of ^^oi^pl^' 
^13 by the aid of the preceding rule: 

• 13-3' , JlS+S 

13-2' , „ 713+2 




xl-l=2; 

3 i 



The quotients 1, 1, 1, 1, 6, which succeed the first quo- 
tient 3, recur perpetually, in the same order. 
It follows, therefore, that 
Vl3 = 8 + i 1 

1 +:r 1 , 



1 +2 

6-t- . 
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(2) The qnotienU corresponding to \/SS are 5, 1, S, 1, 
10, 1, S, I, 10, Sec. 

(3) The quotients cmresponding to ^48 are 6, I, IS, 1, 
12, &c 

(4) The quotients corresponding to ^50 are 7, 14, 14. 
(£) The quotients corresponding to ^150 are IS, 4, S4, 

4, S4, &c. 
The quo- 232. The quotients, which succeed the first, in the pre- 

tbe6nt tie Ceding and in all other csaes, are periodical, the final quotient in 
periodical, ^acij period being double of the first, or of the greatest -whole 
number which is less than the root; the proof however of this 
proposition, as well as of some others which are connected with 
it, of great importance in the theory of numbers*, is not suffi- 
ciently elementary to allow of its introduction at this stage of 
a student's progress in Algebra, and we have therefore reserved 
it for a Note at the end o( this volume. 
ff'"°k^"' ^^- "^^^ ™'^ *•"■ *^^ extracticm of the cube root is founded 

upon that for the formation of the cube : thus, (Art. 67-)> 

(a + b)'^ a' + Sa'b + 3 ab' + b', 

which may be put under the form «■+ (3o' + 3fl6 + 6') ft: and 

it appears, therefore, that in order to pass from the cube of s 

General number a to the cube of the sum of two numbers a and 6, tve 

must add io the cube of the JirH, the product of the second into 

the sum of three limes the square of the first, of three times the 

product of the first and second and of the square of the second. 

Arithmeti- 234. In the preceding rule for the formation of the cube, 

for the '^^ ii'^y suppose a + 6 to represent a number of two or more 

'^f'rt*''*"' '^^^' "'**'■* f' is the last of them, considered In its proper 

augmeDt order: but inasmuch as in the actual process for the formation 

BDDmtinit "^ ^^ cube, we advance progressively from one digit to two, 

to an addi- from two digits to three and so on, it becomes important to 

of the root, propose a proper arithmetical rule for the formation of the com* 

pound factor of the product which forms the augment in passing 

fVom the cube of a to that a + b. 

' or this kind are the propositians wfalcfa funiieli the soluUoii ofthe equation 

^-.,■-1. 

when T, a and y are vrhote numbers ; and which also enable ns to judge of the 
possibility of the solution of the equation 

under nmilar circumstances. 
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For this purpose, we mrite down the new di^t (b) after three Rule. 
times tkejirtt digit or number (3a) {nnce the order of the first is su^ 
perior by unity lo that of the second Art. 216.) and ne natUiply their 
mm by the new digilh: roe add the resuUing product (3a + b)b to 
three times the square of the first digit or mtmber (Ss*), the final 
digit of (3a4-b)b being two places Unaer than the final digit 
of Si?: the product of the nem digit (b) and if the resuU- 
ing ««7t (3a'+Sab+b')yoTtM the augment of a', it being kept 
in mind that the final digit of (_&+ b)* is three places in advance 
(reckoning from left to righi) of the final digit of a.'. 

If me include an additional digit (W) in the root, calling the 
portion of the root (a+b), whose cube is already formed, a', we may 
Jbrm the new augment (3a"+ Sa'b'+b") b' in the foUowing manner ; 
since Sa"=3(a+b)'=3a'+6ab+3b', U exceed* the compound factor 
of the preceding augment by 3ab + 2b*, or by (3a + 2b)b: me 
therefore add b to 3a + b, mhick is already formed, we multiply their 
sum by b and me add the result to 3a'+Sab+b', which gives us Sa": 
me then add h to 3a + 2b already formed, and after their sum 
Sa + 3b or Sa' me write b', making 3a'+b', which multiplied 
by V and added lo Sa™, gives us 3a''+3a'b'+b'', or the com- 
pound factor, which multiplied into h', gitiet the augment connect- 
ing (a+b)' with (a'+b')'. 

We repeat the same process for every additional digit of the root 
until they are all of them exhausted, mhea the sum of a' and tfall 
its successive augments mill be the complete cube of the root required. 

235. Thus let il be required to form the cube of 765. 



«= 7 




3a= 21 l*7=Sfl' 


343=a' (^65 


6= 6 




1+6= Sl6~x6 1296=(3o+ft)6 




6 6 15996x6- 


95976=(3o'+3a6+6')A 


t-a6= S22 x6 1332=(8a+2ft)6 




6 6 17328=30" 




+4'= 2285x5 11425=(3a'+6')A' 


17**225^6 


8721 lS5=(3a''+3a'b'+b'^b' 




M7697125 
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^ 236. The process for extracting the cube root ia the reverse 
of the preceding, requiring us, from the given cube, to find the 
digits of the root, and to subtract successively from the former the 
cube of the first digit of the root and also the successive avgmenU 
Art. 334, (which now become mhlrakends,) corresponding to the 
successive digits of the root as they are successively determined: 
these digits are discovered tentatively, by dividing the successive 
remainders which result from the subtraction of the cube of the 
first digit and of the succeeding subtrahends, the quotients being 
taken in defect, when necessary, and due regard being paid to the 
orders of the digits in the divisors and dividends employed: before 
however, we proceed to the formal statement of the rule to be fol- 
lowed, we will exhibit the process for extracting the cube root of 
the cube of ^&5, which was formed in the last Article. 



447697125 



t.765 



1296 

15996 X 6 


104697 
95976 


first resolvend. 


1832 


8721125 


second resolvend 


17328 




11425 







17442S5 X 5 8721125 second subtrahend. 

237- The following is the general rule for performing this 
operation. 

r IHvide the mimber whose cube root is required into periods, by 
marking off every third digit to the right and left from the place 
of units : the number <f periods to the right or to the left of the 
dedmtd point mill determine the number of places in the roof to 
the right or to the left of the decimal point *. 

Find the greatest number mhose cube is less than the first period : 
this is the Jtrst digit of the root: subtract its cube from the first 

* The final digit of th« cube aC a digit of the n" gaperiar or inferior order villbe 
of IheSn" superior ot ioferioi ordei: thus, the order of the final digits of the cube 
of 7 in the example just given is 6, which is the number of places which succeeds 
it ; and similarly in other cases. 
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period, and afier the remainder write down the second period: 
this forms Ike firti retolvend. 

Totherightof the cube, ntrite three timet thefrsl digit of the root ^^"t. 
and alto three limes its square, nhich becomet thefrst divitor : dimde firm divisai 
the resolvend {omitting itt two last digits') l^ the divisor and the ^^^^ 
quotient (taken in defect if necessary) mill form the second digit ofthsroot. 
of the root- 

Afier three times the first digit place the second : multiply the Mode of 
resulting number by the second digit and add the product to the »abtrahend. 
Jirst divisor, advancing its last digit two places to the right f: 
multiply their sum by the second digit to form the subtrahend. 

Subtract the subtrahend frtym the resolvend and qfler the re- Mode of 
mainder write the next period of the cube : this forms the nem ^ j^^nd 

resolvend. rasolvend. 

To the last number formed in ihe.Jtrst column add the second Foraiaiion 
digit, multiply their sum by the second digit, and add their product second gub- 
to the last number placed in the second a^umn, forming the second ^*J^""^ 
divisor; divide the second resolvend by it (omitting its two last of the third 
digits) and the quotient {taken in defect if necessary) is the third tiu'root 
'^'g'l 'f '^e "W*- 

To the last number jdaced in the frst column add the second Formation 
digit of the root, and after their sum write the third digit : multiply second 
the resulting number by the third digit, adding their product to the i,"^' 
second divisor, its fnal digit bang advanced two places to the 
right : multiply their sum by the third digit <f the root, and the 
resulting product is the second subtrahend. 

We proceed in a similar manner to form the third resolvend, 
and so on until there is no remainder, or until it is thought proper 
to terminate the process, which is necessarily interminable if the 
remainder does not disappear when all the periods of significant 
^fftt in the number whose cube root is required, are exhausted. 

* For the order of the final digit of Za'b it higher by two placet than the final 
digitD[(a-|-i)', which is oftheaamsordei with die final digit of the resolvend. 

I For the order of the final digit of 3a' is higher by two places than the final 
di)!il«f(3o + *)6 01 3oJ+6", 
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238. The following are examples. 
(1) To extract the cube root of 4IS7S.342816. 

41278.2*2816 . . . ^.34.56 



9 

9* 


x4 


27 Irt divisor. 
576 


27 

14278 


1st resolvend. 


4 


x4 


3076x4 = 
392 


12504 


IstBubtraheaid. 
Sd resolvend. 


9S 


1974242 


4 




3468 SddiTieor. 






5 


x5 


5125 
351925x5 


1759625 


2d subtrahend. 


lOSO 

5 

10356 


y5 
x6 


5150 
357075 3d divisor. 
621S6 


214617816 Sdresolvend. 
214617816 3d subtrahend. 




85769636 X 6. 


(2) 


To extract the cube root 


of 12. 






6 


12 


12.000. 


.t2.289 




2 
64 


<2 124 

1324 X 2 
Ki 12S 


8 

4000 

2648 






2 


1458 


1352000 




668 

8 

676 


"x 8 5844 


12043 






150544 X 8 
x6 5408 


62 




147648000 



140911569 



The process is obviously interminable'. 



* The rule for eitractiDg the cube root might be frained 
repelitioDS of digits which do not foTwarJ the operation 
calDDin of thia example, we find 34 



exclude all 

the second 

the lecond and third line, 44 in the «iith 
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(3) The cube root of 27054036008 is 3002. 

(1) The cube root of .01 is .2154. ■ . 

(5) The cube root of 102.875 is 4.68565... 

(6) The cube root of | is .87358. . . 

239. When the earlier dibits of the root have been fonned Abbre- 
, . ■. I . , , vated form 

and many more are not required, the operation may be ab- of the 

breviated, by omitting all those digits of the resolvends and "P"*'""'- 
subtrahends which are below an assigned order, and conse* 
quently likewise all those digits of the partial and complete divi- 
sors which form digits in the subtrahends below the prescribed 
orders: thus, let it be required to extract the cube root of 
147, admitting no digit into the resolvend below the 6th in- 
ierior order. 



15 



75 



147... (,5.277626 



822169 ^ 
11018 
63318 



5755188 
636817 



1334 
g the two lust digits of IS4 al met in the tbiid line, aod umilnly for the 
tueei : the opeiation under this ronn, however, vrosld lose more in the diitiact 
ID of the numbere nhich fanothe divuors, whether complete 01 incomplete, 
than it would gain in bre* it; . 
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Theei- 240. The evtractton of the square root of a number n 

roots is nuiy be considered as equivalent to the arithmetical solution 
to'Jh'e ^L' "*' ^^ equation 

tionofan **- «■ 

tSe »ame "here x, or the square root of n, is an unknown quantity, until 
the*' "t^ *^* operation is concluded : for it is obvious that x is equal to Jn 
or to the square root of n. In a similar manner the extrac- 
tion of the cube root of a number n is equivalent to the 
aritbiaetical solution of the equation 

where x, or the cube root of «, is an unknown quantity, until 
the operation is concluded. 

This unknown root, which we have denoted by x, may be re- 
quired to satisfy more complex conditions than those which we 
have hitherto considered: thus, it may be such that the sum of 
its cube, of (a) times its square, and of (b) times the unknown 
quantity or number itself, may be equal to a given number n, 
a series of conditions which would be expressed algebraically by 
theequaticm 

3^+ax'+ bx=n*, 
a and b being any assigned numbers: it remains to asdgn an 
arithmetical rule by which such roots of w or values of * may be 
determined in this and similar cases. 

tion'rfSe 2^^- Let '■he the greatest whole or decimal number, of an aa- 

Tule fat the signed order, such that r'+ai'+br shall be less than n, and which 
ofacom- i°^y ^ found by making ^ successively 1,2,3..., or .1, .2, .3, 
SSwAoou •*'■ ■°^' ■'^' ■*'*' ■ ■ ■ *^' ™*'' ^^ ""'■*'* *' ^^° successive substi- 
tutions, one of which gives f' ■* ai* + br less and the other greater, 
than n: if however in consequence of the small value of r or 
from other causes, any one term of r' + ar' + fir, such as br, be- 
comes very much greater than the others, a more or less near 
approximation will be made to the value of r by dividing n by b. 
I-et us now suppose x = r + x', and therefore 
(r + x'f+ air + xy+bir + x') = n, 
at, (j' + 3r'j;' + 3r«" + ar^) + a(r'+2ry*i'') + 6r + 6:c' = n, 
or, y*+(3r + fl)y+(3r'+2or + 6)x' = n-B, 

• Any eqoation which inrolveB the cube of an unknown quantity or number i 
ind QO higher power or it, when freed from fractions, is called a cubic equBtioa : 
rach equations admit of a great variety of forms. 



-v 



iM,Googlc 



147 

(if B = r' + ar'+6r), 

or, y + fl'*™+6V=n', 
if a'=3r + a, 6'=3r' + 2ar+6 and n'=n-R. 

It remains to exhibit the formation of o*, b' R, and n', under 
such a form as may become the foundation of a simple arithme- 
tical rule. 



St' + iar 



We place at the head of three successive columns a, b and n : 
we write down r + a io the first column and multiply it by r, 
placing the product r'+ar in the second column underneath b: 
beneath r'+ar we again write the sum of the same product r'+ar 
and b, which multiplied by r, gives r' + at^+br, or the first 
subtrahend Ri underneath r + a in the first column, we write 
down r twice and form the sum which is Sr+a or a': underneath 
i* + ar + b in the second column, we write r* and the sum of the 
three numbers r'+ar, r' + ar + b and r", which are placed un- 
derneath each other, gives Sr' + ^ar + b or 6'; we also subtract 
the subtrahend R from n, which gives n': we now repeat the 
same operations with a', b' and n', and so on, as long as a value 
of n remains, or undl we choose to terminate the operation. 

Since the successive values of r will be decimals of descend- 
ing orders, the term br will sooner or later become much greater 
than H and ar*, and consequently under such drcumstances. 
apprusimate values of r (taken in defect) will be found by 
dividing n by 6, considering n and b as the representatives of 
any of their successive values n', n" &c. and b', b", &c. 

242. Thus let it be required to find the value of x in the Example. 
equaUon 

a^+I0x' + 6x=120. 
The root is included between the nui^bers Z and 3. 
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120 ..\i.SS30 



7144 I' 8 


57152 


64 


2848000 


8553 




5529 




860729 X 3 


2589187 


9 


265813000 


866267 




55479 




86682179 " 3 


262046537 


9 


3766463 



86737667 

By referring to the scheme of the operation in the precedin|; 
Article, replacing in the first instance a, b, », r by 10, 6, 120, 
and 2; in the second by 16, 58, 60 and .8; in the third by 
18.4, 85.52, 28.48 and .03, and so on, the course of the process 
-will be made manifest: and if we should successively replace 
in the equation whose root is required, a, b and » by their 
i values, we should get the following series of trans- 
) equations corresponding to them; 

*■+ 10a^+ 6x = 120. . .(I), 
y+l6x'' + 58x' = 60...(2), 

(3), 
86.6267^^"' = .265813 . . . (4). 
lily frame rules for the extraction of 
ss much more complicated than those 



x"'+18.4,x"'+S5Mx" 



th?«- *""+ 18.49*"" 

"^tZ- 243. We might . 

^::iC ^"'Pe'^n'I ™t3 in c 

presuppose which are comprehended in the two last Articles: but the en- 

l«dge of the quiry would be somewhat premature, inasmuch as it invdvee 

theoii of j[,g determination of the numerical limits between which roots 
equalions. 
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cure placed, and consequently a knowledge of some of the most 
impoi*tant parts of the theory of equations : we shall therefore 
clefer the further consideration of such compound roots, until 
>we come to that part of our subject •. 

244. The extraction of the fourth and higher roots of num- Rules for 
bers, will be found to be dependent upon the rules for the [[onufthe 
fomiation of the fourth and higher powers of their roots : the fourth and 
arithmetical processes which would be found to result are ex- ofnumbere. 
txeinely operose and difficult, and are almost entirely superseded 
by the use of logarithms, which enable us to determine a 
considerable number of digits of such roots with very great 
facility: it is for this reason that we shall not attempt the 
investigation and illustration of the rules for finding any roots 
-which are higher than the cube. 

245. Those roots which are incapable of being exhibited Meaning 
in a finite form, and which are therefore incommensurable for aurd. 
the reasons assigned in Article l65, are commonly called turds, 
and are differently denominated according to the denomination 
of the root to which they correspond; thus, quadratic, cubic, 
and biquadratic surds are those which originate in the extrac- 
tion of the square, cube, and biquadratic roots respectively: 
and generally a mrd of the n" order will be that which 
originates in the extraction of the n* root 

246. Quadratic surds are denoted by prefixing the sign J ^'f"!'*' 
before die number or base whose root is to be extracted : they are 
cubic surds 'are denoted by the sign ^, biquadratic surds by '^*'"'***'' 
the sign ,y, surds of the fifth order by ^, and surds of the 
n'^ order by i^, the number which accompanies the sign (the 
sign of quadratic surds excepted) denominating the order of 
the root: thus, JS is a quadratic surd, ^14 a cubic surd, 
^^7 a biquadratic surd, and ^IS4 is a surd of the n"' order. 

In symbolical algebra we shall replace the signs ^> ,y, .J ^ Denoted 
by the indices -, -, j, -, 

(14)*, ^'i1 by (27) , and ^124 by (127)": there are, how- 
ever, no principles which we have hitherto assumed or esta- 

* These methods, which enable us to subject the aj:tua.l Dumerical solution of 
eqoaliaiis, when the limits of their roots are detennined, to uniform arithmetical 
proceeses, are chiefly Ibongh not entirely due to Mr Homer: nee a very clear 
eipoation of tiiem iti Professor Youaii's Theory of Equations, Chap, v, and vi. 
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blisheil which are competent to explain and juatify the use rf 
iuch indices with such a meaning. 
Surds of 247- Surda of the same order are comparable witti each 

Older other like finite numbers, when their bases have a cotrtmoa 

*'i'*^^i!i™t '"^''*'"'^ different from unity Hiid when the roots of the proper 
mulLiples order of their other factors are finite or rational numbers : tJius, 
surdf*^""^ */2 ""^ -J^ ^^ reducible to ^2 and SjS, involving the same 
quadratic surd J'i: J4,5 and ^80 ""■ ^9 ■< 5 and Jl6x 3 an 
reducible to 3^5 and 4,^5, or are multiples of the same qua- 
(b-atic surd J&: Ijim and ^1372 are equivalent to ^2T « 4 
and ^343 x 4, and are therefore reducible to 3,^4 and tUtt, or 
to multiples of the same cubic surd ^4: 4/224 and ^1701 are 
equivalent to JZI x 7 and ^%Vi x 7, and are therefore reduci- 
ble to i^l and 34'7, which are multiples of the same surd 
^1: and generally ^/a'c and ^h'c are reducible to a^c and 
h^c, which are multiples of the same surd ^e, if c be not 
a complete n*" power. Such surds are called }xke surds. \f, 
however, the bases of surds of the same order have no common 
factors or if their other factor be not a complete power (^ 
the same order with the denomination of the surd, they will 
be incapable of reduction to multiples of a common surd, and 
wiU not admit therefore of comparison with each other like 
ordinary numbers. 
The pro- 248. The product of two unlike surds of the same order 

ineduuible ^^'^ ^ ^ ^'"''^ °^ ^^ same order, whose base is the pro- 
sam ' "r^^" ^"*^ "^ ^^^ bases of the factors : thus, if ^a and ,^6 be two 
will be a quadratic surds, their product ^a Jb will be equal to .Jab, 
flame'order "'^'ch will not be reducible, under any circumstances, to the 
iireducible game surd either with Ja or ^6, nor to a rational number, 
factora. unless Ja and Jb are like surds: for, in the first place, 
since the square of the product Ja Jb is ab, which is 
also the square of J^, it fiJlows that their roots Jajb and 
Jab are equal to each other: and in the second place, if we 
suppose Jab = ra, where r is a finite number, whether fractional 
ornot, then we get aJsr" a', and therefore 6=r'a and Jb = rja, 
which shews that Ja and Jb are reducible under such circum- 
stances to a common surd: it will follow therefore generally that 
Jab will be a quadratic surd different from either of its factors Ja 
or Jb. The same reasoning may be extended to the products of 
cubic, biquadratic, and other surds of higher orders. 
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Thus, V3'<V5 = s/l5: ^/T ' ^10 = ^/70; but ^18x^98 = 42, 
since ^18 = 3^2 and J9&^lj% and are therefore Uke surds. 

249. Quadratic surds cannot differ from each other by a Two qua- 
finite number, whether fractional or not: for if we suppose cannot 

III differ from 

%"■-" + •J'^' each other 

where Ja and Jc are quadratic surds and 6 a finite number, number, 
then the squares of these equal quantities will be equal, or 

and if from each of these equal quantities we take away the 
same number 6' + c, we get 

if we further divide these equal quantities by ^b, the quo- 
tients will be equal, or 

-4«- 



"3F- 



-Jc: 



It appears, therefore, that ^c is not a surd, but a finite 
number, whether fractional or not, which is contrary to the 
hypothesis which we have made: it will follow, therefore, that 
two quadratic surds cannot differ from each other by a finite 
number*. 

250. One quadratic surd cannot be equal to the sum of two Aquadiatk 
others which are irreducible with it: for if possible, let us suppose be equal to 

theiumot 
^a = ^b + ^c, two other 

where Jh and Jc are irreducible with each other and with Ja : which are 
then taking the squares of these equal quantities or numbers, ^^^,' " 
we get 

a = b + 2jrc + c: 
and subtracting & + c from both these equal quantities, we get 

u-b-c.iJTc, 

' It will follow from this propositioD, that do tiio quadratic surds, when 
reduced to the form of contiQued fraction!, cau possesa the same period of recurring 
quotients: for if so, Ihey would differ from each other by a finite number only, or in 
Iheir first quotients only. 
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It appears therefore that ^bc is a finite nu 
th«%fore Jl) and ^c are reducible to common 
r^x and r'Jx; (Art 247-) and consequentiy 
Ja.rJ. + r'J. 
-{r*r)J,, 
or Ja is reducible to the form (r A-r') Jx, Kni 
common surd with Jb and Jc, which is contrai 
thesis which we have made : we therefore concl 
dratic surd cannot be the sum of two others 
ducible with it. 

The pro- 
perties of 251. More generally it might be shewn, t 
wtdslre "'"■ '^^ "'■* °* principles of reasoning and met 
dialinet gation which we are not yet authorized to use, 1 
muoiealile. 9urd cannot be formed by the addition, or sut 
number of quadratic surds, which are not all ' 
reducible to the same common surd with it : hi 
the assistance of this more general conclusion, 
ciently shewn that the properties of such surd 
distinct and incommunicable mith each other, ani 
therefore incapable of reduction unless approxima 
of the arithmetical processes of addition and sub 
valent results, in which all traces of the element 
results are composed have disappeared in th« 
operation, as in the case of ordinary and finite 
pert^rof ^^' Cubic surds, considered with reference 
cubic and will possess no properties which are communit 
Bimilar to Other, unless in those cases in which they are : 
Si °bc ^'i™^ cubic surd : and the same remark may 
surds. the series of surds which belong to any assigi 
soever, as we shall afterwards have occasion to 
Surds of 253. Again, in considering surds of differei 
are always ^^ easily shewn that a surd of one order cam 
equal to a aurd of any other, unless the order of the sec 
surds of an . i . i n ■ n > , > 
ioferior entire multiple of the first: thus Ja cannot be eq 

ZtZk de. •*** '^°^ "^^ should have a =^b', or ^b' a rationa! 
nomination cannot take place unless 6 be a perfect cube, and 
pie Sthe* " surd. But Ja may be equal to ^5, if 6' be e 
firei. similar manner ^a may be equal to ^'6 if b* be 

also ^a may be equal to ^6, if 6* be equal to i 
i^a may be equal to '^b, if b" be equal to a. 
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254. If -we write down a sericH of the n* roots of the na- ^^^^^^ 






tural numbers, all of them will be surds except those whose order, 
bases are perfect n"" powers : and all those surds will be irre- „e the 
ducible to a common surd, unless their bases have a common „„^[|^ 
factor, multiplied by perfect «* powers. In a similar manner, or auids of 
if we write down the series of successive roots of a number a i,ase, ihe 
from the quadratic downwards, all those descending roots will deaomma- 
be surds unless a be resolvible into two or more equal factcrs, whom 
in which case there will be as many whole numbers in the series, li,e*J^(„^ 
as there are different ways in which is a resolvible into equal numbers. 
factors. 

255. Again all powers of a surd will be surds except those ■*" po""" 
whose denominations are equal to or multiples of, the denomination whose 
of the root: thus the successive powers of Ija, will form a series '^^'J^ 

>■ :/a', Vo*. V"^' a, a-Ja, a'Ja', , the first b-1 of J^^^^4. 

-which are surds irreducible with each other, and all the other tion of the 
terms of the series are whole numbers or multiples of the first ?2^"^|,i 
(n— ]] terms: and if we could conceive the existence of a root anrda. 
whose denomination was an incommensurable number, such as 
we shall afterwards be called uponto consider, then all its powers, 
however far continued, will be surds irreducible with each other. 

256- The theory of surds, under the form in which we have Imperfe^- 

... ., . „ - tionsin the 

just presented it, is necessarily very imperfect, in consequence preceiliag 

of our not being able to avail ourselves of many propositions "'*''''■ 

in algebra, which are essential to its more complete develope- 

ment: those properties of them however which we have noticed 

in the preceding articles will be suflicient to point out their 

general relation to each other, and also the extent to which they 

are capable of being compared with each other by means of 

the ordinary processes of arithmetic. 
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CHAPTER IV. 



I RATIOS AND PROPOKTIONS. 



257- The tenn ratio in ordinary language, is used to express 
the relation which exists between two quantities of the same kind 
with respect to magnitude : thus we speak of the ratio of two 
numbers, of two forces, of two periods of time, and of any other 
concrete quantities of the same kind, the relati«i of whose mag- 
nitude to each other admits of being estimated or conceived. 

258. A ratio (the term is here used absolutely) consists of 
two terms or members, which are denominated the antecedent 
and the coiuequetit, from the order of their position: it may 
be denoted in arithmetic as well as in geometry, by writing the 
antecedent before the consequent, with two dots, one above the 
other, between them : thus the ratio of 3 to 5 is written 3 ; 5. 

In a similar manner, if a and b denoted any other two num- 
bers, lines or other magnitudes of the same kind, their ratio, 
whatever meaning it may possess or receive, would be denoted 
hy a : b. 

259. Such a mode of representing a ratio, merely exhibits 
its terms to the eye, in a certain order, as objects of comparison, 
and consequently conveys to the mind no idea of ^solute mag- 
nitude : it may be called the geometrical representation of ratio, 
being the only one which is used in that science. 

Whatever modes, however, we may adopt in geometry for 
the representation of ratios, they must all of them be equally 
arbitrary and independent of each other: for there is, properly 
speaking, no definition of ratio in geometry, by which the equi- 
valence of different modes ' of representation may be ascertained 
as necessary consequences of it : for satio is said to be (Euclid, 
Book V. Def- 3.) the mutual relation of two magnitudes of the same 
kind to otie another, tvilk respect to quantity, a description of its 
meaning much too vague and general to be considered as a proper 
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defimlitm, inasmudi as it cannot be made the foundation of any 
propositions respecting iL It is for this reason that ratios in 
geometry are only considered when placed in connection with 
each other, as constituting or not constituting a proportion. 

260. A little eicamination however of some of the conditions Popular 
"which ratios, taken according to the popular usage of the term, ths^^° 
mnust satisfy, will lead to an arithmetical mode of representing "•"■ 
them, by which their absolute magnitude may be ascertained, 
and which will thus conduct us to an arithmetical definition of 
ratio, which will be independent of the connection of ratios with 
each other : for it is perfectly conformable to our common idea 
of ratios, to consider them in the first place, as necessarily the 
sante for the same magnitudes, in whatever manner they may 
be represented ; and in the second place, as independent of the 
specific affections or properties (of the same Idnd) of the mag- 
nitudes themselves. 

S6]. Thus, if two lines admitted of resolution into 3 and Cbanges 
5 parts respectively, which were equal to eadi other, the lines temsofihe 
themselves might be correctly represented by the niunbers 3 and "^^ ™''° 
5, and their ratio therefore by S : 5. But thpir common primary dergo. 
unit is itself divisible into 2, 3 or m equal parta, and the numbers 
of these successive parts which the original lines, under such 
circumstances would contain, would be severally 6 and 10, Q 
and 15, Sm and 5m, which might denote them equally with 
the original numbers 3 and 5; their ratio therefore, which re- 
mains the same, in conformity with the principle referred to, 
would be equ^y represented by 6 : 10, 9 : 15, and Sm : 5m. 

Again, this mode of representing lines and their ratio, which 
possess this particular relation to each other, is equally applicable 
to any other magnitudes of the same kind which possess the 
same relation to each other : thus two areas, two solids, two 
forces, two periods of time, may be go related to each other, as 
to admit of resolution into 3 and 5 parts or units respectively, 
which are equal to each other: under such circumstances they 
must admit likewise of resolution into numbers of parts or sub- 
ordinate units equal to each other, which are any equimultiples 
of 3 and 5 : such p^rs of numbers therefore, will equally repre- 
sent those magnitudes, and will likewise equally form the terms 
of the ratio which expresses their relation to each other. 
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Conclu- 262. The preceding observations will conduct us naturally 

thence to the following conclusions : 

(1) Magnitudes of the same kind, which admit of resoluticxi 
into any numbers of parts or units, which &re equal to each other, 
may be properly represented by such numbers, or by any equi- 
multiples* of them. 

(2) The numbers which represent two magnitudes of the 
same kind will form the terms of the ratio, which expresses their 
relation to each other: and this ratio remains unaltered, when its 
terms are replaced by any equimultiples of them. 

(3) Such ratios are dependent upon the numbers only, which 
form their terms and are the same, whatever be the nature and 
magnitude of the concrete unit of which those numbers may be 
respectively composed. 

(4) The ratios of two magnitudes of the same kind, which 
have no common measure with each other, and which are there- 
fore incommensurable with each other, may be approximately 
represented by such numbers of common units of those magni- 
tudes as approximate to them in value- 

A ratio 283. All these conditions will be fully satisfied^ if we agree 

presented to denote a ratio by means of a fraction, of which the antecedent 
1^7^01^° ^^ ^^ numerator, and the consequent the denominator : for the 
value of this fraction is determined solely by the numbers which 
form its numerator and denominator, and is entirely independent 
of the specific value or nature of the units of the same kind, of 
which they are respectively composed : and it remains unaltered, 
when its numerator and denominator are multiplied or divided 
by the same number, that is, when the terms of the ratio cor- 
responding, are replaced by any equimultiples of them. 
Arithmeti- In arithmetic, therefore, and also in arithmetical algebra, a 

tion of ^^^^° "^y ^ denned, as the fraction whose numerator is the ante- 
ruio- cedent, and denominator is the consequent of the ratio. 

It will follow, therefore, that both in Arithmetic and Arithme- 
tical Algebra, the theory of ratios will be identified with the 
theory of fractions. 
Includes 264. The symbols of arithmetic represent geometrical as 

geometrieal „ , . . , i ,. in.,,. 

as well as well as Other quantities, and the lines, areas and solids of geo- 



n,g,t,7.dM,GOOglC 



157 

metry, are thus brought within the range of this definition : it 
must be kept in mind however, tJiot it is only by consideriDg 
geometry as thus connected with arithmetic, that such quantities 
admit of the mode of representation which that definition renders 
necessary : for there u no geometrical mode of representing the 
division of one line by another, or the result of such a division : ^^""l' 
for this result can bear no analogy to the quantities which pro- isnodefini- 
duce it, being essentially numerical and consequentiy not capable ^*'^^Jj^'* 
of being represented by a line, unless in a symbolical sense, whidi trj. 
under such circumstances tnuat be different from that in which 
the other lines are us«d. It is of great importance to attend 
to this distinction, as it serves not only to explain the reason why 
there is no independent definition of ratio in geometry, but also 
why in comparing different ratios of geometrical lines or areas 
with each other, with reference to their identity or diversity, we 
are not at liberty to avail ourselves of the algebraical definition 
of ratio, unless we first change the mode of representing the 
quantities which are the objects of the investigation, and resort 
to the use of the symbols of arithmetic or algebra. 

265. We shall now proceed to the statement of some of the 
more common propositions concerning ratios, which, though 
merely properties of arithmetical and other fractions, require, 
from custom, the use of a new and peculiar phraseolt^, and 
are connected with the formation of some important theories. 

"Ratios are compared with each other, by comparing the Ratios; 
fractions by which they are denoted." pared. 

Thus, the ratios of 3 to 5 and of 5 to 8, are denoted by the 
fractions - and -: these are identical with the fractions — 
and — (Art 127-)= '* '8 the second of these ratios, therefore, 
which is the greater of the two. 

266. A ratio of greater inequality is one, whose antecedent Rmws of 
is greater th^n its consequent : a ratio of lets inequality is one, w\aa 
whose antecedent is less than its consequent: a ratio of equality '"^^"^f- 
is one, whose antecedent is equal to its consequent: the first cor- 
responds to an improper fraction, the second to a proper fraction, 

and the third to unity. The following proposition, connected 
with ratios which are thus' denominated, is frequentiy used. 
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ProposjiioB 267. "A ratio of greater inequality is diminished and one 
them. of less inequality increased, by adding Uie same number * to bodi 

its terms." 

Let T be the prtmitire and t the secondary ratio, formed 

by adding the same number x to both its terms : Aese fracrdoni 
reduced to a common denominator, (Art. 124.) become 

ah A- ax J ab-¥hx 

^(ATT)' *"" 6(6 + *)' 
respectively : if a be greyer than h, or if the primitive ratio be 
one of greater inequality, the first fraction is the greater of the two, 
which is diminished, therefore, by the addition of the same num- 
ber to both its terms: but if a be less than b, or if the primitive 
ratio be one of less inequality, the first fraction is the less of the 
two, which is ino^ased therefore by the addition of the same 
number to both its terms. 

Meaning of 268. If there be several ratios, whose antecedents are mul- 

two or tiplied together for a new antecedent, and their consequents 

more ratios, joggtlieii fo^ ^ Hew consequent, the resulting ratio is called the 

turn of the corapiment ratios : in other words, the sum of two 

or more ratios is the product of the fractions which denote them. 

Thus, the sum of the ratios of a : b and c : d is ac : bd. 

When the 269. If the consequent of one ratio become the antecedent of 

of one ratio the next, the sum of any number of such ratios is the ratio of the 

cedm'of** first antecedent to the last consequent 

""'' If the ratios he a: b, h : c, c: d, and d : e; then their sum 

flic d abed a 
~ b c d e~ bcde ~ e ' 

Aduplicate 270. The sum of two equal ratios, or the double of any ratio, 
is the ratio of the square of the antecedent to the square of the 
consequent. 

For the sum of the ratios a : b and a : h U 

* By nnmber is meaal any numerii-iil quanlity, whether fracliooal or inte- 
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271. In a similar manner, the triple of any ratio is the ratio A triplicate 
of the cube of its antecedent to the cube of its consequent. " 
For the sum of the ratio of a : 6, added thrice together, is 



272. More generally, the sum of n Uraes any ratio, such as » ('■n.'^ 
a : 6, is the ratio of a' : b'. 

For the product of ^ into itself, repeated as a factor n 

•'""■ '■ f-- 

In the same sense o" : 1 or ~ or a" simply, is called n times 
the ratio of a : 1. 

273. It is in this sense, that the powers of numbers may Logarithm, 
... , . , „ , . . , . . itH pnuiitive 

be considered as muUtples of the ratios of the sunple num- meaning. 

10* 
bers to 1 ; thus 10* ; 1 or -— or lO", may be termed the 

doubU of the ratio of 10 : I ; 10' : 1 or — or 10*, the §(((«- 

tuf^ of that ratio, and similarly in other cases, the index of 
the power being the measure of the number of simple ratios 
whose addition forms the compound one: the term logarithtit 
means the numher of ralios, and is therefore equivalent in sig- 
nification to the index of the number, which forms the funda- 
mental ratio. 

Thus if the fundamental ratio be a : 1 or - or a, then 3 * 

is the logarithm of a* : 1 or of — or of u* : 3 13 the logarithm of 

ffl*: 1 or of —or of a": and n is the logarithm of a': 1 orof — 
or of a". 

274 The ratio of Ja : Jh is called the half or the imbdu- A sub- 
plicate ratio ot a : b: for the double of this ratio is ra£i. 

' Ja Ja_a 

276. The ratio of ^a : ^b or ^ is called the subfrijdicale *.*y^' 
of the ratio of a ; 6 or of ^ : for the triple of that ratio is 
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■Ile^.»qui- 276. The ratio of ^a' ■■ Jb' at ^ is called the »esquipii. 

cale * (or ratio segquiallera) of a : b or of t-' for the sum of the 
Bimple and subduplicate ratio of a : b is 

wh^ 377- The ratios of suids and incommensurable numbers 

terms are generally, admit of being represented equally with those of com- 
Buidstue mensurable numbers: thus the ratio of ^3 : ^3 i 



^^$' 



I the same manner that the ratio of 2 : S is repre- 
ratios, tented by -: and if we replace ^2 and ^3 in this ratio bj 
rtSod* approximate finite numbers, the ratio which results will ap- 
proximate to the ratio ^: it is only however, when the 

surds which form the antecedent and consequent of a ratio are 

reducible to a common surd, that it can be replaced by an 

„ . equivalent ratio in rational terms: thus the ratio ^S : ^18 or 

v^ip- TYr 's equivalent to j^, and therefore to -: theratiojsi : 

™S^ertble -^375 or >^ is equivalent to |^ , and therefore to | : and 

into othere , . , "^ . , 

whose conversely, a ratio whose terms are rational may be converted 

latlod^ into an equivalent ratio whose terms are surds, if its terms be 
multiplied by any common surd, whether we suppose that the 
rational factors are brought under the sign of the root or not: 

7 7/5 /245 2 

thus - i. «,»ivalent » jYJJ »"« JjJJ ^ »'' jj " "1""- 

lent to . „ .,_ or to ,, . 

' The periodic times of any two planets rounil the Sua ate in the seiguipUtQU 
rauo of the major aies of their elliptic orbits or of their meaa distances (lom the 
Son, a circnmstance which gives to this ratio some degree of interest and im- 
portance. 

The nse of fractional indicee, which the principle* of symbolical algehia will 
authoriie, will enable ns to treat ratios which invoWe the roots of the antecedent uid 
consequent, or powers of them, with much greater clearness and generality than a 
practicable when mere signs of such surds are allowed to be u«ed. 
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278. Numbers, whether rational or surd, are essentially Numben, 
discontinuous, and in strictness of language, are incapable of ex- ^(j^q^'^, 
pressing as symbols the properties of continuous magnitude: it sun), cannot 
is true that~if two numbers can be found which represent magni- ,h^ grada- 
tudes less and greater than the one assigned, others can be found .''o'" "f 
which differ from the representative of the magnitude required continuaui 
less than any number which can be or may be assigned, (Art ""Joiwde- 
169.) and which in this sense therefore become arithmetically 

equal to it ; but there is an essential distinction between arithme- 
tical equaUty, as thus defined, and arithmetical identity, and con- 
sequently no number can become the absolute representative of an 
incommensurable magnitude ; and though the surd roots of num- 
bers, which are themselves incommensurable, can represent sym- 
bolically incommensurable magnitudes, yet any succession of such 
surd roots must be equally discontinuous with commensurable v 

numbers, and therefore equally ino^ble of becoming the repre< 
sentatives, except approximately, of every gradation of value of 
a continuous magnitude included between any assigned limits- 

279. Geometrical magnitudes, being subject to the law of '-'"" ""y 
continuity, are capable of representing symbolically any mag- condnuous 
nitudes of the same kind, and therefore also their ratios to each ""^B"""^"- 
other; but when lines are thus used, as symbols merely, we have 

no means of ascertaining whether the actual lines which are 
assumed for this purpose and exhibited to the eye, possess the 
same relation to each other with the magnitudes which they 
represent, and under such circumstances, therefore, they are 
merely equivalent to any other general symbols, whether alg^ 
braical or not, which 'are employed for the same purpose: it is 
only when they are not used symbolically, but are themselves 
the magnitudes which they represent, that they become the 
proper objects of enquiry with respect to their commensurabiJitv 
with each other, or with respect to any other properties which 
they possess when considered with reference to each other. 

280. The process for finding the greatest common measure Pfocew for 
of two lines is identical with that for finding the greatest com- ingtbe 
mon measure of two numbers : for it merely requires us to cut "^oramensji- 
oS the less of two lines (the divisor) from the greater (the divi- two linea. 
dend), as many times as is possible, and then to repeat the 

same process with the remainder and the last divisor and so 
on continually, as long as the remainder exists: if the process 
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terminates, the lines are commensurable and the last divisor i» 
the greatest common measure required: but if the remainder 
never disappears, however long the process may be continued, 
the lines are incommensurable with each other. It may be ob- 
jected, that this process would not enable us to pronounce two 
lines to be incommensurable with each other, without an infinite 
number of operations: but when lines are connected with each 
other by some assignable geometrical properties, it is generally 
possible to shew that the process will sooner or later terminate, 
or that the same relations will recur between the remainder and 
the divisor, and consequently that the process is interminable, and 
that the corresponding lines are incommensurable with each other*. 

* If it was required to a. 
of the aquare upon a jiyan line, it would be e: 
be IDC ommens arable with eacb other : for if AB 
be the giveo line, aad If we make fiC equal to 
AB and perpendicular to it, tbea the square opon 
AC will be double of that upon AB : from AC 
cut aSAD=AB,'jf^ BD ind draw i>£perpen- 
diculai to AC meeting fiC in E : ^eo it follows 
that B£,£D and CCareequaltoeacbotlier: if 
the remainder CD or BE be taken from the Ia£t 
divisor CB (equal to ^B) the remainder C£ ia 
greater than CD and bears tbe Baim relation to it 
that AC bean to .iB : if CD be taken lui« from 
BC, the remainder CFis less thui CD, aad aUo 
CF will bear to CE the same relation that CD 
bears to AC, however often this process is re- 
peated : therefore the same rehitions of the remainder ajid dividend will be rapro- 
duced and consequently the or^pnal lines are ineommensurable : and as the first 
quotient is 1 and all those which follow il 2, the ratio in question will be equal to 
the reeariing contiDaed fraction 




"J4.1 



ich represents tlie square root of 'i: in a similar manner, the tine, the square 
upon which is tripU of (bat of a given line, may be shewn to be mcommensuiable 
with it, and the ratio to be represented by -JS,: the same remark applies to tbe 
parts of a line divided in extreme a"'' Tn^nn ratin ■ fnr if 



wUch represents the square n 



inC, ai 



we makeCD^CB, then since 

AB : AC :: AC t CB, 

AB-AC : AC :: AC-CB : CB. 

or CB : AC :: AD : CB, 

or AC :: CD :: CD : AD, 

and Aerefore AC ii again divided in eitreme and mean 

continuallj : it will follow therefore that the ratio 
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281. The quotients of the division of lines by lines, whether The quo- 
■j J , , , , -, tientaofihe 

considered as symbolx or not, are abstract numbers and are division of 

therefore neither homogeneous in form, nor in meaning, with the '-"^^ 
dividend and divisor ; but the quotients of numbers divided by aumbetE. 
numbers, whether jheir component units are abstract or con- 
crete, so long as they are the same in both, are necessarily 
abstract numbers and are therefore homogeneous in form with 
the dividend and divisor, though they may not be identical in 
signification : and inasmuch as the processes of arithmetic are 
equally applicable whatever be the nature of the specific units 
of the numbers subjected to them, though the interpretation of 
the results may be different, we are not called upon to change 
the form or character of our operations, when we pass from the 
terms of a ratio to the abstract numbed which we have defined 
to be its value. 

282. The case however is altogether different in Geometry, There is no 
where we have no means of representing geometrically the value of taJio"!^ 
of a ratio, and consequently no means of reasoning concerning geometry, 
its value when considered absolutely and without reference to as its vajue 
Other ratios: it is for this reason, as we have before observed, ^"auu" 
(Art. 264.) that there is no independent definition of ratio in geooietri- 
Oeometry, and it is only by referring them to other ratios, when '^^ '' 
they constitute or do not constitute a proportion as defined 
geometrically, that we are enabled to consider them and to 

reason concerning their relative values. 

283. We shall now proceed to the definition of Proportion in Arithmeii- 



" Proportion consists in the equality of two ratios," P 

A proportion (the term is here used absolutely) is composed 
of four terms, the first and third of which are the antecedentsi 



1 + 



AC 

I+&C. 

If it was required lo assign a line, the cube constmcted npon which as an edge 
19 double of that nhich ia conatracted upon » given line as an edge, we should be 
nhle lo asEign no geometrical properdes which connect two such iucommeosurabte 
lines with each other and nhosetatiois equivalent Co ^: neither are the quotients 
which result from the division of one line by the other recurrent in the same order 
though interminabie, for if they were SO, v^ would be expiessible as a quadratic 
aurd, which is impossible. The problem for the duplication of the cube was cele- 
brated amongst the Greek Geometers, and its solution wai known lo exceed the 
powers of plane geomeliy, as it has been commonly defined and limited. 
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and the secoad and fourth the consequents, of the ratios n^hich 
are required to be equal to each other. 

Modeorre- 284. A proportion in Geometry is expressed by connecting 
■"^por^ the two ratios, written geometrically, with the Btgu ::, which 
iJDii in jg used to denote their identity with each other : thus, if a : b 
Geometry. ,., . i.-. 

and c : a be the ratios which constitute a proportion, they are 

written thus, 

a : b:: c: d. 

Ve*da\K The same method of exhibiting a proportion is very com- 

metic and monly used, both in Arithmetic and Algebra, whatever be the 
Algebra, nature of the quantities which compose it 

Ariebraical 285, The definition of a ratio which is given in Arithm^c 

propottioD' and Algebra, will necessarily lead to a mode of exhibiting a 

•iiW- a c 

proportion which is appropriate to those sciences : for if -=_ and -t 

denote the ratios respectively which constitute a proportion, the 
proportion itself must be expressed by the equation 

I'd- 

It is the equality of these fractions which is the test of pro- 
portionality, or of the equalitif of the ratios, which is essential 
to their forming a proportion : it may be ascertained, therefore, 
whenever the values of these fractions can be calculated or de- 
termined. 

Prodnrt of 286. There is another form of this equation, which is de- 
tremM dudble from it, and which expresses therefore the same relation 
equal to of tile quantities involved in it, and which is, generally speaking, 
the meaiu. more convenient for the purposes of calculation : if the fractions 



It appears, therefore, that if four quantities constitute a pro- 
portion, the product of the extremes is equal to the product of 
tile means. 



and ^, be reduced 


to 


a common denominator. 


the 


equation 




J-^ 


5 


ad he 

'^•"'TdTr 






r, omitting tlie 






denominator, 
ad = bc. 







n,g,t,7>dM,GOOglC 



166 

287- Conversely, if the product of any two quantities be J^' 
equal to the product of two others, they will be convertible into 
a proportion, by making the terms of one product the extremes, 
and the terms of the other product the means. 

For if ad = bc, we obtiun, by dividing these equal quantities 
by bd, 

which is the algebraical mode of expressing the proportion 



in the first of which, a and d are the extremes, and b and c the 
means ; and in the second, c and b are the extremes, and d and a 
the means. 

288. If the two mean terms of a proportion are equal, or Continued 
if the consequent of one ratio be the antecedent of the next, the proportion, 
product of the extremes is equal to the square of the mean : for 

in this case, 

a_b ac _b' 

b'c- ■"■ Vc'bh' 
and therefore, 

ac^b'. 

In this case, the numbers a, b, and c are said to be in con- 
tinued proportion. 

289. The following Propositions are demonstrated in the ProiiMiiioiu 
fifth book of Euclid, in conformity with the geometrical defini- Proportion 
tion of Proportion: they will admit of a much more simple de- ]^*of*^ 
monstration as will be seen from what follows, from the arithme- Euclid. 
tical definition of proportion employed in the preceding Articles. 

The Propositions in Euclid are frequentiy quoted in a tech- 
nical form, as when four quantities are ' proportionals, they are 
said to be proportionals also inverlendo, altemando, componendo, 
dividendo : we shall refer to these terms and otiiers, in the fol- 
lowing Articles, when we are enunciating the propositions ,bich aie 
which are thus designated. wX^e 

290. " Ratios which are the same to the same ratio, are the suae 
the same to one another. (Euclid, B. v. Prop, xi.) ^oihw. 
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Let a : h :: e if and also c : d '.: e : f, then 
a : b i: c : d. 

For if r = > and ^ = j, then also t = j> ""d, therefore, 

a : A :: c : J. 
291. " If four magnitudes be proportionals, they shall be 
proportionals also invertendo, that is. when the terms of the 
respective ratios are taken in an inverse order." 
Let a ; b :: c : d; then also 

b: a:: d: c. 

For if T = j; and if we divide 1 by each of these equal 
quantities, we shall get ' 

b d 



{fW 



.(Art 109.) 



This is Proposition (a) in Simson's Euclid, Book v. 

292. " If four magnitudes be proportional 1, they shall be 
proportionals also aUernando, or when taken alternately." 
Euclid, B. v. Prop. xvi. 

Let a : b ■.: c : d, then also' 

a : c :: b : d. 

For if T = 'f then also ad=bc, (Art 109.) and'dividing 
each of these quantities by dc, we get 
ad be a b 

Tc^Tc' '"7 = 2' 
and, therefore, 

a : c :: b : d. 

293. " If four magnitudes be proportionals, they shall be 
proportionals also componendo, that is, the sum of the first and 
second shall be to the second as the sum of the third and fourth 
is to the fourth. (Euclid, B. v. Prop, xviii.) 

Let a : b :: c : d, then also 
a-^b : b :: c + d: d. 
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294. " If four magnitudea be proportionalB, they shall be Div'wJendo. 
proportionals also dividendo, that ia, the difference of the first 
and second shall be to the aecond as the difference of the third 
and fourth is to the fourth." (Euclid, B. v. Prop, xvii.) 

Let a 1 b :: c : d, then also a-b : b :: c-d i d. 
ForifT = 3. then also t— 1=3~1; and therefore 



or a-b : b :: c-d : d. 

296. " If four magnitudes be proportionals, they shall be Conver- 
proportionals also conveiiendo, or the first shall be to the dif- 
ference of the first and second as the third is to the difference 
of the third and fourth." 

Let a : b :: c : d, then also a : a~b :: c : c — d. 

then also ^^ =-^ and -=-; ■-• (Art 291.) 

, . a-b b c-d d 
therefore - , x- = —r- x - , 

ca = , and invertendo, ...(Art 291.) 



or a -. a-b :'. c: c-d. 
This is Proposition (e) in Simson's Euclid, Book v. 
296. " If four magnitudes be proportionals, the sum of the 
jirst and second is to their difference as the sum of the third 
and fourth is to their difference." 

Let a : b :: c : d, 
then also a + b : a — b :: c + d : c — d. 
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For if g =3, 
*b c*d , a-b c-d 



a-b~ 



or a + i : a — b :: c + d : c^d. 
li 297- " If there be three or any number of magnitudes d 

the same kind, and aa many others, which taken two and two i 
in the game order, have the aame ratio: then {ex tequo or a , 
aquali in proporlume directS), the first shall be to the last rf I 
the first set of magnitudes as the first is to the last of the 
second set of magnitudes." Euclid, B. v. Prop. xxii. { 

Let a, b, c be the first, and a', V, & the second set of 
magnitudes ; then, if 

a : b :: a' : b', and b : c v. b' -. (f, 
we shall also have 

a : c :: a! \ c'. 

^ .. a a' ,hb' 

For if T = T7> ^^^ --—> 

. . a b a' b' 

then also r " - = r. '^ — > 

and therefore - = — , 
or a : c :: fl- : c*. 
A similar demonstration will apply when there are more thm 
three magnitudes in each set. 
I 298. " If there be any number of magnitudes and as many 
others, which, taken two and two in a crots order, have the sauH 
ratio; namely, if the first be to the second of the first set of 
magnitudes as the last but one to the last of the second set of 
magnitudes, and the second to the third of the first set of nwg- 
nitudes as the last but two to the last but one of the second set of 
magnitudes, then (ex aquo perlurbato or ex aqualt in proportiat 
perturbatd), the first of the first set of magnitudes shall be to 
the last 33 the first of the second set of magnitudes is to tbe 
last" Euclid, Book v. Prop, mciii. 
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and 
then 



Let a, b, c be the &rst, and a', ^, 4^ the second >et at mag- 
nitudea; and let 

h' -. e, 

a' : b', 

a' : c: 

-H .. a hf . b 1^ 

For if T = -5 and - = t; , 

6 c* e b" 

then also r '^ - = -J * r- >' »nd therefore, - = -p> 

or a : c :: i^ : cf. 

A similar demonBtradon will appljr when there ore more 
than three magnitudes in each set. 

299. " If there be three magnitudes in continued proportion I>^pl?c«e 
(Art 286.), the first shall have to the last, the dupScale ratio Geometry. 
(Art. 270.) of the first to the second." 

Let a : b :: b : c, then also a» : 6" :: o : c. 

For if ? = -, 



therefore a* : 6* :: a : c. 
In Geometry, where there is no independent definition of 
ratio, it is the enunciation of this |nv)position which involves the 
definition of duplicate ratios. Euclid, B. t. Defin. x. 

300. " If there be four magnitudes in continued propor- Triplicau 
don, the first shaU have to the fourth, the Ir^cate ratio, GeraMbr. 
{Art. 271.) of the first to the second." 

Let M : b :: b : c :: c : d, then a' : b' :: a : d. 
b c 
l~c-d' 



For if 



thengi=-, (Art299-) and j. . j =- x j, «'ji=3' 
therefore <^ : h' :■. a : d. 
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It ii the enuncUtion of thii proposititHi which involves' the 
definition of triplicate ntio in Geometry. EncLiD, B. v. Ddl xt 

ti^iSd' ^^' "'^ ^^'^ ^ ^'"^ magnitudes, a, b, c, d, which are 

ruolation propoTtionali, Mid four others, a', h', d, cf, which are prc^MV^ 
^^^opoi- ^01,^ hIjq^ ^,g„ f]j^ corresponding products or quotienti, 

ati, by, cd, AS, 



■Inll >l>o be 










Fo,if f 


■J- 


-^^. 




dun .Uo 


a 






or <■«' : 


64' 


:: ,i : dd'. 



and t; = t. and therefore (Art. Spl.) 



? = ?' 
b <^ d e" It b d a' 

and therefore replacing t hy n b"<^ 77^^' 



© (p) 



^ a'Vdd'- 

Prt^MTtionB when thus combined with each other, are a«id, 
in geometrical language, to be added together in the first case 
and subtracted from each other in the second : in the first case, 
however, they are more commonly said to be compounded to- 
gether. 

It is obvious that this proposition may be easily extended 
to any number of proportions. 
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302. " If four quantitiei, a, b, c, d, be pn^rtionals, then 
', b', tf, d", shdl also be proportionals." 



b'~d" 
or fl' : 6" ;: (^ : I?. 

303. " If there be any number of ratios which are equal to H 
each oth», then aa one antecedent is to its consequent, bo shall „ 
all the antecedents together be to all the consequents together.'' ^ 
Euclid, B. v. Prop, xii. tl 

Let a : b :: o : d :: t :/, 
then also, a : b :: n-f-c-i-e : b-^d -t-f. 

For if ~ 



S = 3=/' 



} have 



ab = ba 



nta lon- 
er to aU 



? = 5' 



or ad=bc (Art 2 87-) 



aV' 



or af=be, 
and consequently 

ab + ad + af= ba-\-bc + be; 
or, a(b + d-\-f) = 6(a + c + e), 

or, a : b :: a + c^ e : b + d +f. 

The same demonstration may easily be extended to any num- ' 
ber of ratios vhich are equal to each other. i 

304. " If there be two or more proportions, which have the 
same antecedents respectively, then the first antecedent shall have 
to the sum of all the first consequents, the same ratio whidi the 
second antecedent has to the sum of all the second consequents.' 



If 1115 

Dumbei 



aa the Grat' 



Bhallthe 

tecedent bA 
totbeaum 
of the se- 
cond con. 
(equeota. 
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consequently 



a{d + ^ + d") = c(b + b'+b"); 



I : b-t-b'+b" . 



: d-t-d'+d". 



In a similar manner it might be shewn, that " if there be 
two or more proportions, which have the same consequents 
respectively, then the sum of the first antecedents shall have 
to the first consequent, the same ratio, which the sum of the 
second antecedents has to the second consequent." 

8e!t-evHeDt 305. There are many propositions in the fifth book of 
queiTces of ^uclid, where hypotheses are made concerning ratios as greater 
iDeariili- and less than, as well as equal to, each other, and the circum- 
finitioLof stances under which they are so, which are either self-evident, 
proporiion ^ g^ nearly self-evident, consequences of the arithmetical de- 
waya self finition of ratio, that it will not be necessary to notice them in 
^'™1''* this place, as distinct propositions to be demonstrated. The case 
quencea of however is very different in a system of Geometry, where the 
tricaI*dSf-' 'w*nt "^ * definition of ratio, as disconnected with the definition 
nition- of proportion, makes it necessary to consider such properties 
of ratios, as much the objects of demonstration, as any of the 
properties of proportions or proportionals : thus when it is said 
that " of unequal magnitudes, the greater has a greater ratio 
to the same than the less has," (EocLin, B. v. Prop, viii.) it is 
required to bring this proposition within the operation of the de- 
finition of quantities which are nol proportionals, and to shew 
that the conditions are such as coincide with the circumstances 
under which the first of four magnitudes is defined to have to the 
second a greater ratio than the third has to the fourth, which 
is in this case identical with the second: if however we repre- 
sent algebraically the same three magnitudes by a, b, and c. 
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■where a is greater than c, then the first ratio is represented 
by T > and the second by -^ : and it ia a necessary consequence 
of the meaning attached to the term fraction, which is synony- 
mous with that of ratio, that the first fraction under such cir- 
camstances is greater than the second: no formal demonstration 
cxtuld add to the evidence of such a pn^msition. 

The same obsei-Yation would apply to the following pro- 
position: "if there be six magnitudes, and if the first has to 
the second the same ratio which the third has to the fourth, 
but if the third has to the fourth a greater ratio than the fifth 
to the sisth : then the first has to the second a greater ratio than 
the fifth to the sixth." (Euclid, B. v. Prop, siii.) 

If the six magnitudes be severally denoted by a, h, c, d, e,f, 
then the three ratios which ore the objects of the proposition are 
-r. 2 ""^ 7 respectively; if -r be equal to -,• ^^^ ^^ d ^ 
greater than j, then we 'infer immediately that -r is greater 
than ^, and no demonstration can add to the evidence of such 
a conclusion: in the absence however of any geometrical mode 
of defining, independently of each other, the values of these 
ratios, it becomes requisite to shew that there are some equi- 
multiples of the first and fifth, and also of the second and sixth, 
where the multiple of the first is greater than that of the second, 
but the multiple of the fifth is not greater than that of the sixth : 
a conclusion by no means self evident, but requiring the authori^ 
of a formal demonstration. 

306. The contrast, with respect to brevity and clearness, 
which is presented in the demonstration of the preceding pro- 
positions, as founded upon the arithmetical and geometrical de- 
finitions of proportion, is so remarkable, as to suggest at once a 
question with respect to the necessity of adhering to the latter 
definition in a System of Geometry: to this question we shall 

now endeavour to eive an answer. 

" The anlb- 

The same reasons, in fact, which prevented the transfer of metical 

the arithmetical definition of ratio to Geometry, will likewise pro^rSon 

prevent the similar transfer of the definition of proportion : for f^'J^A' 

it is impossible to ascertun the identity of the iractions which Geometry, 
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constitute a proportion, if we have no geometrical means of aa- 
certaining the values of the fractions themselves, (Art. 381): it 
is no answer to this observation to say that the identity of these 
fractions exists, when their numerators and denominators form 
the tenuis of a proportion, in the case of geometrical as well as 
other quantities : for if geometry be considered as a practical, 
as well as a theoretical, science, we can avail ourselves of n« 
properties of the quantities which are the objects of its investi' 
gation, which are only discoverable by the aid of another science, 
and which cannot be verified by any geometrical test. 

The leo- 307. But the arithmetical definition of proportion compre- 

^G^tiDn of ''^'^'^^ geometrical as well as other quantities, and whatever may 

praportioQ be therefore the geometrical definition of proportion which we 

coDse- '"^y adopt, it must coincide with the arithmetical definition in 

Se ^e-' '** consequences at least, if not in its form : it is for this reason 

brsical that it will be expedient to examine' the consequences of the 

arithmetical definition of proportion, in order, if possible, to find 

some one, which admits of die application of a geometrical test, 

consistent with the prescribed forms of geometrical reasoning, 

and which is equally applicable to every species of geometri(»l 

quantity. 

Fiopned 306. One of the most immediate and remarkable of these 

the rectan cnsequenees is the equality of the products of the extreme and 
gle formed mean terms of the proportion: if the quantities which were 
nfeaiu the objects of comparison were geometrical straight lines, the 
tS"^ '" products in question would correspond to rectangles of which 
gle fonned these lines were the adjacent sides respectively (Euclid, B. vi. 
eitMmes. I'rop. xvi.) : and such lines would properly form the terms of a 
proportion, if those rectangles were equal to each other ; and in- 
asmuch as the equality or diversity of such rectangles could be 
ascertained by practical geometrical means (by their conversion 
into equal squares), we should thas be put into possession of 
a geometrical test of proportion, which would necessarily coin- 
cide with the teat supplied by the arithmetical definition. 
ObiectioDs 309. Without noticing however other objections to the use 
' ' of such a geometrical definition of proportion, there is one which 

is fatal to it: it is not applicable to every species of geometrical 
quantity: for if the terms of the proportion, two or all of 
diero, were areas or solids, the test in question, would no longer 
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admit of application : it does not present itself, in short, under 
a, form which is independent of the spedfic nature of the quan- 
tities which constitute each ratio of the proportion; and it is 
obvious that the ssme objection would more or less apply to 
the adoption of any definition, which was founded upon any 
consequences of the arithmetical definition of proportion, which 
are independent of, or not immediately connected with, the frac- 
tional form of ihe ratios which compose it. 

310. It is for this reason that we shall again recur to the 
original forms of the fractions which constituted the arithmeti- 
cal definition of proportion, namely, 

6=3 = 
and examine whether there is any modification of their terms, A lecoDd 
Tvhich geometrical quantities could admit of in a system ofq„en^of 
geometry, whidi is essentially connected with their equality or i ■'^fJ^ 
diversity: among those might be reckoned any multiples what- finitionof 
soever of the terms of the ratios, whether lines or areas : thus if ^JX^? 
we take any equimultiples tvhattoaier (m) of the first and third 
terms of the proportion, and any equimultiples tvhaUoever (») 
of the sea>nd and fourth, we should get 



and it is obvious that if ma be greater than n6, mc is also greater 
than nd, and if ma be equal to nb, then mc is also equal to 
nd, and if ma be less than ab, then mc is also less than «d: for 
if not, let us suppose mc greater than nb, at the same time that 
mc is not greater than nd, and it wSl follow therefore that a 
ratio of greater inequality (Art S66.) may be equal to a ratio of 
equality or to a ratio of less inequality ; or in other words, that 
an improper fraction may be equal to unity or to a proper frac- 
tion ; and it may be readily shewn that any other conclusion re- 
specting the relation of the terms ma, nb, mc, nd different from 
those we have mentioned, will lead to similar contradictions. 

311. It will follow therefore if a and b, c and d are pairs Geometri- 
of geometrical magnitudes of the same kind respectively, ^he-^^Q^'"' 
ther lines, or areas, or solids, which form the terms of a pro- proportion. 
portion, and if any equimultiples whatsoever be taken of the 
first and third, and any equimultiples whatsoever be taken of 
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the second and fourth, then if the multiple c^ the first be greater 
than the multiple of the second, the multiple of the third -will 
be greater than the multiple of the fourth : if the multiple <£ 
tbe first be equal to that of the second, the multiple of the third 
will be et]usi to that of the fourth: and if the multiple <^ the 
first be less than that of the second, tbe multiple of the third 
will be less than that of the fourth. It is this proposition whidi 
is deduced as a necessary consequence of the definition of pro- 
portion in arithmetic and algebra, including geometrical as well 
as other magnitudes, which may be legitimately converted into 
the definition of proportion in geometry, and which is given for 
that purpose in the fifth definition of the fifUi book of Euclid. 
Ceometri- 312. But this definition is incomplete, unless it can be shewn 

^n 0^°' that it enables us to ascertain not only when four geometrical 
magnitudes form a proportion, but also when they do not : it 
p. follows however as a parallel conclusion, that such magnitudes 
do nol form a proportion, which do not, under all drcumatances, 
fulfil the conditions which the definition prescribes: or, in other 
words, four magnitudes do not form a proportionj if, when any 
equimultiples whaisomer are taken of the first and third, and 
any equimultiples tokaUoever of the second and fourth, it can be 
shewn that there exists any multiple of the first which is 
greater than that of the second, but the corresponding multiple 
of the third is not greater than that of the fourth ; or that the 
multiple of the first is equal to that of the second, but the 
multiple of the third mrf equal to that of the fourth : or ttutt 
the multiple of the first is lees than that of the second, but 
the multiple of the third not less than that of the fourth. 

313. In order to shew that this definition of quantities which 
* are not proportionals, is likewise a consequence of the arith- 
- metical definition of proportion, we will suppose the four quan- 
tities a, 6, c, (^, to be so related to each other, that t ie either 
greater or less than -j: in the first case, if we make 

a-x c , ad-bc 

— T — --Ji where x = — ^ — , 

we shall also have 
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if we now suppose mc^nd, we shall also have ma — mx = nb, 
and therefore ma is greater than ttb, at the same time that mc 
is equal to nc: or, in other words, equimultiples of the first 
and third of four quantities are taken and other equimultiples of 
the second and fourth, and the multiple of the first is greater 
than that of the second, but the multiple of the third is m>( 
greater than that of the fourth. If again, we suppose t less 
than -t, then we may make 

a + x c . bc-ad 
—, — = j, where x = t — , 



J suppose mc^nd, we shall also have 

and, therefore, ma is less than nb, at the same time that mc is 
not less than nd: or in other wordf, equimultiples of the first 
and third of four quantities are taken, and equimultiples like- 
wise of the second and fourth, and the multiple of the first is less 
than that of the second, but the multiple of the third not less 
than that of the fourth : it thus appears that the geometrical 
definidon of quantities which are proportionals, as welt as of 
those which are not proportionals, are equally consequences of 
the algebraical definidon of proportion. 

314 The geometrical definition of proportion is adapted not The feo- 

1 V 1- „... 1.1 metncal 

merely to the peculiar nature of the quantities which are con- definition 

sidered in geometry, but likewise to the form under which the thef^g" 
reasonings concerning their relations present themselves: for ofgeome- 
tha^ are no processes in Geometry, beyond the formation ofaoniogs. ' 
multiples and submultiples, which correspond generally to arith- 
metical multiplication, and none whatever to arithmetical division : 
the operations of Geometry, as far as they can be called so, and 
the reasonings connected with them or which are founded upon 
the definitions, are confined to the comparison of quantities with 
each other, whether aa iregards their equality or inequality, or 
as forming or as not forming the terms of a proportion : the 
peculiar definition, therefore, of proportion in Geometry has 
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been adopted as much from necessity as from choice, as the 
only one which was adapted to the fimn and nature of the pro- 
cesses and reasonings of that science: for we have shewn that 
there is no other modification of the arithmetical definition of 
proportion, which possesses the necessary conditions. 

General 3i5_ ^j^ general propositions concerning ratios and pro- 

tiont COD- portions may be considered as equally necessary consequences, 
tioaaiid both of the arithmetical and geometrical definitions; for they 
P™P°"'"^ are both of them equally applicable to every species of quantity, 
coiue- and one of them may be considered as a proposition deducible 
tlie*tw^ ** from the other. If the only object proposed, therefore, in mathe- 
definitioDs. matical investigations, was the most speedy establialunent or dis- 
covery of truths, without any reference to the form of the 
demonstrations, we should naturally make use of that definition, 
which conducted us moat rapidly and most easily to the con- 
clusions sought for ; but such investigations commonly present 
themselves as paits of some general system, the completeness of 
which would require consistency in the form of the demon- 
strations, and consequently a uniform reference to the same 
system of definitions as the basis of them: it is for this reason, 
that we ought to adhere uniformly to the arithmetical definition of 
proportion in a system of Arithmetic or Arithmetical Algebra and 
to the geometrical definition in a system of Geometry. 

Eiamina- 316. Having established the relations with respect to each 

conformit; Other and the appropriate character and applications of the 
finition of arithmetical and geometrical definitions of proportion, we shall now 
praporttDD proceed to explain, at some length, the general agreement of the 
iwDular former definition with the notions which we attach to the term 
' proportion and to other equivalent phrases, in ordinary language : 
we shall then conclude this Chapter with the examination of some 
of the most important processes in Arithmetic which involve the 
formation and properties of proportions, 

317- In the first place, it may be observed, that we are in 
the habit of confounding in ordinary language, the terms rado 
^ and proportion with each other : thus it is equally common to OKy, 
that two lines or other quantities are in the ratio of 3 to 5, or 
that they are in the proportion of 3 to 5. Both these forms of 
expression are elliptical, though in different degrees: the first 
is equivalent to saying, that the ratio of the two lines or quan- 



popular 
tacbed to 
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tities is equal to the ratio of 3 to 5, and leaving it to be inferred 
irom thence, tiiot they constitute a proportion : the second may 
be considered as an abbreviated mode of asBerting, that the two 
lines and the two numbers form the terms of a proportion. In 
both cases there is the same tacit reference made to the con- 
ditions requisite to establish a proportion. 

318. The adjective proportional is still more variously used. Usage of 
though in all cases it will be found to be equivalent to the as- p^^^ 
sertion of a proportion between certain quantities, either ex- tional. 
pressed or understood : thus, when we say that the interest of 
money is proportional to the principal, we merely express in a 

very elliptical form the following proposition : " The rate of 
interest and the time for which it is due being the same, any 
two principals and their corresponding amounts of interest will 
constitute the terms of a proportion." Thus, if £lOO. in one 
year will produce £5., £700. in the same time and at the same 
rate will produce £S5.; or in other words, 100 and 700, 5 and 
35, will form the terms of the proportion, 
100 : 700 :: 5 : 35. 

319. Another mode of expressing the same proposition will 7*'^ "' 
serve to illustrate the efforts made in ordinary language to avoid "in the 
the tediousness which statements, strictly conformable to the !^Ln'?i' 
arithmetical definition, would render more or less necessary. 
When speaking of the dependence of the interest upon the 
principal, when the rate and time are given, we should say, that 

" In whatever proporiton the principal was increased, the interest 
would be increased in the same proportion ;" a proposition which 
might be applied to the preceding example in the following 
manner: "If there are two principal sums of money, £l00. 
and £700., which form a proportion with the numbers 1 and 7: 
then the amounts of interest, 5 and 35, of those two principals, 
will likewise form a proportion with the same numbers 1 and 7 : 
and also the two principals and the two amounts of interest will 
form a proportion with each other." 

320. There is no proposition which is more frequently re- The effect 
ferred t«, or which is pregnant with more important conse- fion^',',, 
quences than the following: "The effect is always proportionai i^ cause, 
to its cause." As this proposition is intimately connected with 

the subject of our present discussion, we shall endeavour to 
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explain and illustrate its meaning and applications at some 
length. 
When the 321. When the connection between cause and effect is phy- 
uphygicil. sical, and therefore not necessary, the proposition espresses the 
great law of the permanence and uniformity of the operations 
of nature, our conviction of the truth of which is the foundation 
of all OUF reasonings concerning them : thus, if a given force sup- 
port a given weight, then the double of that force will support 
the double of that weight, and any multiple of the same force will 
support the same multiple of the same weight : the ratio between 
any two forces, therefore, will be the same as the ratio between the 
corresponding weights supported; and such forces and weights 
will form, consequently, the terms of a proportion. It is in this 
sense that the force would be considered as proportional to the 
weight, the force corresponding to the cause and the weight 
to the effect in the general proposition we are illustrating. 

CaoBeand 322. The ratios, however, which form the proportion, are 
'ertble""' convertible, and the terms which correspond to them in the pro- 
tc"°>- position must be convertible likewise. In the particular case, 

therefore, which we are considering, if the force be considered 
as proportional to the weight, tiie weight must likewise be con- 
sidered as proportional to the force: in whatever sense, diere- 
fore, the proportion may require to be interpreted, in order to 
answer to this change in its form, a corresponding change must 
take place likewise in the connection between the terms of the 
proposition. 

323. When the connection between the terms of the pro- 
. position is mathematical, and therefore determined by dt^i- 
themaiical. tions, the proposition may be considered as merely an abbre- 
viated form of expressing the corresponding proportion : thus, 
when we say that the area of a triangle, whose altitude is given, 
is proportional to its base, we merely assert that the ratio of 
the area of one triangle to the area of any other triangle pos~ 
sessing the same altitude, is the same as the ratio of the base 
of the first triangle to the base of the second. 

When the 324. When, however, tiie connection of the terms of the 

f/f^™!"^ proposition is neither physically nor mathematically necessary, 

iheucal. we must invest thCTi with a necessary connection by means of 

hypotheses, either expressed or understood, which will be equj- 
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volent to definitions: thus, when we say that the "Work done 
by labourers is proportional to their number," we take it for 
granted that each individual labours with the same effect. It is 
in virtue of such hypotheses, that we conclude, as if with mathe- 
matical certainty, that twice or any multiple of the work will 
he done by twice or the same multiple of the number of men, 
and consequently, that the quantities of work done in any two 
cases and the corresponding numbers of men^ will constitute the 
terms of a proportion. 

325. The relation of cause and effect, expressed by saying The affect 
that one is proportional to the other, is more frequently de- the c^use. 
signaled by an equivalent phrase, which is, that the effect varies 

as the cause, or conversely: in both cases, an equally enlarged 
signification is given to the terms cause and effect, and the con- 
nection between them is rendered necessary, either by definition 
or by hypothesis, or by inferences drawn from observation of the 
general laws of the physical world. 

326. When the causes or agents which produce an effect are Orna the 
more than one, the effect is said to vaiy conjointly with the agenu con- 
causes which produce it. It remains to consider the law of the jo'i''?- 
dependence of the effect and agents in such cases, particularly 

with reference to tfie proportion which they form. 

327> Thus we should say, that the work done would vary Example of 
conjointly as tiie number of men employed and the number of J,^|q,^^"~ 
days they worked : for if the number of days during which the 
men worked remained the same, m times the same work would 
be done by m times the same number of men : and if the number 
of men remained the same, n times the same work would be 
done in n times the same number of days : it would follow, 
therefore, thM mtt times the original work would be done by 
m times the original number of men, working for n times the 
original number of days : and in a similar manner, m'n' times 
the original work would be done by m' times the original num- 
ber of men working for n' times the original number -of days : 
the ratio, therefore, of the quantities of work done under these 
different circumstances, would be that of mn to m'n', which is 
the ratio of the product of the number of men into the 
number of days in the first case, to the product of the num- 
ber of men into the number of days in the second ,- and 
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tfaeae four quantideg, therefore, would form the terms <^ « 
proportioD. 

Independ- 328. It ia obvious, likewise, that the existence and value of 

^i^ and tbe ratios whidi fonn this proportion, are perfectly independent 

manitude of the particutsr value or peculiar nature of the primitive effect 

primiiiTe and agents : for If we denote the original work done by n, the 

^~^" tniginal number of men by M, and the original number of days 

by N, the terms of the first ratio would be mnw and m'n'm, 

and those of the second mnMN and m'n'MN, which are clearly 

id^itical with eac^h other, inasmuch tis w is a common measure 

of the terms of the first ratio, and MN a common measure of 

the terms of the second. 

Where th« 329. Other conditions or other agents might be introduced 
wmtluD i°t^ ^c question we have just been considering, contributing 
two. {o t]jg effect produced: we might consider, for instance, varia- 

tions, not merely in the number of men and number of days, 
but likewise in the number of hours during which they should 
each of them work, and also in the intensity of their labour : the 
effect produced or the work done would vary as all these causes 
or agents conjfnntty : for if we double or otherwise increase the 
number of hours of labour during each day, we should double 
or increase at the same rate the waA done: and if we should 
double or otherwise increase the effective industry of the work- 
men, we should double or increase at the same rate the work 
done under tiie same circumstances. If, therefore, m : m' ex- 
presses the ratio of the number of men in any two cases, n : n' 
the ratio of the number of days, p : <^ the ratio of the num- 
ber of working hours each day, and q : ^ the ratio of the 
effective industry of the men under such circumstances, then 
the ratio of the work done in the two cases would be that 
of mnpf to m'n'p'tf. 

Lawof 330. We have hitherto considered the law of depeid^ice 

of DDe ° ^ ^8 effect upon its several agents or causes ; and it very rarely 

ueniupoD happens that they are not suflicientiy distinguished from each 

asentB Had other by the nature of the question proposed. It is frequaitiy, 

e&ct. however, a matter of equal importance, to ascertain the law of 

dependence of one of the agents upon the other agent or agents, 

when the effect is the same, or upon the other agents and effect, 

when the effects in different cases are different irom each other. 
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Thus, the same work is done hy different numbers of men Example % 
in different nnmbers of days : what is the nature of the relation 
between the number of men and the number of days ? 

Let the numbers of men in any two cases be m and m', or let 
their ratio be that of m to m' : let the corresponding numbers of 
days be n and n'. Then^ since the effect or work done varies when ihe 
conjointly as the number of men and the number of days, and aj^a."* 
since the ratio of the work done under these circumstances, is 
that of 1 to 1 : it follows that 

1 : ] :: mn : m'n', 
and therefore 



and conseqiiendy, 

or the ratio of the numbers of men in (he two cases Is the Inverse va- 
inverse of the ratio of the numbers of days : in other words, 
the number of men is said to vary inversely as the number of 
days. 

If, however, we should suppose the work done in the two When the 
cases different, and in the ratio of ni to w', the first proportion different. 
.would become 



: ma : jh'b': 



ft). 



and consequently 



under snch circumstances, the number of men in each case 
is said to vary as the work to be done directly and as the 
number of days inverseli/. 

331. In the innumerable questions which present them- Frincipleof 
selves as examples of the Rule of Three, direct and inverse, ™''"'°'' °- 



T 
known quantity from its connection with three or more known 



sunple and compound, and in most of the applications of ^ ^u'^ <>' 
... ... , , , . , , - Three, &c. 

Arithmetic, it is required to determine the value of one un- 
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quantities, when there exists amongst all of them a relaUon 
of caiue or agetil or agenU and effect, such as we have been 
considerinff : the common principle of solution in all such 
questions is, to reduce all the quantities to the form of a 
proportion, of vhicb the unknowti quantity shall form one 
term : and if three terms of a proportion be ^ven, the fourth 
may always be determined: thus, in the proportion 

a : h :: c : d, 
we have 

be 



and therefore either of the extreme terms of the proportitm 
may be found by dividing the product of the means by tlie 
other extreme; and either of the means may be found by 
dividing the product of the extremes by the other mean. 

n^^of the ^^" '" order to arrange the quantities in the question, 
temuafihe in the proportion which is necessary for its solution, we must 
^'"^ ■ consider, in the first place, whether the unknown quantity 
can be considered as an effect or an agent; and also, whether 
it expresses the entire effect or a part of it only: if it be 
an effect, it must vary as the agent, or joitUly as the agents: 
if it be an agent, it must vary directly as the effect: but if 
it be one amongst several agents, it must vary as the effect 
directly, and inversely as the other agents. 

Primary 333^ TliK effect may, in some cases, have a separate 

dependence upon its own agents, as connected with the esti- 
mation of its magnitude: thus, the effect may be an area, 
dependent upon its length and breadth; or a solid, dependent 
upon its length, breadth and height: and the object of the 
problem may sometimes require the determination of one of 

Subordi- these subordinate agents of the entire effect produced by the 

nate agents, p J. jjjjjgjy agents: it will vary directly as the primary agents, 
and inversely as the other subordinate agents. 
334. The following are examples: 

Eiamplea. (1) If 3 guns in a battle kill 31 men, how many men 
would 11 guns kill in the same time? 

The effect is the number of men killed: the agent is the 
number of equally efficient guns. 



n,g,t,7rJM,GOOglC 



The effect varies as the agent, and therefore 



and X = — - — = 77. 

(2) An elephant consumes WOlbs. of rice in 3 days: 
how many lbs. of rice would an elephant, which is ^th greater 
in every dimension, consume in 5 days? 

It is assumed as a mathematical hypothesis, that the con- 
sumption of rice by the elephant will vary with his bulk 
and the number of days, and also that His bulk will vary 
with his length, breadth and height. 

The effect is the consumption of rice, and the unknown 
quanti^ is one of the effects. 

The agents are' the length, breadth and height of the Compound 
, , , , . n 1 proportion, 

elephant and the number of days, 

Ibi. Ihi. L. b. h. days. I. b. h. daiTL 
400 : :. :: 1 X 1 X 1 y 3 : I X I X ^ X 5, 
and therefore 



(3) How much in length which is 4 inches in breadth, 
will make a yard square? 

The effect is the area formed, which is the same in both 

The agents are the length and breadth 1 
varies inversely as the other. 
Consequently, 

UtkBglh. adlangth. Mbreadlh. IHbrwIlh. 

j; ; 36 ;: 36 : 4.; 
.-. X = — - — = 324 inches. 

(4) If 133 men can dig a trench which is 100 yards 
long, 3 deep and S wide in 7 days, working during 10 hours 
each day, how many men will it require to dig a trench 390 
yards long, 4 deep and S wide in 11 days, working during 
12 hours each day? 
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The effect is the trench, whose subordinate agents are its 
length, depth and breadth. 

The primary agents are the number of men, the number 
of days and the number of houts in each day. 

It is the number of men in the second case which is the 
agent to be determined. 

The number af men varies as the subordinate agents of 
the effect directly and as the other primary agents inversely. 

Therefore, 

100 X ^ " " ^^^ -^ ^ - '* 

132 : X :: ——- 



7x13 ■ 11x12 

:: 33 : 113; 
lia X 132 



33 



= iiS. 



(5) Ff 10 men can reap a field in 3 days, whose l^igth 
is 1300 feet and breadth 800 feet, what is the breadth of a 
field whose length is 1000 feet, which 12 men can reap in 

The effect is die area of the field, the subordinate agents 
of which are its length and breadth : it is the breadth in the 
second case which is the unknown term of the proportion. 

The breadth varies as the number of men and the number 
of days directly and inversely as the length: 

1 0x3 12x4 

^^■''■- lioo" '■ low 



The want . , _ 800j^ ^ 

neity id Uie 

ffhicb ronn 335. In the form of solution of the preceding examples, 
ofa^ro^ the terms of the ratios are homogeneous and the values of 
portmn will the ratios are therefore expressible as abstract numbers : but 
saiilylead ™ t*** ordinary form of solution which is followed in such 
neoMre ^^^3, the terms of the ratios, whether simple or compound, 
oults. are placed in the order of effects and agents, or conversely. 
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and consequently the component ratios are not necessarily 
formed of homogeneous terms. The values of such incon- 
gruous ratios are not expressible as abstract numbers, and the 
arrangement vhich leads to the employment of them is a mani- 
fest violation of propriety : but when it is considered that such 
an arrangement changes the order of succession of the mean terms 
of the proportion only, it wilt be at once manifest that the 
numerical result, which expresses the value of the unknown 
term, wiU be precisely the same as if all the terms were placed 
in their proper and logical order. 

336. Thus the statement of the following question, " if Example, 
the wages of 7 men for 1 week be £10. 10s., what will be 
the wages of 12 men for the same time and at the same 
rate.^" would be, according to the ordinary practice. 



whilst the correct and logical statement, in which the terms 
of the component ratios are homogeneous, would be 

Uen. Men. £. s- £■ 

7 : 12 ;: 10 . 10 : x. 

The resulting value of x or £18. would be the same in both 
cases. 

337. Inasmuch as the magnitudes which form the several ^^^"^f^ 
terms of a proportion are expressed by numbers, the nume- raUoa 
rical value of the unknown term will be the same, whatever ternu^are 
those numbers represent: and whenever the units which com- noilmnio- 

, , , ... S«>eoua. 

pose the numbers which express homogeneous magmtudes in 
a proportion are the same, the numerical result will express 
units of the same kind with those of the term which is homo- 
geneous with it. As far, therefore, as the determination of the 
numerical value of the imknown term is concerned, we may 
use the numerical values of the other ratio or latios, which 
form a proportion, whether simple or compound, precisely in ^^'^„ 
the same manner as if their terms were perfectly homogeneous, ratt. 
Such a practice will be found to be extremely convenient in 
many cases, inasmuch as the terms of such ratios assume a 
fixed and standard character in extensive classes of questions. 
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and auch standard ratios are expressed in ordiuary language 
by the term rale. Thus we are accustomed to speak of the 
rate of interest, of commission, of iTisuraace, of exchange, of 
lots or of gain. In other cases, we use the term absolutely, 
as in speaking of parochial rales, labour rates, and bo on, 
where it is equivalent to the term tax, and becomes tfae 
standard ratio which enters into all the proportions which 
present themselves in the solution of those questions in which 
they are concerned*. 

Vanon, 338. When all the terms of such proportions are sums of 

erprasiiig moneyt, we generally assume the second of the terms of the 

iatei^t standard ratio or rate, to be either £l. or £lOO. Tn the first case, 

&r:.:raeaa- the antecedent of the ratio is the aUotoance (by whatever name 

ptr eentagf. called, whether interest, commission, brokerage, &c.) upon £1 : 

in the second case, it is the corresponding allowance upcx) 

£I00. and is therefore called the per centage. It is this second 

node of expressing the rate, which is most conmionly used, 

as being best adapted to the popular expression of its meaning 

and to the ordinary arithmetical processes, which are employed 

for solving questions in which it is involved: the following 

table will exhibit the values of this standard ratio or rate, in 

various cases of its occurrence. 



' The phrase, whicb is eo commoaly used, in questions of propoitioaa, " at 
the same rate" merely expresseB the mathematical character of jiermantrwy, 
(Alt. 324.) nliich becomes the liasis of theii solation. 

t In such a rase, the terms of the Blandard ratio are homogeneous, though 
difierantly desiKnated ; thus one term ia inlerrtl and the other prinripal (ot 
otherwise denominated though similarly connected with each other) and though 
they are expressed by identical units, are essentially dialinguished from each 
other, nhen considered with reference to the question lo be solved. 
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339. If the proportion, one of whose ratios (r) is such a flule for 
standard ratio, be simple, and if a and c express the ante- ijoq Qf 
cedent and consequent of the second ratio which involves the 3"!^j?^ 
unknown term, then we shall find 






and therefore 



according as the antecedent or the consequent is the unknown 
term. If the value of r be expressed as a number, and not 
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at a ratio with both its terms, we at once multiply c by r, 
to obtain a, or we divide a by r, to obtain c: but it' r be 
expressed as a ratio, and not as a number, we find the un- 
known term by the ordinary arithmetical process: the followlog 
are examples, 

(1) To find the commission on £l87. 10*. 6d. at 2^ per cent. 
c = £187. 10*. 6d. ■= £187. 525, 
r = .025, 

a = cr = 187.525 x .023 
= 4.688125 = £4- 13*. 9|,<J. 
Or, otherwise, 

£. £. I. d. £. £. 

«: 187.10.6 :; 2i : 100 



45006 

H 

90012 
22508 



24.000) 1J2.515 (,4.688125 



or £4. 13j. y^rf., the answer. 
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(9) To find the value, in sterling money, of £650. consols 
at 9"^ per cent. 

c = 650, r = -90375, 
a^cr^ £587-4375 = £587- 8». Qd. 
The ordinary statement is 

£. £. £. £. 

a : 650 :: 9C^ : 100. 

(3) What will the rates of a parish, whose rental is 
£1764. lOt. Qd., amount to, at G\d. per pound? 

c = £1764-525, r = 

a = cr = £49.6273--- 

= £49. 12*. &\d., nearly. 
In multiplying 1764.5S5 and -02S125 together, it will be 
most convenient to take the digits of the multiplier from right 
to left, and to put down no digits in the several partial 
products which are lower than the fourth place of decimals*: 
the process would stand thus; 

1764.525 

.028125 

359905 

141169 

1765 



• For 1 futhing = ,00104166, and consequently dei-imil digits in places 
below the fourth can very rarely ipflueace tHe lovfaat denominatioii of units in 
Ihf re™lt. 
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(4) To find the interest of £230. 10*. for 1 year at 4 
per cent 



£230.5, 










.04, 








* 


9.S2. 


£9. 


it. 


ijd. 


nearly 



The cardinary statement is 

£. >. 
o : 230 . 10 :: 4 : 100. 

Computa- 340. When timvle interest is required to be determined 

tlOQ of '^ ^ .... 

simple ID- for any period different from that upon which the per centage 

^cili'dlf- *"■ '*** '* estimated, we may consider both the per ceniage 

ferent from and the lime as agents of the effect or interest, and proceed 

respect to ^ i" Ordinary cases of compound proportion : but inasmuch 

which the as a period of one year or uniti) forms generally one of tbe 

tiiutwl. terms of the ratio of the times and the number of years (l) 

(number being taken in its most general sense) the other, it 

will follow that this number (() will express the value of this 

ratio, and therefore 





" =ri and a = CTt, or c = -: 






it follows 


therefore that we must mtiltiply the interest o. 


<Hie 


year by 


, in order to get the interest for t 


years, a 


con- 


elusion w 


hich is deducible likewise from mor 


e simple 


con- 


sideration 








Thus, 


let it be required to find the interest 


of £427- 


10*. 


for 2J years at 4= per cent. 








c = 427.5 








r = .0475 








cr= 20.30625 








(= 2.5 







a = crt= 50.765625 

= £50. 15*. Sjd., 
which is the amount of interest for the-period in question. 
The ordinary statement would be 
£. £. J. 
ffl : 427 . 10 ;: 4f : 100 » 

" 2i : 1 \ . 
£. £. I. 
or a : 427 . 10 :: 4f X SJ : 100 X 1. 
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341. The interest upon money generally becomes due yearly pmnpound 
or half-yearly; and in ordinary cases it is either paid when 
due, or added or presumed to be added, to the principal, 
whose increased amount becomes the agent of the interest for 
the next succeeding period: the interest, which thence arises, 
is greater than the limple interest, which is estimated upon 
the original and unaltered principal, and is therefore denomi- 
nated compound interest The calculation of the amount of Q|>e«tiaiiE 
compound interest, at least for periods which are entire mul- compouad 
tiplea of the subordinate periods, whether years or half-years, ^g^^l 
at the ends of which interest becomes due, depends upon the &c. mi>»t 
simple composition of given ratios and is entirely within the culated bj 
domain of arithmetic: but inasmuch as the questions connected ™i'>"un- 
with the anticipated or deferred payments of money and the 
consequent deductions (discount) or additions (interest) which 
must affect the original principal concerned, belong to a very 
extensive class, involving in many cases very comfJicated re- 
lations, where algebraical formulae of solution are more convenient 
for use and their deduction and application more easily un- 
derstood, than the rules which are given in books of Arith- 
metic, we shall reserve the further consideration of them for 
a subsequent chapter: it would, in fact, be quite impossible 
to treat this very important subject, with sufficient generality, 
without the aid of the principles of Symbolical Algebra. 



34S. In the examples considered in the precedine articles, Q""'',"'" 
. , , . , . involving 

we have been required to determme one unknown quantity, two or 

which formed one of the terms of a proportion, whether simple £^"^0°' 
or compound: but many questions will present themselves, in quantities, 
which two or more unknown quantities are involved, which, solved b* 
though connected with each other, require to be determined ™^f. 
by different proportions: and others, in which one unknown tiooB. 
quantity only is required to be determined through the medium of 
others, which, by presenting themselves both in the antecedents 
and consequents of ratios which are compounded togeth^, dis- 
appear altogether from the final result. Questions which, in Two great 
books of Arithmetic, are referred to generally under the head Ju^J^um- 
of Single and Double Fellowship, belong to the first of these '>'"^' 
classes; and those relating to Exchanges and other analogous 
subjects, belong to the second. 
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343. The tbllowing are examplea of the first clasa : 
(1) 'M and S have gained in trade £l82: A put in £SOO, 
and B £400 ; what is each person's just share of the profit ?" 

The hypothecs, implied in the use of the term Jtut, is, 
that the Joint will bear to the teparaie profit, the same ratio 
which the JoitU will bear to the teparate stock: if we call 
therefore x the profit of A and y the profit of B, we shall 
find 

£. £■ £■ 

700 ; 300 :: 182 : *, 



Consequently, we obtain from the first proportion x = £78, aiid 
from the second i/ = £l04. 

This is an example t^ Single Fellowship. 
9»g^. (2) " Two troops of horse rent a field, for which they 

Fellow- pay £82: one of the troops sent into it 6i horses for 25 
■hip. days: the other, 56 horses for SO days: what portion of the 

rent must each troop pay?" 

If we call X the portion of the rent which should be paid 
by the first troop, and g the portion which should be paid 
by the second, we shall find 

£. 
64x85 + 56x30 ; 64x35 :: 82 : x, 
64 X 35 -(- 56 X 30 : 56 x SO :: S3 : y. 
Consequently, x = £40 and y = £M- 
Reducible The hypothesis is, that the consumption of grass is jointly 
Kojlle Fel- proportional to the number of horses and the number of days : 
lowthip. or otherwise, if we consider the unit of consumption to be 
the Jeed of Me horse for one day, the quantity consumed by 
each troop would be represented by 64> x 25 and 56 x 30, or by 
l600 and l680, respectively, and the joint or entire consump- 
tion by their sum or 3SS0: the question, when thus analysed, 
becomes a case of Single Fellowship. 

The following question is of a similar kind : 
Qaattion (3) "A ship's company take a prize of £l000, which is 

FeUn^fn ^ ^ divided amongst them, according to their pay and to the 
time during mhteh they have served: now the oflicers, four in 



n,g,t,7.dM,GOOglC 



196 

number, have 4A». each a month, and the midshipmen, 12 in 
number, have 30s. each a month, and they have all served 
6 months: the sailors, who are 110 in number, have each S2j- 
a month, and have been on board 3 months. What will be 
the share of each cUas?" 

The pay due to each cUss of claimants for the period of 
their service, will be found b; multiplying together the num- 
ber of persons, the monthly pay (in shillings), and the number 
of months of service: the resulting sums will be 4 x 6 x 40, 
]2x6xS0, and 110x3x22, or 96O*., 2l6o#., and 7260*. re- 
spectively, and the sum of the whole of them IOSSOj. : if we 
now designate the unknown'shares of prize-money due to each 
class by x, y and 2 respectively, we shall find 

■■>.£- 
10S80 : 960 :: 1000 : x, 
10880 : 2160 :: 1000 ; y, 
10380 : 7260 :: 1000 : z. 

We thus find x = £92. 9*. ^d. 
y = £208. 1*. lOjrf. 
» = £699- 8*. 6\d. 
It will necessarily fallow that x + y + z = £1000, inasmuch Thesepa- 
as the antecedents of the ratios in the three prt^ortions are Ssuibu^ 
the same : and therefore (Art 304) will toge- 

10380 : 960 + 2160 + 7260 :: 1000 : x+y + z; tlirwMe 

and since 10380=96o + 2l60+7260, therefore also 1000=«+y+e; ^"^tuwd. 
the same remark applies to the two examples preceding. 

344 In the second class of questions, which was noticed Questions 
above, (Art. 342.) there is only one-unknown quantity which is unknown 
required t» be finally determined, though other unknown quantises 
quantities are involved as intermediate terms of comparison themselves 
or otherwise, whose actual deteimination will not be necessary, jjj^^^^V 
if they can be introduced both into the antecedents and con- odI;. 
sequents of the ratios, which are compounded togAher in order 
to form the final proportion. 

The following are examples: 

(1) " If I buy tobacco at £lO. 10<. per avt., at how much Due^tion 
per lb. must I sell it, so as to gwn 12 per cent. ?" JJJ^ j^_ 
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Let X be the coit price per lb. of the tobacco, and y its 
saU price, bo m to answer the required conditions : consequently 



Another 



112 : 10 . iO :: 



therefore compounding the proportions, 
£. J. 
100 : 10 . 10 :: 1 : y, 
or y = S.U. = 3s. lid. 
In this case, the cost price (;i;) is an intermediate term only, 
whose value it is not necessary to determine: the incoDgruity 
of the terms of the ratios in the first of the two proportions 
given above has been noticed before (Art 335)- 

(2) " Sdid a repeating watch for £52. lOt. and by so 
._ProG° doing lost 17 per cent.: whereas by fair trading I diould 
and Loss. jjaYg cleared 90 per cent. ; how much was it sold under its 
just value ?" 

Let x be the cost price, and g the trading price at which 
it should have been sold : we then get 

£. £. g. £. I. 
100 : S3 :: X : 5i . 10 



120 : 8S :: J : 58 . 10 
and therefore g = £75. 18*. Oj<J. 
fVom which, if £52. 10«. be subtracted, we get £23. 8s. O^d., 
which is the answer to the question proposed. 

In this case, as in the former, the cost price is an intermediate 
term, which disappears by the composition of the proportions. 
Qurabons 345. In questions of barter and exchanges we generally 

and ex- And a series of quantities, either expressed or implied, which 
co^Med ''fico™^ merely terms of comparison, all of which, except the 
aaintro- object of research, disappear in the composition of the pro- 
the chain- portions. This disappearance of several intermediate terms will 
o'csti ^ '^^^ understood &om the following example: 
of barter "If Slbs. of tea be worth tlbs. of coffee, and if 61bs. of 

compoei- coffee be equal to 20lbs. of sugar, how many lbs, of sugar 



n,g,t,7.dM,GOOglC 



197 

For greater clearness, let us denote the cost price of a lb. 
of tea by A, of a lb. of coffee by B, and of a lb. of sugar 
by C, and let i be the number of lbs. of sugar required to 
be detmnined: we then get the following proportions: 



Therdbre 3 x 6 x 



: 1 :: 4x30x 
= 4 X 20 X 9, 
_4xS0x9 



In this example the proportions are derived, by resotving the 1 
several equations 9A = \S, 6B = ^C, and xC-QA, which k 
are immediately furnished by the question, into their equi- Jj 
valent proporliDng (Art. 387.): in practice, however, it is much 
more convenient to dispense with the proportions altogether, 
retaining the equations only, which are written underneath each 
other, as follows : 



which occur upon both 
lultiply together those 



6B = 20C, 

If we strike out ^, B and C, 
sides of these equationa, and if ' 

numerical coefficienta which are severally placed underneath 
each other, we shall get the equation 

3'<6x* = 4x20x9, 
from which the value of x is determined as before. 

346, The second process of solution of the preceding ex- The prin- 
omple, contains the principle of the chain-rule, which is so the tham- 
useful in the calculation and arbitration of exchanges, in the ''''''* 
comparison of the standards of weight, measure and capacity 
of different countries, and in almost all the tranaactiMis of 
international commerce: the class of questions to which it is 
applicable, as well as the rule itself, may be stated generally 
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General If there be any number of quantities A,, A,... A,, wbidi 

of^equei- "f^ BO related to each other, that 

OfA,'^ a,At, 



applicable. 



where flu a^t af-a,,-i, and a,, a,, a,...a„ are given nam- 
bers, then it is required to find what number (x) of A, shall 
be equal to a given number (a.) of A,. 

The Rule. The value of x, vhich is required, may be expressed by the 

formula 



Or, If expressed in words, the number required, i* equal to ike 
quotient which arises from dividing the continued prodvcl of lie 
given numbers on the right-hand tide of the several equations, fy 
the continued product of the given numbers on the lefi : the unknomt 
number being supposed to be placed on the right-hand side of the 
equations, and it being understood that the same intermediate term, 
whether A„ Ai...A„ appears once only on the same side of the 
several equations. 
Quanti^ 347> The quantities A^ A,. ..A,, thou^ th^ may be spe- 
t^rent ^ cifically different from each other, will admit of comparison 
^'*™* 1.1 wi*^ each other, through the medium of some common ele- 
through ment of value. Thus, different commodities can bear a real ratio 
inMi*e1e"" ^ each other, through the medium of the prices at which they 
ment of Qgj^ be purchased or sold : coins and measures of weight; 
length, capacity, &c whether of the same or different countries, 
become comparable with each other by reference to given 
standards or through the known multiples of subordinate units, 
by which their various denominationB are known or presumed 
to be connected with each other. 
. Proafof 348. The proof of the chain-rule, as st&ted in Art Si$, 

ibe^cbaiD- jjjmigij otlierwise deducible from very obvious and simple con- 
siderations, admits of immediate demonstration from the com- 
position of proportbns (Art 301-): for if we resolve the several 
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equations, which are furnished by the enunciation of the question, 
into their equivalent proportions, we get 
A, : A, :: o. : a, 

A^, : A. :: a^, : a^„ 

A. : A, :: a. : *, 

which, when compounded together, furnish the final proportion 

and, therefore. 



3fi>. The foUowing are exampies of the application of this Eiunples. 
very important and comprehensive rule. 

(1) How raucti sugar at 8iL per lb. must be given in ^*^"6e 
barter far 20 cwt. of tobacco at £S. per cwt. ? conmiodi- 

The successive equations are 

8d. = llb., 
1*. = lid.. 



£l 


= 20.., 




cwt. 


= £3, 




lib. 


= 20 cwt 




12 


K 20 X 3 X 


20 



Consequently 



= ISOOlbs. of sugar. 
The several equations which enter into this question might be 
espressed in words at length, as follows: 

8d. is the price of l lb. of sugar, 

one shilling contains or equals 12 pence, 

one pound sterling contains or equals 20 shillings, 

one cwt. costs 3 pounds sterling, 

X lbs. of sugar are equal in price to 20 cwL of tobacco- 
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ianDiplc" (^) " What ought « perion to spend in a week, whose 
proporiioa. expenditure is £700 per annum?" 

58 week* = £700, 
£r = 1 week. 
Consequently 

In other -wotde, the expenditure of 52 weeks is equal to £700, 
attd £x*i8 equal to the expenditure of one week. 

This is an example of the application of the ckain mk to 
a simple Rule of Three question, 
ta?^^ C^) " To reduce £2. 10*. 6d. to ferthings." 
*'°°- £1 = 20*., 

1*. = \2d., 

lA = 4 farthings (/), 
xf. = £a. 10/. 6rf., 

= 2x4x18x80+10x4x12 + 6x4, 
or J ^ 624 (farthings). 
This is an example of reduction, where a quantity ex- 
pressed by units of diff^vnt denominations appears in the list 
equation: in such a case it is very obvious that the successm 
units of higher denomination must be expressed in multiples 
of units of the lowest denomination, which, when added to- 
gether, produce a homogeneous result. 
A queMion (4) " Required the relation between the French nUtTt tnA 



oflensth. 



Rhynland feet." 

1 ni^tre= 39-371 inches, 
12 inches = 1 English foot, 
37 English feet = S6 Rhynland feet, 
a: Rhynland teet = 1 m^e. 
Consequently 

89.871 X 36 



12 X 37 
= 3.192 (Rhynland feet) 
- 1 (metre). 
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(5) " What ia the course of exchange between London and 
Paria, if the price of an ounce of standard gold in London 
be 78 shillings and if the premium on gold in Paris be 8 francs 
in the thousand?" 

This ia a question for the determination of the course of 
exchange between London and Paris from the price of bullion 
at those places: it is expressed by the relation between a 
pound sterling and a Iranc, which are the primary standards 
or units of value of the English and French coinage respect- 
ively : in defining the course of exchange between other coun- 
tries, we merely replace a pound sterling and a franc, by the 
primary coins of those countries. 

A gold standard is adopted in England and a silver stand- 
ard in France: it is for this reason that silver in one country 
and gold in the other, may bear a premium or discount with 
reference to their respective standards of circulation. 

The mint or tariff price of a kilogramme of Jine gold in 
France is 3434.44 francs ; a kilogramme contains S2.154 English 
ounces. 

The mint price of an ounce of standard gold in England 
is £3. 17*. lO^d. or £3.89375: the standard gold of the coinage 
being 22 carats, or rather being alloyed in such a manner, 
that IS ounces of ttandard are equal in value to 11 ounces 
of >e gold. 

With these preparatory explanations and facts, the solution 
of the question will stand as follows: 
£l. = 20*. 

78*. = 1 ounce standard gold, 
12 ounces standard =11 ounces fine gold, 
32.154 ounces fine = I kilogramme fine gold, 
1 kilogramme fine = 3434.44 francs tariff, 
1000 francs tariff= 1008 francs with premium, 
X fVancs with premium = £l. sterling. 
Consequently, 

= SO" " X 3434.44 X 1008 ^ g, „„ . 
* " 12 X 32.154 X 1000 x 78 ~ 
or £l. sterling is equivalent to S5 francs 30 centimes, which 
is the course of exchange. 



two places 

mined fiaiii 
the price of 



Mint price 
of Eold and 
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Filed anm- 350, !„ considering the fluctaatiofls of the course of ei- 
chang«, change between London and Paris, the only Turiable quantitiu 
will be the premium (per 1000 trancs) upon gold in Paris 
and the price of standard bullion in England: every other 
number involved in the expression for x, which is given above, 
will be fixed and invariable: the value of 



12 X 83.154, X 1000 



la called the ^fixed number in the regulation of the exchanges 
TbeituM. between London and Paris, and, when once determined, may 
be used, for the same two places, in all cases whatsoever. 
Thus if the premium on gold at Paris be 10 francs per thou- 
sand, and the price of an ounce of standard gold be 77i- Qd. 
we ^11 find 

X = 1.95888 X ^^ = 25.45, nearly, 

or the pound sterling would be equal to 25 francs 45 centimes*. 

Similar ^ed numbers, dependent upon the relations of die 
subdivisions, weights and fineness of the primary standards of 
circulation of different countries, may be determined and simi- 
larly used, for the purpose of calculating the course of exchaii|e 
from the prices of bullion at any two places whatsoever. 

Simple ai- 351. Simpk arbitration t^ exchange is the determination of 
exchange, ^he course of exchange between B and C when the course 

of exchange between A and B and also between A and C is 

given: the following is an example. 

" The par of tichangt between LondoQ and PkHb is the price ot a ponni 
sterling in francs, vrhea the prices of gold in Paris and of standard bullion in 
London are at the tariff or mint prices, or at a proportionatt premium or dis- 
count in both countries : this par of exchangt, in the cas« under coDBideialian, is 
25.15 francs nearly ; and in order to find the course of exchange, we must molliplT 
the par ^ erchange bj the ratios of the premium price of gold in Paris (per thoo- 
eaod francs) to lOOO, and of the price of an ounce of standard bulhon in £^- 
land to tbe mint price. Thus, in the last case considered Id the text, the conne of 
exchange 

„.,, 1010 77-875 

le of eichuie 
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" If the course of exchange of London on Paris be 25 
fhuics 60 centimes, and of London on Cadiz be ild. the 
piastre, how many francs are equal to a doubloon of 4 
piastres^ or in other words, what is the course of exchange 
between Paris and Cadiz, the standard coins being francs and 
doubloons ?" 



1 


doubloon = 


= 4 piastres, 




1 piastre = 


-Ud., 




12rf. . 


-. 1*., 




20j. = 


. £1. sterling. 


£1 


. sterling = 


= 25.60 francs, 




X francs - 


- 1 doubloon. 




4x« 


X 26.60 



Consequently, 

^_4 

12 X 20 

= 17.49, 
or 17 francs 4Q centimes are equal to one doubloon. 

= .0125. 

352. Compound arhilralion of exchange is where the course Compoand 
of exchange between A and B, B and C, C and D is given, of gj. 
to find the course of exchange between A and D. It is ob- ='"J'8e. 
viously a repetition of simple arbitration : for in the esse 
proposed we may Und the course of exchange between A and - 
C by simple arbitration, and subsequently by the same pro-' 
cess that between A and D, from our knowledge of the 
course of exchange between A and C, and C and D: or the 
whole may be effected by one operation with the chain rule. 

The following is an example. 

" The exchange between London and Amsterdam is 35j QuM^onin 
shillings Flemish per pound sterling, between Amsterdam and arbiiraiioD 
Lisbon is 43 pence Flemish per old crusade, and between "[^^j 
Lisbon and Paris is 4S3 rees for 3 francs: required the ar- 
bitrated course of exchange between London and Paris P" 
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In one old crusade there are 400 reea. 

£l. sterling = 35^ shillings Flemish, 
1 shilling Flemish - 12 pence Flemish, 
43 pence Flemish - 1 old crusade, 
1 old crusade = 400 rees, 
483 reea = 3 fr&ncs, 
X francs = £l. sterling. 
Consequentljr, 

X = S4.6l, nearly, 
or the arbitrated course of exchange between London and Paris 
is 24 francs 61 centimes the pound sterling. 

Geoeial 353. Simple and compound arbitration (the latter is rarely 

posed br"*' practised) of circular exchanges enable merchants to compare 
the arbitrated with the direct and declared course of exchange, 
and thus to judge of the most advantageous mode of receiving 
or transmitting money or bills. In farming such a judgment, 
however, many other circumstances must be taken into con- 
sideration, such as the time required for obtaining retnms, 
the interest of money, the relative security of the transactions, 
and so on : a complete knowledge and rapid appreciation of 
such particulars would require long and carefid study, and con- 
stitute in fact the education and the occupation of the most ac- 
complished merchants*. Our object, in the very slight and 
imperfect notice of this subject which we have g^ven in the 
preceding Articles, has been the illustration of a very useful 
and comprehensive arithmetical rule, in some of the most im- 
portant examples of its application. 



exchanges. 
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CHAPTER V. 



ON THE SOLUTIOK OF EguATIONB. 

354. Thb general object proposed in the solation of ques- ^''"^*: 
tioiiB in Arithmetic, is the determination of some number, j^ct pra- 
concrete or abstract, which was previously imknown, as the P^'^ "J. 
final result of certain operations with given numbers, which cat pio- 
the conditions of the question require or direct to be per- ***"'■ 
formed: of this kind are the sums, remainders, products and 
quotients, which result from the fundamental operations of 
addition, subtraction, multiplication and division, as well as 
the other results which arise ftora their repetition or com- 
bination in any order: the square, cube and other roots of 
given numbers: and the unknown term in a proportion which 
is determined by known and defined operations, and of which 
such varied examples have been considered in the last Chapter. 

356. The general character of arithmetical processes requires ^'' ^"thme- 
that the unknown gitantiti/ tehich is taught for in the lolution of ceeses, the 
the question, shwld not be involved in the course of ike operations -u^^tv' 
tvhick are required for its determination. sought for 

This condition, though not always strictly adhered to, will i^j ™!'' 
sufficiently define the classes of questions which may be treated '^°^, 
by arithmetical processes alone, without requiring any aid from to iu deter- 
the use of sjrmbolical language or from other less simple pro- """"""'■ 
cesses of reasoning, conducted by means of ordinary language, 
by which the use. of symbols may sometimes be superseded: 
the following example will serve to illustrate the distinction 
to which we refer. 

356. " To find a number, the sum of whose double and An alae- 
whose half shall be equal to 25." pioblem. 
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If we call X the unknown number, then its double will 
be represented by Zx and its half by 3: their sum or 



lOBolu- Since "the doubles of equals are equal," it follows that 

if we multiply both sides of this equation fay 3, we shall get 



for it is obvious that if 5 times x be equal to 50, x will be 
equal to one-fifUi part of 50 or to 10. 



Difficulty 357. It would not be difficult to solve a simple question 

ofdisentaO- ,., ,. , . , , ■ i- ^ 

gling tlie iiKe this by means of reasonmgs conducted in ordmary lan- 

cateSrela- K"^*' without the use of signs or symbols, by following the 

tioiia of un- order of the process wbich is given above : innumerable pro- 

numbere blems, however, might be proposed, in which common minds 

''F'^" would be totally bewildered in the attempt to cwnprehend at 

■auguage. one view the entire conditions, when expressed in ordinary 

language, which the unknown number must satisfy, or to follow 

out, by means of it, the successive steps by which those axi- 

ditions are finally reduced to one, which furnishes the solution 

of the question. 

Anarith- 368. If we should interchange the known and unknown 

pratllii number in the problem proposed in Art 356, it would be 
enunciated as follows. 

" To find the number, which diall be equal to the sum 
of the double and the half of the number 10." 

This is a proper arithmetical problem, in which the unknown 
number is not involved in the operations wbich are required 
for its determination: the process of solution, conducted with- 
out signs or symbols, would stand as follows; 
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so, the double of 10. 
2jl0 

5, the half of 10. 



35, their sum or the number required 



to be determined. 



359. When a question is proposed for solution, in which The ayin- 
the unknown quanti^ or number is itself involved in die enanciatioD 
conditions which are proposed for its determination, then the °J ' p^, 
expresBion of those conditions by means of signs and symbols to an equa- 
wiU always terminate in an equation, which may be considered ^''"' 
as the symbolical enunciation of the problem proposed. For 
assuming that the signs of Algebra are competent to express 
all the operations of Arithmetic, and that a symbol, such as x 
or y, may express the unknown number (all other numbers 
involved in the question being known and expressed by digits 
and zero), it is obvious that no known number can be as- 
signed as tlie necetsary result of any series of operations which 
involve tliis anknown number, unless they make it disappear, 
in which case its value is altogether arbitrary and indifferent": 
it will consequently follow that the conditions of the question 
must asngn a result, which is either a given number, or a 
second symbolical expression also involving the unknown num> 
her or its symbol, but which is not reducible to identity with 

* Thus if Ihe unknowD numbei oi any multiple of it be both added and lubtmcted, 
or if one multiple of it be dinded by utodutr, and if it be nol otherwise involved, 
it will altogether dirappear and will io no lespect influence the other caodiliatu 
of the question; thus 7 + i-x or 7 + 4i-4f, or — oi -^ are all of them 

equally identical with the numbei 7, and coiueqnently in all such casea a 
Jouwrt arillimelical remll tucauorilji follows from a. Kries of operationB which 
isTolve an unknown numbei whatever its value may be. 



n,g,t,7.dM,GOOglC 



the &nner: and it b obvious that the condition which assert) 
that the first of these expressions is equivalent to the seccmd, 
which is STmboliied b; the interpoeidon of the aiga = betweai 
them, will in all cases convert them into an equation. 

^1SlS«l ^^' Equations are said to be identical when the two ei- 
equuiow. pressions, connected by the sign =, which compose them, are 
identical or are reducible to identity by the performimce of 
the operations which are indicated in them : under such circom- 
stances, any quantity which is contained in them, which a 
tmknown and therefore indicated by a symbol, will continue 
unknown or indeterminate, as far as its value can be inferred 
or determined from its connection with such aji equation. 



EqnKlioDB 
atnolutely 
identicul. 



361. The following equations «re absolutely identical with- 
out requiring any preparatory reduction to make them. so. 

(1) * = *. 

(2) a: + 5 = a: + 5. 

(3) 3j; + 7 = 3x + 7- 



(+) 4, + Sx- 



lab 



tab 



It is obvious that these equations will continue to be iden- 
tical, whatever value is assigned to the symbols which th«y 
involve, so long as such values are the same upon both sides 
of the several equations. 

Qadationa 3^. 'Yhe following equations are reducible to identity bf 

oideoiitT. the actual performance of the operations which are indicated 

(1) 3x + 4ic = 7«- 
In this case it is merely necessary to add together Sx and 
Aix, Art. 31, in order to make the first member of the equa- 
tion identical with the second. 



(2) 



25-1* 

&-X 



5 + x. 



The second member of this equation is the result of the 
division of 9,5-3? by 5 — x, an opontion which is indicated 
by the fraction -r-- — . 
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(S) i - fl:c = a' + x". 

The division (rffl*-iE* by a-x, vhich is indicated by the 

fraction , gives us a^ + ax + a^, from which if ax be 

subtracted (an operation which is indicated by the sign — 
which is placed before it), we shall get a* + x' for the result, 
which is the second member of the equation : it follows there- 
fore that the two members of the original equation are reducible 
to identity with each other. 

363. The solution of problems which are beyond the proper The foma- 
province of arithmetic, will require their algebraical enuncia- ductionot 
tdon in the form of equatims and the subsequent reduction of equatiopa 

1 ■ 1 1. 1 II I . > "* diitinct 

the equations thus formed, so that the unknown symbol or pioceata. 

symbols may be altogether insulated, when possible, from any 
tuinnection with other operations or numbers. These two pro- 
cesses, though involved in the solution of every problem, are 
quite distinct from each other; but it is the second of them 
which is alone concerned in the classification of equations or 
which presents any very peculiar difficulties to be overcome: 
it u for this reason that we shall begin by assuming that the 
equations are already formed and proceed at once to the con- 
sideration of the rules for their .reduction and solution. 

It is quite impossible, however, to advance to any great ex- The solu- . 
tent in the theory of the solution of equations, without the ^^g^g^ 
aid of Symbolical Algebra; and in the present chapter we shall g:eiieTitlly 
confine our attention exclusively to the solutions of equations ^ aid of 
of the first and second degrees, as far as they can be efiected Bimbolical 
by the principles of arithmetical algebra alone. We shall begin 
with the statement of some general rules for the preliminary 
reduction of equations which are equally applicable to equations 
of all degrees, and which are founded upon the most simple 
principles. 

364. Numbert, symboU, or terms may be transferred from Rule for 
one tide of an equation lo the other, by merely changing the alge- p^ga of 
braical signs which precede them, + into - and - into +, terms from 

Thus if an equation 

a ^ c — b ' '" 9>'o'''er. 

then 

a = 6 + c: 
and also 
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then likewise 

a = b-c. 

For since, if "eqiiale be added to equals, the wholes are 
eqiul," it follows that if 

a-c = b, 
then, by adding c to both the equals a- c and b, we get 

or o = 6 + c, 
since a - c + c = a. (Art. 15.) 

Again, since if "equals be taken from equals, the 
ders are equal," it follows, that if 

then, by subtracting c from both the equals a + c and b, 
get 



since a + c- c = a, (Art 15.) 

All the si;- 365. This is a most important principle in the reduction 

uima of an *>f equations to new and more commodious forms, insomuch as 

*'"'h«'' '* ^*^1^ "^ *" transfer any at aU the terras of one of the 

transferred members of an equation to the other and conversely: and it 

to one Bide, fgji^^g ^s an immediate consequence of it, that every equation 

may admit of such a transposition of its terms, that all its 

significant terms may be made to form one of its members 

and zero the other: thus if 

a = b. 
then fl-6-=6-6 = 0. (Art. l6.) 

If a + c = 6, 

then a + c~~h = b-b = Q. 

If a-c^b. 



366. The following are examples of the application of the 
preceding rule. 
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(1) Let 7 - Sx = 5 - ix : and let it be required to 
transpose the tenn Sx irom the right to the left-hand side of 
the equation. 

Add 2x to both aidet, and we get 

7-Sx + ^x = 5-2x + Sx, 
or 7 - Sx + 9x = 5, 

m 7-x = 5. (Arts. 31. and 38.) 

(2) Let ix — -- S = 9x +-~ 15 : and let it be required 

to transpose - and IS from the right to the left-hand aide of 
the equation. 

Subtract - from, and add 15 to, both sides of the equation, 
and we get 

*x-|-3-f^i5 = 9.-H|-15-|^I5, 

*'-|-S-|+15 = 9*, 
or 4* ^ * + IS = 9^, 

or Si + 13 = 9*. 

If we wish to transfer 3x from the left to the right-hand 
side of this reduced equation, we shall get, by subtractings^ 
from both aides of it, 

3x + 12- 3x = 9x ~ Sx, 
or 13 = 6x. 



transpose alt the significant terms to one side of the equation. 

Subtract - and 14 from both sides of the equation, and 
we get 

"-♦-¥-5-"-l+»-|-'*' 

or 7x-4-*-14 = 0, 
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b^ S m" ^7- If hoih tidet of an equaUon he nukipUed by the tatiu 

cqustion number, tifmbol, or exprtttion, Ihe retuUing products mill comttHue 
^lipUed ^'^ '» ""^A other. 

Dumber OT For if 

ciprcMioD. a -Lb, 

then a] 10 

acbc, 

whatever c may be. 

This concluBion is equivalent to the axiom that "equi- 
multipleB of equals are equal to one another," the term mul- 
tiple being taken in its largest sense, whether as ^grdfying a 
whole or a fracti<Mial number. 

Rule for 368. An equation, one or both of whose members involve 

equation of fractional terms, may be reduced to an equivalent equation, 
fractioM. without fractions, iy muUipbfing, in conformity with the prin- 
ciple in the last Article, both its memberi by the least commom 
muUipk of all Ihe denomiaalOTM <f ihe fractional terms - for it 
is obvious that the denominators c4 every fractional term in the 
original will disappear in the reduced equation, inasmuch as 
its numerator has been multiplied by a multiple of its deno- 
minator, and is theretbre reducible to an equivalent number or 
expression without a denominator. 
Reaaoatm The same reduction may be effected by multiplying both 
tbeieltt^ members of the equation successively by the several deiuMni- 
commoa nators of the fractions which they involve, destroying succes- 
oftbed«- sively those fractions whose denominators are the multipliers: 
Dominiion. ),„( ^ single multiplication by the leaH common multiple of all 
the denominators, will not only eflect this reduction at once, 
but will furnish a reduced equation in its most simple fi>nn, 
a consideration of great importance when the coefficients of one 
or more ctf its terms would otherwise be large numbers. 
E"-*"*!*". 369. The following are examples: 
(1) 1*3 = 6. 

Multiply both sides of this equation by 3, and we get 

* + 6=12, 
an equation witiiout fractions. 
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(2) 



313 



2 S 



Multiply both sides of the equation hy 6, the least common 
multiple of the two denominators 8 and S, and -we get 

For 6x^ = 3* and 6x^ = fijr. 
i 3 

(3) |.M.». 

Multiply both sides of the equation by 13, which is the least 
common multiple of 2, 3 and I: we thus get 

6x+ 4* + 8* = 156, 

or 18x = 156. 

For 12x| = 6«, ]2x| = 4j:, 12 » |=3j;, and 12 x 13=156: 

it also follows that Sx + tx + Sx is equal to ISx. (Art 31-) 

(4) ^ + 2 = ^+4. 

Multiply both sides of the equation by the only dentHninatot 
X, and we get 



Multi{dy both sides of this equadon by (« + 2) (x~l}, 
which gives us 

S0*-3O=15* + 30. 

For -^x(* + S){«-l) is equal to 30x(x-1).S0j:-30, 

and X (x + Z)(x- 1) is equal to 15 x (a^ + 2) = 15* + 30. 
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Multiply both sides of the equation by x (2 + 3) (x + 1), 
which gives us 

10 (a: +1) (* + 2) - 3x(i + 1) = 6«(* + 2), 
or lOx' + SOx + 80 - sy- Sar = 6x' * 12 j. 
The mem- 370. //* bolh tidet of an eqaaiioH be divided &y the tame 

equation number, aymbal, or expreinmt, the retuUing quotients foiU be equal 

ftnj nam- For, if 

'"■ a. 6. 

then also 



whatever c may be. 
Exuaplea. 371- The following are examples of the application of thii 
rule. 

(l) 3«= 12; divide both sides of this equation by S, and 
we get 

(S) I3x = 156: divide both sides of this equation by 13> 
and we get 

x=12. 

QO 27 54 

(3) 2r - _1-^ = — ■—: divide both sides of this equation 

by 9, which is the greatest common measure of the several 
numerators 90, 27 and 54, and we get 
10__3__ 6_ 
X x-¥i~ x-y\' 
The form of an equation may be always simplified, as in 
this example, by dividing both its members by any common 
measure of its several terms or of their numerators, when they 
appear under a fractional form. 
Like terms 372, The rule for the combination of like terms into one 
Uoacol- (Art. 31.) will enablp us to reduce equations, when cleared of 
lewed into fractiimal terms, by collecting severally into one those like terms 
which are on one side of the sign = or which are transferable 
to one side of it, by the rule of transposition, (Art, 364.) : the fol- 
lowing are examples: 
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(1) 15j:-3i-5i=105. 
Collecting the like terms 15*, 3* and 5x into one, we get 
7* = 105. 
(a) 3*-10 = 8 + j:. 
I'ranspostng x from the right-hand side of the equation to the 
left, we get 

3* -I- 10 = 8, 

or 2^-10 = 8. 

If we further transpose 10 from the left-hand side of the 
equation t» the right, we get 

2j = 8 + I0 = 18. 
(3) 7''- 10* =120 + 4 j;'- 19*. 
Transposing 4^ and igx from the right-hand side of this 
equation to the left, we get 

7x'-ix'-lOx + 19x=mO; 
ot 3x' + 9i = 120. 

In this equation, there are two sets of Uke terms, one involv- 
ing X and the other ;r'. 

373. If the square or higher roots of the unknown quantity' Equations 
or of any expression tehick ini'olvet it, be found in an equation, cleued 

it may be removed from it by transposing the terms, when ^"^ r"^- 
necessary, in such a manner, that the radical term atone may 
be found upon one side of the equation : if we then raise 
both sides of the equation to the power which the radical de- 
nominates, the radical will disappear, and the equation will 
admit of further reduction, when necessary, by the preceding 

374. The following are examples: Exaroptes. 

(1) j'-i- 

Squaring both sides of the equation, we get 
x=l6. 

(2) 4/^ + 7 = 10. 
Transposing 7, we get 

^x = lO-7 = S. 
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Culling both sidei of this equaUon, we get 
I.S7- 
(S) V(x-16).8. 
Squaring both sides of this equation, ve get 

or, traiupoeing l6, 

« = 4 + l6 = 30. 

(4) i + ,/(S«'-4* + 12) = 6. 

Transposing x, from the left to the right-hand side of the 
equation, we get 

Squaring both sides of this equation, we get 
3Jr'-4*+]2 = (6-a;)', 

Transposing known terms to one side of this equation and 
unknown terms to the other, we get 

SJt"- 4* + 12* -^=S6- 12. 
Collecting sets of like terms into one, we find 

2**+ 8* = 24. 

EquaiioDi 376. Equ&tions may be proposed which involve more radical 

volve more terms or expressions than one, which may be made to disappear 
IJ^J^^ by means of various expedients: the following is an example: 

Squaring both sides of this equadan, we get 

The equation thus reduced, involves one radical term only : 
tranEposing this radical term to the left and all the other ternu 
to the right-hand side of the equation, we get 

20 ,y* = 4* - * + 25 + 7, 
= Ss + SS. 
Squaring both sides, we get 

4001 = 9*'+ 1923: + 1024. 
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376. The rul« of reduction, which have been given in Genml 
the eleven last Articles, may be combined into the following reduction 
general rule, which is equally applicable to the reduction of 2^^ "" 
equations of all degrees. 

" Clear the equation of fractional terms, by multiplying both 
members of it Buccessively by the several denominators of the 
fractions, or at once by the least common multiple of tfaem." 
Arte. 368, S69. 

" Transpose the known terms to one side of the equation, 
and the unknown terms to the other: and combine the like 
terms severally into one-" Arts. 364, 365, 366. 

" If there be a radical term in the equation, let it be re- 
moved when possible, by the rules given in Arts. 372, 373, 375." 

"If there be terms in the equation thus reduced, which 
involve different powers of the unknown quantity or symbol, 
place them, nhen postibU, in the order of the several powers ; 
and divide both sides of the equation by the coefficient of the 
highest power of the unknown symbol." Arts. 370,37 1- 

" If the simple or first power only of the unknown symbol 
be involved in the reduced equation, the operation last indicated 
will inmlale the unknown symbol and furnish the solution of 
the equation (Arts. 370, 371) : but if the equation involve higher 
powers of the unknown symbol than the first, tbea the deter- 
-mination of its value or values, or the solution of the equation, will 
require the application of rules or formula which will be the 
objects of subsequent investigation." 

377- The degree of an equation, tvkeH reduced, will be ^SJ^""* 
determined by the highest power of the unknown symbol which desrees, 
it involves ; thus, if it involves -the timple power of It only, it -Jl^Jiyi 
is a timpk equation: if it involves the second power of the cubic, bi- 
unknown symbol, with or without the simple power, it is an ^'^_ *"^' 
equation of the second degree or a quadratic eqnation : if it 
involves the third power of the unknown symbol, with or with- 
out inferior powers of it, it is an equation of the ikii-d degree 
or a cubic equation: if it involves the fourth power of the un- 
known symbol, with or without inferior powers of it, it is an 
equation of theyiwrtA degree, or a biquadratic equation: and 
so on, for equations of the ,^h, sixth, and higher degrees. 
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llewlu- 3^^. The theory of the Bolution of all equations, when can- 

equation* udered in their most general form, will require a coneiderable, 
vriU requre ""^ '" ™*** cascB, a profound knowledge of the principles of 
the aid of Symbolical Algebra : in the present chapter, we shall c<»ifine 
cipleeof OUT attention to such simple and quadratic equations only, as 
I'^e^ra!^ ^™>* °f Bolntion by the aii of the prindplea of Arithmetical 

Algebra alone. 
^J™Pj^ 379. We shall begin with the solution of sunple equations, 

lotioiior involving one unknown number or symbol only. 

^h™ (^) ^^ 7* -10 = 5* -4. 

'°w^ Transposing the unknown terms to one side and the known 

■mbol ternia to the other, (Arts. 364 and 366), we get 
7* -5* = 10 -4.. 
Collecting like terms into one, (Art 372), we find 



Dividing both sides of this equation by 2 (Art 370), the 
coefficient of x, we get 

* = S, 

where x is comfdetely imulated and its value therefore deter- 
mined. 

(2) 5i + 4 = 9*+l. 
Therefore, (Art. 364), 

4-l=9T-5jr; 



or, (Art S72), 
or, (Art 370), 



which is the solution of the equation, furnishing that value of 
the unknown symbol which alone satisfies the conditions pro- 

(3) 70* - 42a: + 42 + £80 = 700 - 35* - 60* + 80 + 66* - 56. 

* The right-hand niein1>eT of aa equation may obriously be made the left and 
the left-hand member may be made the right, vrithont diitnrbinE or affectiDg theii 
equality : it U usual to place the anknowD sTmbole on the lefi hand. 
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Therefore, 
70i - 42* + 35* + 60x - 56j: = 700 + 80 - 56 - 48 - 280 ... (1), 

l65x - 98 jr = 780 - 378 (2), 

67^ = 402 (8), 

' = -Sf = ^ (*> 

When the unknown terms have been transposed to one side 
of the equation and the known terms to the oiher (1), we add 
together the terms, on each side, which have the game sign 
(2), subtract the resulting sums respectively from eadi other, 
(3), and finally divide the remainders by the single coefficient 
of the unknown term (4) '. 

(4) Let 1 + 5 = 9- 

Multiply both sides of the equation by 4, and we get 

or (Art. 366), 

« = 36 - 20 = 16. 

(5) Let 30-^=52-^. 

Multiply both sides of the equation by 30, which is the 
least common multiple of the denominators 10 and 6, (Art 368), 

900-3*= 1560-25ar. 
Transposing known terms to one side and unknown terms 
to the other (Art S64), we get 

25* -3* =1560 -900; 

* The fbllowiLg ate limilEir exunples : 
fl) j-10 + 8 = 70-r, 

(3) 3000 -aOi^ 5400 -100i + 3i, 

r-50. 
(3) 3i + i + 48> -3600^481, 
1 = 900. 
. (4) 2i - 3i + 120 B^ 4i - 6i + 132, 

ir=12. 

(6) 7i + 4-l5i = 6i + 3, 
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or (Art- 372), 

22;t = 660; 
or (Art. 370), 



(6) Let -+?=I6. 

Multiply both aides of the equation by 4ix, the le 
mon multiple of the denominatorB x and 4i and we g 

20 + 9« = 6*«; 
or, subtracting Qx from both sides and interchanging tl 
b«re, the right to the left and the left to the right, 

6^x~Qx = iO; 
OT 55^ = 20; 





"55-TT- 


(7) 


-i^-|^5^= — =^- 


Multiply both sides of this equation by 36, which is ■ 


omon 




«« 


l6x-84+lS5+513-27 ^=8676-15 x+288-396iR 




161 


■ - 27a: + 15j; + 396a: = 8676 + 288 + 8* - 135 - 51 




427 a; - 27 * = 9048 - 648 ; 




400x = 8400 : 




MO 



Importaiit In reducing equations, which involve fractions, we 1 

JJ[{^^ the numerators of the several fractions by the qaotUnts of 

common muUipU of the denominators divided by the proper 

natoT of each Jraction, omitting the denominator : thus 

example just given, we multiply the numerator 4j! — 2] 

fraction — — — by — or 4, and we omit 9; the num 
of the fraction - by — or 9, and we omit 4; the nu 
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57 — 3 a; of the fraction — - — by — or 9, and we canit 4; 

the numerator 5* - 96 of the fraction - .a— by — or S, and 
we omit 12 : and it should be carefully kept in mind, that when- 
ever a fraction is preceded by a negative sign, as is the case with 

the fraction — ■ — , we change both the signs of the product of 

5x-96 by S, writing down —ISx instead of -)-15« and -1-288 
instead of - 388 : in all other cases, where the fraction is preceded 
by no sign or by the sign 4- , we leave the signs of the terms of 
the numerator unchanged, after the multiplications, required for 
the reduction of the equation, are performed *. 
(8) Let V(7*-1S) = 8. 
Squaring both sides, we get 

7* -IS = 64. 
Therefore 7^^ = 77, 

* The following eiimples aie umilai to thou juit given : 
The least commoa multiple b 13 ; 

Tlu laut commoD multiple ii 140 ; 



7£+jl_3i+_l 9i-13 849-91 
8 7 ° 4 " 14 ■ 

lOn tnulliple ii S6 i 

1 = 9. 
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(9) Let J(lOjt + 7) = 3. 
Cubing both sides, we get 

10* + 7 = 27. 
Therefore 

10* = 20, 
and * = 2- 

380. The equations, which have been proposed above, are 
all of them possible, being capable of being satisfied by real 
^^^^ arithmetical values of the unknown symbols, whether whole or 
fractional: but equations may be proposed which no value of 
the unknown symbol can satisfy, and which are therefore, pro- 
perly speaking, impossible : the following are examples ; 

(1) Let -——+11^ = — - - -34. 

Multiply both sides of this equation by 20, and we get 
4.4^ + 12 + 220 Jf = 15 JF + 65 - 680. 

Therefore 

209* = 65 -680 -12, 

= 65- 692. 

The operation of subtracting a greater number (692) from 

a less (65) is obviously impossible, and consequently no real 

arithmetical value of x can satisfy the conditions of this equation. 

,=\ T . 100~j: 11* 2* + 6 

Midtiply both sides of this equation by 7?0, and we get 
7000 - 70* + 847* = 220x + 66O + 770, 
847* - 70* - 220* = 66O + 770 - 70OO, 
557*= 1430-7000. 

Which is obviously an impossible equation, inasmuch au 
7000 cannot be subtracted irom 1430. 



* la STmbolical Algebra, thu operatjon becomes pMaible and the result 
is writteD -637: the cmeipoDdiDg value of i ii -3: a similar obeeriation 
■ppliea to the eiKinple nhich foUows. 
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381. When a problem is proposed, it ia rareljr possible to Th« pos- 
predict with certainty whetber it admits or does not admit of i^^ ^^. 
solution in the precise sense in which it was proposed, or, in *'*"".?' ' 
other words, whether the corresponding equation can be satisfied cannot al- 
by any assignable value of the unknown symbol. n^rted 

The solution of such an equation, as we have seen in the 
preceding examples, will involve a more or less extensive series 
of arithmetical, operations for the purpose of insulating the un- 
known symbol, and will be possible as long as those operations 
are possible in their proper arithmetical sense, and impossible in 
all other cases. In Symbolical Algebra, as we shall afterwards 
find, a great extension of meaning will be given to such opera- 
tions, and they will become, by the introduction of negative and 
other quantities, whether capable of interpretation as real exist- 
ences or not, practicable under circumstances in which they 
would be altogether impossible and unintdligible in Arithmetic. 

382. The equations, which we have hitherto considered. Quadratic 
are simple equations, involving, when reduced, the simple power Iq^, """' 
only of the unknown symbol: in quadratic equations, we shall "hicbtliey 
find the square of the unknown symbol, with or without its eume, when 
umple power, and the rule of reduction, which is given in '*il"'^eii. 
Article 376, directs us to transpose, when possible, all the un- 
known terms to one side of the equation and the known 

terms to the other, to collect like terms severally into one, 
and to divide both sides of the resulting equation by the co- 
efficient of the square of the unknown symbol : the following 
are examples of quadratic equations when thus reduced. 

(1) x' + 6i=l6, 

(2) x'-6x=l6, 
(8) 6x-^ = S, 

383. If we denote the coefficient of the simple power oFx Gtatial 
by ia, and ihe known term bj b, the general forms of reduced leduced 
quadratic equations will be as follows: equals 



w 


i'+2o« = 


■i. 


m 


x'-Sax-- 


•b. 


h) 


2a*- i" 


-b. 
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^r^ra**'^ 384. In order to prepue quadratic equatioDs when thus 
reduced, for solution, we add both the membera to, in the 
two first forms (a and /3}, and we subtract both of them frtHn, 
in the third form (7), the square (a*) of half the coefBcient a£ 
the simple power of the unknown symbol (z) : we thus obtain. 
In the two first cases, 

03-) a'-2ffl* + ffl' = fl' + 6, 
and in the third case, 

But x*+2ax+a'=(x+ay, (Art. 62); and i'-2a*+o'=(x-fl)', 
(Art 64) ; and consequently the forms (n'), (/3'), (7'), become 

(/3') (I -.)■-.■ + 6, 
(,') (»-»)■. .'-S.- 

Again, if two ntunbers be equal to each other, their square 
roota are also equal to each other, and consequently the ex- 
traction of the square roots of both members of the equations 
(o*), (/3^, (7^, will reduce that severally to the simple equations, 
(.') . + o.7(o- + 6), 
03-) .-a. ,/(«■ + *), 
(/) :.-..,y(.--J). 
The solution of these simple equations will give us 

(/?') * = ^{«' + &) + <,, 

{■/) x=J(aF-b) + a. 
The 385. Thus in the examples, (1), (S), (3), given in Art. 382, 

cS'm^" *^ 8^ by o^irtg both the members of the equations (l) and 
ainples (2) to Q, which is the square of half the coefficient (6) of 
Art"^ 6*, and by mhtracting boUi the members of the equaUon (31 

(1') *' + 6* + 9 = 9 + l6 = S5, 
(2') jr'-6* + 9 = 9 + l6 = 25, 
(y) i'-6t + 9 = 9-8=1- 
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If we now extract the square root of both memberB of these 
several equations, we shall get the simple equations 

(O ^ + 3 = ^25 = 5, 

{2') 1-3 = ^25 = 5, 

(SO 1-3 = ^1 = 1- 
by the solution of which we readily obtain 

(1') j: = 5-S = 2. 

(a*) 1 = 5 + 3 = 8. 

(y) « = 1 + 3 = 4. 

386, In considering more attentively the forms of the tri- J^ ^"^ 
□omials j^ + iax + t^ and 3^~Sax + i^, which are given in general 
Art. 38*, it is obvious that they will continue to be identical in in^Art!'^ 
value, when their terms are written in a contrary order; or in iBemlji- 
othcr words, that «'4-2ax + a'=a*+aaj; + i' and that a^-^ax^"^' 
+ o'=a' — 2a«+«': but though these trinomials are respectively 
identical in value, their square roots in the second case, which 
are x-a and a-x respectively, are not bo *; and whilst the value 
of X is unknovm, there is no reason for the selection of one of 
ihem in preference to the other : it remains to consider, in what 
mann^ and in what cases, the ambiguity which thence arises 
can be removed. 

There is no ambiguity in the sectmd form (J3), (Art 381) ; 
for if we suppose the root of the trinomial «*~ 2ax + a* tn- of its 
equivalent a*- Saz + x* to be a — z instead of X- a, we should get 

a-x = J(a'+b), 
and therefore, 

consequently the greater quantity or number J(a' + b) must 
be subtracted &om the less a, which is impossiblet: it follows 
therefore that in this case we are restricted to the choice of 
the root x~a alone. 

• The equate root of j"+2ai + o' i» i + a and of !■+ 2ai + x" ig a + t; 
theM roots aie identical in value, and involve do amb^ity: in other woids, 
ibeiolutioiuor the equation t + o = V(a' + ft) and o + 1 = V(o'+i), will givB 
the aame valne of x. 

t Foi it is obvious (hat the tquare root of a'-f- b a gieater than the aquare 
mot of a', which ia a. 

FF 



n,g,t,7.dt,'G00gIc 



226 

But there is aii ambiguity in the third form (y), (Art. 384) : 
for whether we suppose the root of the trinomial j^— Sax + a*, 
or of its equivalent a'-2ax + x' to be x-a or a-x, -we can 
in both cases, get a possible result: for in the first case, we get 

(V) «-fl = ^(a'-6) and therefore x = a + J^a'-b}; 
and in the second, we get 

(•/) a-i = ^(fl*-A) and therefore a^ = a-^(a'-6), 
both of which values are possible*, and consequently both of 
them will equally satisfy the conditions of the original equa^on, 
or of the problem of which it is the algebraical enunciation. 
of'un'ambi- ^^' ''^"^ '" ^^ particular examples considered in Art 
gaou9 and 385, we find, admitting the double form of the root of the first 
wlu^r member of each equation, 

(1") x + S = S + a: = 5, 
OT a: = 2. 
In this case we get the same value of x from both the 
roots x + S and 3+x o( j^+6x + g and of 9 + 6x + *'. 

(2") The first form of the root x-3 ot x'-6x + 9, gives us 
1-3=5; 
or x = 8, 
whidi is a real and possible value. 

The second form of the root S—x of 9 — 6x + ^, gives us 

S-x = 5, 

or x = S-5, 

which is not a real value, since it involves an impossible 

operation. 

(3") The first form of the root * - 3 of «' - 6* + 9, gives us 
,r-3 = l; 
or j: = 3 + 1 = 4, 
which is a real and possible value. 

The second form of the root S-x of $-6x + x', ^ves ua 
3-*=l, 

or « = 3-l or 3, 
which is also a real and pos»ble root. 

' For V(a'- 6) b l«u than a, and therefore in Uia secoad case, a less nnmbet 
is nibtruted from a greater : it is also taken fargianted, in the third form of qua- 
dratic equations, that b b less titaa a', otherwise the operation of subtracting t 
. as that of exttactiag the square root of the remainder, would be 
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38a The generalizations of Symbolical Algebra, which ^"J^'' 
make operations practicable under all circumstances, will enable double 
us to assign two roots or values of the unknown symbcd in every ^^ joo^g ' 
quadratic equation, whether they be possible and such as can be '^ ^ qua- 
considered and interpreted in Arithmetic, or not : but in the equation is 
view which we have given of such equations in the preceding ^n^^enni- 
Articles, we must regard such double values of x, whenever they nateneas. 
occur, as marks of indeterminateness in the problems which 
furnish the equations, or in the equations themselves : for they 
indicate the existence of two values of the symbol or number 
sought for, which equally answer the proposed conditions, and 
consequently shew that those conditions are not sufficient to 
furnish its absolute and unambiguous determination. 

389. The following are examples of the reduction and so- ^'^p^ 
lutton of quadratic equations: ductiaii 

(1) Let Sx"- 20* = 105. tionofqu*- 

Divide (Art 382) both sides erf the equation by 5, which «l"»*«'°'- 
is the coefficient of x*, and we get 

*»-4« = 21. 

Add 4, the square of i, or of half the coefficimt of x, to both 
sides of the equation (Art. 384), and we get 

Extract the square root (Art. 384) of both sideB, and we get 
1-2 = 5, 
and « = 7. 
which is the root of the equation or value of x required. 
(2) Let 19* - 89 - 2*" = 6* - 33. 

Transposing the known ' terms to one side and tiie unknown 
to the other (Art 382), we get 

13*-2x'=6. 

Dividing both sides of this equation by 2, the coefficient 
of x* (Art. 388), we get 
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Subtracting both members of this equation from I — \ or ~-^ , 
which is the square of half the coefficient of x (Art. 384), we get 



Extracdiig the square root of both members of this equa- 
doD (Art. 384), we get 



But if we reverse the order of the terms of —^ - ISar + **, 
16 

(Art 3S6), which will fiimish the root " — -r-r ^^ shall get 

13 U 
*" 4 " 4 ' 

13+11 24 c 
or , -.6. 

Theite are therefore ttvo real and potnMe values of x, whidt 
are 6 and si^^^b^ solution is amsequently ambiguous. 



Multiply both sides of this equation by 2x{x + ^) or 
2*"+ 14*, and we get 

2x" + 28* + 98 + S*" = fix* 4- 35*. 

Transposing known terms to one aide of this equation and 
unknown to the other, we get 

a;'+7j; = 98. 

Adding ^ = \~i or the square of half the coefficient <rf" * 
to both sides of the equation, we get 
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ExCractmg the square root of both membera of this equation, 
we find 

which b the coily root of the equation. 

(4) L« ^,*??..3. 
Clearing the equation of fractions, we find 
40* + 27* - 1S3 = 151* - 65 x. 
TranspoBuig known terms to one side and unknown terms 
to the other, we get 

1321 -13x'= 135. 
Dividing both sides hj the coeffident of ar*, we get 
132 . 135 

1F'-^=T3- 
Subtracting both members of this equation from 1— J or 

g^ , the square of half the coeffident of x, we get 
4.356 188 4356 ISS ^ 8601 

169 18 '"*■ 169 13 ~ 169 ■ 

Extracting the square root of both members of thu equation, 
we get 

13'"*~13' 

15 
or * = _. 

Otherwise, if the equation be put under the equivalent form 
, 132 4356 _ 2601 
*~ 13'^ 169 - 169' 
and if the square root of both its members be extracted, 
we get 

66^51 
* 13 13* 

» »!? = . 

The solution is therefore ambiguous. 
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H * + 8 
Clearing the equation of ftaOioaa, we get 
y + 123: + 32 ~Sx'(-Sj: + 9x + 12*) + 12 = 6**+ 54* + *8. 
If we attempt to trariipose the known terms to one side i^ 
the equation and the unknown to the othn, we shall find 

8a*+Ma; = 44-48», 
which involves an imposaible operation: we conclude therefwe 
that there are no posaible values of x which will satisfy the 
conditions of this equation "f. 

■ The two roote of this equUion in Symbolical Algebra, would be — 4 ud 
— jTj Iher are aeithet of them quuidtiea which can be couaideied or inteipraKd 



Arithmetic. 




t The following ate other examplea of q 


0) 


i' + 3i = 70. 




1-7. 


(2) 


^-3i = 70, 
1 = 10. 


(3) 


7i.-i' = 12. 






w 


ni" - lOi = 46£ 

1 = 7. 


(6) 


64i' + 8i=66, 

7 

' = «■ 


(«) 


rr6o-373-5 




»=14. 


m 


3x + 4 30-2 



1 = 152 oi 76. 

1-3 or jg. 
(II) 4.-.>.6, 
The values of X arc imposaible. for 6 caDDOt be subtracted from 2' oi t. 
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390. The theory of the solution of numerical equations of pifficuliiea 
higher orders than the second and the discuBsion of the cir- "^^ 'tnu- 
cnimstances under which such solutions ore possible, whether mencal 
ambiguous or unambiguous, and also whether such ambiguity, ofbighei 
■when it exists, apphes to two or to a greater number of values, "f^*"- 
is full of difficulties and cannot be treated with sufficient ge- 
nerality without a considerable knowledge of the principles of 
Symbolical Algebra. In the theory of the extraction of com- 
pound roots, which b given in Chap. iii. Art. 241., &c. we 
have considered some examples of the method of approximating 
to the values of such roots, when the limits or whole numbers 
between which they were situated were given: such methods, 
however, can be considered as auxiliary only to the theorems 
by which the limits of the root, when the solution is ambiguous, 
or of the root, when the solution is unambiguous, can be as- 
signed in all cases. 

391. Problems proposed for solution, as we have already had Determi- 
occasion to remark, ArL 343, may involve two or more unknown bltaat 
numbers, and the conditions given, when the problem is de- "^^J',!^^ 
terminate, will be sufficient for their determination : in trans- or more 
lating such problems into symbolical language, we shall find Qun,b°e)^" 
as many equations as there are unknown numbers or symbols: willleaiHo 
thus, if there be two unknown numbers or symbols, there will number of 
be two independent equations, which involve them either sepa- j^^^." 
rately or combinedly : if there be three unknown symbols, there (ians. 
will be three independent equations, which involve them either 
separately or combinedly : and similarly for a greater number of 
unknown symbols. The necessity which exists for this equality, 
between the number of independent equations and the number 
of unknown symbols, in all determinate problems, yrill be made 
sufficiently manifest in the process which will be employed for 
their solution in the following Articles. 

393. The following is an example of such a problem, in- Problem 
volving two unknown numbers and leading to two indqwndent tvo on- 

"What two numbers are those whose sum is equal to 10, 
and of which twice the greater exceeds three times the less 
by 5 ?" ^^^ ^^ 

If we denote the greater of these unknown niunbers by x, tno iadc- 
and the less of them by y, and translate the conditions into equatione. 
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symbolical language, in the order which they are presented in 
the problem, we shall find 

(1) * + y=10, 

(2) 2*^8^= 51' 

which are the two equations required: and these equations are 
indqiendent of each other, inasmuch as the second is not de- 
rivable • from the first 

ir 393. The unknown symbols x and ^ express the same num- 
bers whenever they are referred to in the problem proptned, and 
they therefore possess the same values in both the equations (1) 
and (S) : such pairs or sets of equations in which the same 
unknown sj'mbols appear, which are assumed to possess the 
same values throughout, are called timuUaneotis equations: 
whenever equations, involving the same unknown symbols, are 
considered in connection with each other, they are assumed to 
be simultaneous. 

394. When simultaneous equations are proposed for solu- 
lution, they are reduced, when necessary, in Conformity with 
^ the following rule. 



dear the several equatio 
postible, the tnomn termt t 
unknotvn to the other. 



of fraction* and Irantpose, mheti 
one side o/* each equation and the 



Thus, if the simultaneous equations furnished by the pro- 



ve multiply both members of the first equation by 30, (the least 
common multiple of S, S and 5), and of the second equation 



* ThnB the equ&lian» 3i + 2]i = 20, 3i4-3y = 30, &c. 
dtTiTtble from the 6nt equMion x + g » 30. by moltiplTii^ both iti memben 
by 2, 3, &c.: Buch dsiived equaUons furnish do new condilions, and are not 
therefore indepeadent equatioDs; in a similar maiuier, the equiaoa which arises 
from adding or ggbtmcting anj multiple of one equation to or from any multiple 
of the other, nill nol be an independent equation. 



/^ 
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by 60, (the least common multiple of 10, 6 and 13,) which 
gives us 

(1) l5* + IOy-60 = 6j: + 150. 

(2) 48* + 50j( - 720 = 60x + Sy-S60. 
Tnuispoainff the known terms to one side of each of these 

equations and the unknown to the other, we get 

(1) 9j; + 10y = 210. 

(2) 45y-18i = s60; 
which are the reduced equations required. 

Again, if the original simultaneous equations be 



" 17 "^ 



(1) -^^^1^^17 = 5,^ 



(2) 



88 - 6g 5* - 7 J + 1 8y + 



by multiplying the first equation by 51 and the second by 

198, we get 

(1) 51x-9x:- 15t/ -t- 867 = 855^ + 68* + 119- 

(8) 1452 - 3961/ ~ 90* + 126 = 33* + 33 - 88y - 55. 

By transposing respectively the known terras to one side 
of each of these equations and the unknown to the other, we 
finally get the reduced equations : 

(1) 26* + 270^ = 7*8*. 

(2) 183* + 308y= 1600. 

395. The following rule will furnish the solution of all ^^^f ^'. 
simultaneous equations with two unknown ^mbols, when thus multaaeous 
reduced, which are of the first dt^ree or which involve neither ^"^i^'g^t 
the product, square or higher powers of the unknown symbols, degree. 

Let the two unknown symbols be * and y, and let it be 
required to determine *. 



* This equation may be simplilied by dividing all its terms by 3, wl 

13i+136y = 374; 

and in i^neral all equations may be simplified, b; dividing iLem by any o 

rnoa measure of all their terms, whenever such a common measure exists. 

00 
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Find the leatl common multiple o/' ike ttvo coefficieta* <^ j, 
and multiply each equation by the quotietU tehieh arises Jrom 
dividing thit leatt common multiple by the tuccesttve coefficienli o/* 
y: the derived eguatiom, which result, mill present the term in- 
volving y with the same coefficient'. 

Subtract these equations from each other {the less Jrom the 
greater) nhen the identical coefficients of y have the same *ign, 
and add them together, when their signs are different: the Jinal 
resulting equation mill involve x only, whose value can therefore 
be immediately determined. 

The value of y may be frmnd by a similar process, replacing 
generally, in the rule just given, the symbol y by the symbol x, 
and X by y : or otherwise, we may substitute the value o/* x Jbund 
by the Jirst process, in either o/" the given equations, which mill 
thus become a ^ven equation with one unknown symbol only, 
which may be solved by the ordinary rules. 

Process of 396. The procesa described in the preceding rule, by which 
tion. one final equation with one unknown symbol is deduced fixan 

iwo equations with two unknown symbols, is generally de- 
signated by the term elimination. The essence of this process 
does not consist in the mere form of the rule which is fallowed 
for this purpose, which may be greatly varied, but in the 
reduction of two equations into one, from which one of two 
unknown symbols has been eUminaled ot made to disappear: 
the same term is applied generally to the processes by which 
symbols are made to disappear trom equations, whatever be their 
number. 

We shall give a few examples in illustration of the rule in 
the last Article, before we proceed to consider its extension 
to three or more equations with three or more unknown 
symbols. 

Eiunplcs. 397. (I) Let (1) 3* + 7y = 3Sl 

(2) 2x + Sy = ni' 

" For if * and b' be the coefRcienlB of j in the given equations, and if « 
be tbeir leiut commoD multiple, then the coefficient of y will be -?- or n in 
one equation, and -n- or m in the other. 
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Multiply the first equation by S /^= ll^, and the second 
equation by 7 (= ?-J^, and we get 

(3) 9^ + 2Ii( = 99- 

(4) 14* + 21^ = 1 19. 
Subtract (3) from (4), and we get 

5t = S0 or 1 = 4. 

Again, multiply (l)by 2 ( = ^\ and (2) by s(=— ^-V 
and we get 

(5) 6x + l*y = 66. 

(6) 61 + 9^ = 51. 
Subtract (6) from (3), and we get 

5j* = 15, 
or 3, = S; 
consequently x = 4,, t/ = 3 are the only two values of x and y, 
which imuUaneoutly answer the conditions of the equations 
(1) and (2). 

(2) Let (!) I7x+I5.y = 335. 
(2) 13*-I0y = 20. 
The least common multiple of 15 and 10 is 30: multiply 
(1) by ^{ = ~), ana (2) by 3 { = -)> and we get 

(5) 34* + SOy = 670. 

(4) 39* - 30y = 60. 

Since the identical coefficients of y have different signs, 
we add together (3) and (4), which gives us 
73* = 730, 
or * = 10. 

Again, multiply (1) by 13 {=^^^p\, and (2) by 17, 

/ I3xl7\ , 

I = — j-o"— 1 , and we get 

(5) .221* + 195y = 4355. 

(6) 221* -170^ = 340. 
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Since tbe identical coefficients of x have the same sign, we 
subtract (6) from (5), which gives us 
S65y = 4015, 

4015 ,. 
* = lS5-=''- 
The values of x and y, which simultaneously answer the 
ConditicHis of the equations (I) and (S), are ;r = 10 andy = II. 
This value of y would be much m<K% readily obtained by 
substitutiDg in equation (I) the number 10 for z, which gives 
170 + 15^ = 335, 
or 15^=165, 

I65 ,.. 

(S) 1+8^ = 194, (1). 

'| + 8* = 131. (2). 



(1) 9i + 10y-S10. 

(2) 45y- 181^360. 

Elimintting c id the firal place (the procew bdng more uniple thin in t) 
case of s), w» jot 

(3) 18i + SOy = 430. 

(4) 45!,-18i = 360. 
Adding (3) and (4) toiethei, we gel 

66y = 780, 
or y~ 12. 
SubttitntiDg thu value of y in equation (1), we find 
9i + 130 = 210, 
9i = 90, 
r = 9. 
The tecond pair ol equations, in the aame article, is, 
(1) 13j+13a!)=374, i 
(3) I23x + 308^ = 1600,) 
from which we fiad, bj a Bimilar procsBa, 
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Clearing these equations of iractions, we get 

(3) 3r + 64^=1552. 

(4) y + 641 = 1048. 

Multiply (S) by 64 (=^^V and (2) by 1 (=^|^)> 
and -we get 

64a: + 4096y = 99328 
^4-642= 1048 









4095^ = 98280 










y==34. 




Substitute this value of y in (3), and we get 






X 


+ 1536=1552, 
or af=l6*. 




•The 


following a 


n othei 
(1) 

(2) 
(3) 

(4) 


5i + 4s^96.j 
4r + 5y = 93.( 

1 = 12 tmd 9 = 9. 
« + 2 1 1 

.-2 1 f 

1 = 7 and y^li. 

■-^-^"- 
■-^-^^,- 


of »in 

7, 
.10. 



Consider — and — ai the uoknown symbols, or replace them, in the firet 
instuice by other unkaowD lymbole, such as z and u respeclively. 
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tiona, in- SSS. Two equations, with three or a greater nnmber of un- 

TaUiiiftwa known symbols, are redaced to one by the elimination of any oae 
lymboU, of them: for if we severally multiply two such simple equations 
w^one'bT^ ^^ ^^ quotients which arise from dividing the least common 
tbe eUmi- multiple of tbe coefficients of the tame symbol by its coefficient 
one of >" each equation, the derived equations which result will in- 
them. voiye thjg ayxabol with the same coefficient, (Art. 395,) which 

will therefore disappear when they are added together or sub- 
tracted from each other, an operation which reduces the two 
equations into one. 

EiMDple. Thus, if the two simultaneous equaUons involving three un- 

known symbols x, y and z, be 

0) 7*4.9y + 12^ = 6ll 

(2) 5x +4^ + 15z = 58l' 

and if we moltiply (1) by 5 ^= ^, and (2) by 4 (= ^. w* 

(3) 35* + 45^ + 60s = 305 1 

(4) 20*+ 16^ + 602 = 2321 

If we subtract equation (4) from (S), we get 

(5) 15* + 29y = 73 ; 

a single equation, from which the symbol z is eliminated. A 
similar operation would eliminate either of the other unknown 
symbols * and y frum the original pair of equations, but the 
two remaining symbols would always present themselves in the 
final resulting equation. 

Thus, if we should eliminate the symbol y from equations 
(1) and (2), we should get 

Ejijatioiis (m 17 J. + 87, = 278 ; 

with more \ j ' 

""^v^TT* luid, if we should eliminate the symbol * from the same equa- 

tSanoDe titois, we should get 

^liaate, (7) 45=; - 17y = 101. 

if the num. ^ ' ^ 

t*f"^ 399. If there be two equations only involving severally three 

are IMS unknown symbols, the single equation which results from the 

^^lJg*of elimination of any one of them, will always contain two un- 
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tion". But if the number of independent equations be exactly 
equal to the number of unknown symbols, we shall be enabled 
to reduce the number of equations severally by unitg by the 
eliminatioti of the succesBive symbols, so a« to obtain finally a 
single equation with a single unknown symbol. 

400. Thus if we have the three simultaneous equations Example. 

(1) 7*+ 9y + 12z=61,| 

(2) 5«+ 4^ + 15z = 58,i 

(3) 3x+10t/ + 20x = BS,\ 

involving three unknown symbols x, y and z, we shall ob- 
tain, by eliminating x from (]) and (2), as we have shewn in 
Art. 398, 

(4) i5^ + 29i( = 73; 

and if we proceed to eliminate in the same manner, the same 
symbol s from equations (l) and (3), we shall get 

(5) 26^ + 15^ = 56. 

The equations (4) and (5) are simultaneous, involving the 
same pair of symbols x and y; and consequently if we eliminate 
one of them y by the rule given in Art. 395, we ahall obtain a 
single final equation 

529"^ = sag, 

or x=l. 
We hence readily find from equations (4) or (5), ^ = 2, 
and from equations (l), or (2), or (3), 2 = 3. 

401. In the example just given, we have eliminated z from 
the pairs of equations (I) and (2), (l) and (S), in order to 
obtain the equations 

(4) I5x + 29y = 73, 

(5) 26* + 15j = s6; 

fVom which the values of x and y have been determined ; if 
we had eliminated z from the equations (2) and (3), we should 
have obtained a third equation 

(6) I4y-ni = 17. 

* Thus in the example coiuideied in the preoeding Article, we obtain fram 
(tm equalionB (t) and (3) with thret unknown ■ymbols, the three equationt (S), 
(6) and (T), vhich severally iavolve iifftrtnt'.ftin of symboli, and which ore 
consequently iDCompetent to ftiniifh us, by further «tiniina(imi , aiiigle equations 
with one unknown symbol only. 
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This equation however is not an independent equation, being 
derived by sabtr&cting equation (5) &oni equation (4) : it cannot 
therefore be made the foundation of any concluaions which are 
not derivable from equations (4) and (5). 

The num- 402. If there be three equationa which severally involve 

dependent ^^ ^^^^^ '"^ unknown symbols only, we can make three com- 
equaiioiH binations of pairs of such equationB, which are severally suiS- 
e>:<:eed the cient to determine their values : if the three equations be in- 
unknown' dependent or not derivable from each other, the values of the 
symbols. pairs of symbols which are derived frap the several pairs of equa- 
tions which are thus combined, will have no necessary connection 
with each other, and consequently may not be the same for 
the different combinations: and if the resulting pairs of values 
are found to be identical, one of the three equations is not only 
superfluous, but may be shewn, as we shall afterwards see, to 
be derivable from the other two. 

T^e nuiD- 403. From the preceding considerations it will follow, that 

depeiident the number of equations must be exactly equal to the number 
mustex^ of unknown symbols, in order that the process of eliminati<ai 
^"t ^"^ may lead successively to as many final equations as there are 
of un. unknown symbols and no more, in each of which one of these 
symbols, unknown symbols is involved : if the number of such equations 
be less than the number of unknown symbols, the final equa- 
tions which result from the process of elimination described in 
the preceding Articles, will involve more unknown symbols than 
one, which are, therefore, indeterminate: but if the number of 
such equations be greater than the number of unknown sym- 
bols, we shall he able by the snme process, to obtain more final 
equations than one, which involve the same unknown symbol, 
and which will not be consistent with each other, unless a 
number of those equations which is equal to the excess above 
the corresponding number of unknown symbols, be derivable 
from the other equations. 

Eitmples. 404. The following are examples of independent simulta- 
neous equations, with more unknown symbols than one. 

Let Si + 7y -t- 10« = 6l (1). 

4i - 13^ + 9b = 10. .(2). 

7*-20j + 12!t = 22 (3). 
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Combining equationa (I) (uid (S) we gef, by eliminating s, 
40Jr-l30^ + 90z- 100 



\93y- \Sx =4+9 (4). 

iiibining equations (l) and (S), we get 

35«-100y + 60s = 110 



142y- 17* =256 (5). 

Lastly, combining equations (4) and (5), we obtain 
]8*6y~221x = 3S38 
3281y- 221 jr = 7633 



1435^ = 4305 
or J = 3. 
From equationa (4) or (5), by replacing y by S, we easily 
get 1=10: and from equations (1), (2) or (3), by replacing 
X by 10 and y by 3, we get s = 1. 

If we had combined equations (2) and (3), we should have 
got, by eliminating x, 

16* -52^ +36^ = 40 



5«- 8_y =26 (6). 

If we combine this equation with either of the equations (5) 
or (6), it will furnish the same values of x and y which we have 
ah-eady found from theic combination with each other. The 
fact is, that equation (6) is deducible from equations (4) &nd (5)j 

by multiplying the first of them by -, the second by -;, and 

subtracting the second resulting equation from the first'. 

• Iq oriter to dbcovei these miiUiplietB, if thej eiisl, we may multiplj- 
equatiaa (4) by Bn unluiown Dumb«r in. mid equation (5) by an UDknown 
number n. which gives BS the equBtions 

193iny- 13iBi = 449in, 
:42nj,-17ni-256n; 
and lubtracdnK them from each other, «e had 

<l7n- )3in)jt -'(142.1- 193ni)i, = 449ni -2S6ii (7). 

HH ^^ 
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(2) i-^ \-h-k='-^ (•)■ 

..(2), 



gy-g 7g - 84 _ a - 3y + 4. 
^ 6 "^ 11 " 6 

j-9 ^-gjf 3g-10.y 



..(.I). 



Multiplying equations (1), (2) and (3) by 36, -330 and 264 
respectively, which are the least common multiples of their re- 
spective sets of denominators, and transposing the known terms 
to one side and the unknown terms to the other, we get the 
reduced equations 

i6x-6y-s = (4), 

275^ + 155Z -22* = 3444. (5), 

24j! + 398y- 1212 = 1008 (6). 

Combining the equations (4) and (5), (4) and (6), respec- 
tively together and eliminating x from each pair, we get 

In order thai this eqnation (7) may caincide nith equation (6) giien io 
tbe text, we oiiibI auppose the coeSicienta of x and x), as well aa the final terms, 
to ba r«pectivelT identical with each other in the two equalioiis: we thus get 
the three equations 

17n- 13m = 5 (8), 

143n- 193bi - B (9), 

449B-a56m-36 (10); 

combining equations (9) and (10), »e get, hy the ordinary process of elimination, 
'2414)1 - 1846in = 710 
2414n- 3281m = 136 

1435m = 574 

S74 a 
"' ""1435 ""5' 

And subilituting this value of ra in equations (B) or (9), we find 
14637 3 
" ~ 24395 " 5 ■ 
If we make use of these values of nt and n, we shall also find 
449n-256tn=26, 
so thai every lenn and member of equation (6) is derivable from equations (4) 
and (5). 

The aeces9at7 identity of the three pairs of equations derived from dlKrent 
combinations of the original equations will be immediately manifest from their 
general solution. See the Notes and Addition! at the end oF this volume. 



•\ 
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176*-66y-ll2; = o ) 
2200y + I840II - 176x = 27552) 

2134J/ + 1229* = 27552 (7). 

48x-183(-3z = 1 
*8s + 796if - 248 s - 30l6| 

8143* - 9392 = 2016 (8). 

If we Airther eliminate^ from equations (7) and (8), we get 
78958^ + 45*732 = 1019424 
78958^-231838= 195552 

68656Z = 823872 
or z = 12. 

If we substitute 12 for s in equations (7) or (8), we get 
y = 6: and if we substitute 12 for 2 and 6 for y, in equations 
(4). (5) or (6), we get x = 3. 

(3) Let 2j; + Sy + 4s+ 5u = 30 (1). 

Ty-Sx + Sz~ Su=l6 (2). 

9a-4*-3y + llB= 4 .(S). 

47«-5i-4y-3z= 9 (4). 

Eliminating x from equations (l) and (2), (l) and (3), 
(l) and (4) respectively, we get 

2S^ -1- 22a + 9k = 122 (5). 

3y + 17«+ 3Ia= 64 (6). 

7^ + 14a + 1I9« = 168 (7)- 

EUminating 1/ from the pairs of equations (5) and (6), (6) 
and (7), we get 

SaSz + 4,56u = 1 106. (8). 

210u- 77z= 56. (9). 

If we further eliminate z from equations (6) and (9), we get 
10S362w= 103362, 
or i< = l. 
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Substitute thia indeierminale value of y in the second equn- 
tion, and we get 

<M- 9 ** + 825 - 60a + 4a;*- 45* + 6a* := 81 . . .(Art. 868), 

or 105ar-19j:*=144...(Art. ^6), 

105 . 144 ,._. „,-,, 

w -jg*-*»=-jg..-(Art364). 

SubtnLctmg both memberB of this equation from (-r^) , 
(Art 384), we get 

11025 105 ._ 81 

1444 19 "* ~1444' 
, 105x 11025 81 
*"" ' ~ 10 "^ 1444 ^^1444' 

In the first case we get, bj extracting the square root of 
both members, 

105 9^ =?^=*§. 

38 * ^ 38 ^ * ~ 38 ~ 19 ' 

unkaann simbol in quEstion, (o one aide of the nqoation, sod dividing both 
members of the reeulting equation bi its coefficient : thoa, in the example in 
the text, ve transpoee !i fnim the left-hand «de of the equation lo the lisht, 

'" 3y = 15-2.; 

and diiiding both membera of thiB equation by 3, we get 

la a nmibr manner, if we should tolve the same equation with leapecl to x, 
we should get 

15 -3y 

I- J . 

Such ralutionB are ohriouBlT inltltrminiiti, inasmuch as one unknown symbol 
is eipnned in tenns of the other, and no conclnaon can be drawn with req>ect 
to the Talue of one of them, without assigning or assuming the value of the other : 
it it ody by supposing that the values of i and y necessarily denote whole 
numbers, that the extent of ibis indaerminatien will be variously limited : the 
solatioo of such indelefminale equations, under auch liminiiooE, will form the 
subject of a distinct chapler. 
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and in the lecond, 

38 38 
If x = S, the coiresponding value of y = 5 is 2. 

If X- — , the corresponding value of ^ ia — . 

(2) Again, let the simultaneous equations be 

'+»- 7) 

'J- 12) 

The first equation, solved with respect to y, gives us 

,= 7~:r, 

vhich substituted in the second equadon, gives us the qoa- 

dratic equation 

or 7a^-*' = 12. 
Subtracting both its members from (-J , we get 

From the first of these equations, we get, by extracting the 
square root, 

I-. = ior . = 8; 
2 2 

and from the second, 

,-I=ior . = 4. 
2 2 

If X = 3, the corresponding value of y is 4 : and if x = i, 

the corresponding value (tf y is 3: and it may be observed 

that the values of x and g are commutable in all cases in 

which they are sgmmelricallif involved, as in the present case, 

in the proposed simultaneous equations. 

The same equations may be otherwise solved as follows. 
Since i +y = 7, by squaring both sides, we get (Art- 62), 
t' + 2xy+y=49 (1), 
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and since ay = 12, aod therefore 4:cy = 48, it follows that 
«'+2«^+5'-4J:s = x'-2*^+y = 49-48=t (9). 

If we extract the square root of both members of this equa>- 
tion, we get 

x-s-..) 
but «+^ = 7;) 

consequently, by adding these equations together, we get 

21 = 8 or x = 4, 
and hy subtracting them from each other, 

2y = 6 or ^ = 3. 

The values of x and y thus given are simultaneous : but 
if we change the order of succession of x and y in the equa- 
tions (1) and (2), and extract their square roots respectively, 
"we shall get 

J + X = 7, 

and therefore y = * and * = 3 •. 



' The fotlowii^ are other ciamplea of aimulcaneouB equa.tioiiB which lead 
1 angle final equalioa of the second degree, with one unkaown symbol onlr, 



The final equadon is 

lOi - i» = 9 ; 
.-. x = 9 and y=\, or i^l and y = 9. 

(2) .-!/=8. 1 
i'+j,' = 82.f 

The final oqualiaii is 

i»-8i = 9; 
/. I = 9 and V = I - 
the values- of x and y are no longer conunutable in these ' simoltaneoos equa- 
tions, inasmuch as they are not symmetncallT involved in Ibem. 

(3) 1--S- a;, 

i'-y' = BO.S 

The finai eqsaiioii is 

16.-64 = 80, 

which is a nmple equation: this aiigea froin the divisibilitr of i*-!/', the first 
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407. We shall not attempt the solution of equations, whether 
dngle or aunultaneous, which esceed the seccwd d^ree, though 
many examples of such equations may be proposed which either 
possess OT are reducible to, such a form, as to admit of easy solu- 
tion by the direct extraction of roots or other expedients : but 
it is only through the aid of the principles of Symbolical 
Algebra, and the results of a very extensive and difficult theory, 
that the arithmetical rules for the general solution of numerical 
equations of all orders can be deduced or demonstrated ; it is 
for this reason that we shall defer the investigation and ap- 
plication of such rules to a subsequent volume of this woA, in 
which the whole theory of equations will be considered in its 
most general form : the rules and examples which we have 
given will be sufficient to enable a student to solve extensiTe 
classes of problems which lead to equations, and to give him 
that familiar command c^ the rules for the reduction of sym- 
bolical expressions, as well as of the limits of their i^plicatiMi, 
which ftMins the best preparation for the study and just q>- 
preciation of the principles of Symbolical Algebra. 



which ig a simple equltiOD. 

(4) . + !,= 5,1 

The KCond eqnatian ia of the third degiee, but aaca x*+ y' is divisible br 
c + jF, (Alt. 86. Ei, 16.), it ii reducible to an equation o( tbe secood degree, which a 



-7^=^-«» + s' = 7. 



and y K 3, or i = 2 and y = 3. 



The GdbI equation in terms of y i» 

a62i,'+1959y 
rom wtuch we get y = 7, and therefore i 
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408. We shall now proceed to the consideration of the general Symbolical 
rules for the symbolical enunciation of problems, (Art. 359.), in tionofpro- 
■which the unknown number or numbers are more or less involved Meme. 

ID the conditions which are required for their determination; and 
it will tend to facilitate this enquiry, if we classify, very generally, 
the problems which present themselves for solution, with refer- 
ence to the unknown number or numbers which they severally 
involve. 

There are three great classes of such problems to be considered. 

First Class. Problems which involve one unknown number Classifies 
only, which is throughout the subject of the conditions proposed bi^M.^' 
for its determination. 

Second Class. Problems which involve two or more un- 
knovrn numbers, which are so related to each other by the 
conditions of the problem as to be expressed or immediately 
expressible in terms of one of them only. 

Third Class. Problems which involve two or more unknown 
numbers which are not immediately expressible in terms of 
one of them, but require to be denoted by distinct symbols. 

We shall consider and exemplify in succession the rules for 
the symbolical enunciation of these different classes of problems. 

409. In the first of the preceding classes we commonly General 
express the unknown number by one of the last 1ett«rs of the tbeaymbol' 
alphabet, such as x, and we proceed to symbolize, by the p*ja,ion o° 
known forms and signs of Algebra, the successive conditions the first 
to which it is subject: thus the unknown number or its symbol problems. 
may require to be multiplied or divided, to be increased or dimi- 
nished, by given numbers: or it may require to be raised to a given 

power or a given root of it to be extracted : and similar operations 
may require to be performed with or upon expressions, already 
formed, which involve it. The result of all such operations must 
be likewise declared in one of the conditions of the problem, 
otherwise they would lead to the mere formation of an algebraical 
expression in which the unknown symbol would remain as inde- 
teiminate as when first assumed * ; but if the result of 3u<^ 



Thus, if the problem merely said that 


an untaown number, expressed 


was to be multiplied by 3, forming ; 


3t, and the result to be divided 


forming — , which was aubsequeatly W 


1 be increased by 7, formiug the 


I I 





n,g,t,7rJM,GOOglC 



250 

operations be gtated to be equal either to a simple number 
or to a symbolical expression formed by similar operations as 
that first obtained, though not dedudble as a necessary conse- 
quence from it, we symbolize this condition, or in other words, 
we express the equivalence in value of the two expressions thus 
formed, by the interposition of the sign of equali^ between 
them, and we thus obtain the equadmi which is the symbolical 
enunciation of the problem proposed, from whose reductimi nnd 
Mdution the unknown number may be determined. 

In some cases the conditions may be symbolized in the order 
in which they present themselves in the problem, by an imme- 
diate translation of ordinary into symbolical language: in others, 
they will be involved in such a manner, that the discovery of 
their relation and succession ant) their consequent symbolical ex- 
pression will present difficulties, which can <m1y be overcome 
by close attention and a clear insight into the relations of the 
numbers and magnitudes' which they involve; for such cases 
general rules are nearly useless, and the student must trust to 
the diligent and patient study and analysis of examples alone for 
the acquisition of those habits of mind which will guide his 
course in their symbolical enunciation. 



eipremion -r + '^i uid if all ihe declared conditioiu of the problem shoaM 
hov be eihauated, we ahotild be in pouemioD of no means of detenmoiiiE i, 
■ince the same Beries of operations may be perTonned. and the same eipreasion 
formed, whatever i ma; be : but if it waa further oaeerted that the result of the 
preceding operalioaa ghonld be equal to the number 13, we shoold symbolize this 
last conditioa by pUcinK the upi = between '^ + '^ >u>d 13, which would form 



from which the ralue of x might be delermioed. 

Again, if, instead of asserting that the eipreasion first formed or — + 7 wis 
equal to 13, it wu odd that it was equal to twice x diminished by 7, or to 3i - 7, 
we should place the sign = between -^•i■^ snd 2x — 7, thus fomiinK the equation 
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410. The following are examples of prabl^ns which belong Examples. 
to the first of the three classes enumerated in the last ArUcle. 

(1) What number is that, two-thirds of which increased 
by 4, shall be equal to four-fifths of it diminished by 3? 

If we denote the unknown number by x and symbolize the 
successive conditions as they arise, the same problem may be 
'written aa follows. 

What number (x) is that, two-thirds of which (-5-). in- 
creased by 4(— -i-4J shall be equal ( = ) to four-lifths of it 
(—1 duninished by 2 (-^ - 2]? 

If we now confine ourselves to symbolical language only, 
following the same order of sucfiession in the symbolisation of 
the conditions of the problem, we shall get 

¥— ¥-' <». 

which is the symbolical enunciation of the problem required. 
If we clear this equation (1) c^ fhictions, we get 
10jr + 60=12i-30; 
and transposing known terms to one side of the equation and 
the unknown to the other, we find 
2* = 90, 
or JE = 45, 
which is the number which answers the conditions of the 
problem •- 

* The falloning problemg are of a similat nature : 
(1) What numbei is that, tbe treble of which is ai much tjbove 40 as its 
haJf 15 below 1001 
The equation is 

3i-40=100--^, 
1 = 40. 

in Ihe sum of its half, its Ihitd 
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(2) A gamestet Icwes one-half his money, and then gains 6* : 
he afterwards loses one-third of what remaina, and then ^aina 
12<: he lastly loses one-fourth of what remains, and finds that 
he has 2 guineas remaining: what sum had he at first? 

The units, in which the gamester's losses and gains are ex- 
pressed, are shillings, of which he had 4S remaining : let x 
express the number of shillings he had at first, and let ue 
symbolize the conditions as they present themselves in the 
problem. 

His first loss is -: there remains x--, or -, after which 



' 2' ' 

he wins 6s., which added to -, gives ^-<-6 for the money 
which he possessed at the end of his first adventure; he 
then loses one-third of - + 6, which is ^ + 2, and which subtracted 

from 5 + 6 leaves him s "'"6-^-2, or- + 4: he afterwards wins 

2*., which added 10-5 + 4, makes - + 4 + 12, or -+16, for 
the money he possessed at the end of his second adventure : he 
now loses one-fourth of - + 16, or —+4, which subtracted from 

- + 16, leaves o + l^-— -4, or j + H, and which, by the 
conditions of the problem, is equal to 43: consequently 



which is the sum which he first possessed. 

If we omit all explanations in common language, and ex- 
press the conditions throughout symbolically, reducing ;the a- 
pressions as they are formed, we shall get 

(1) ^. 

(2) ^-3 = 0- an identical equation, (Art 362). 
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(3) 



(5) s + 6 — 5 — 2 = ^ + 4: an identical equation. 

(6) g + 4 + 12 = - + 16: an identical equation. 

(7) ^ + *. 



(8) 1+16- 



(9) 



4-12: 



I identical equatior 



(10) 

(II) 



= 1S0. 



The solution of this problem involves no difficulty beyond 
the symbolical expression of the most common operations, the re- 
duction of fractions and a close attention to the succession of con- 
ditions expressing the fortunes of the gamester, in the order in 
which they are presented in the problem : it further requires 
the reduction of the several cKpressions as they are formed to 
their most simple equivalent forms ; if such reductions were neg- 
lected and the operations throughout were merely indicated and 
not performed, the succession of steps would stand as follows : 



i(.-|.6). 

..£.e-l(,-|.a).«. 
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(7) 1{-|.6-1(,-|.6).1.}. 

(8) i-| + 6-i(<:-| + 6)4-12- 
,^|._|,6-1(-|.6).„}.«. 

(10) ■ S4*-iSj;+I44-8j; + 4i-48 + 288-6a; + 3a;-36 

+ 2,r-j! + 12-7a = 1088. 

(11) 6* = 720. 

(12) X = 120. 

It will hence appear how much the final equation is sim- 
plified, by a proper attention to the reduction of the expres- 
sions to their most simplp forms at the moment of their first 
formadon*. 

(S) Two men A and £ can do a piece of work in 12 days: 
but B alone can do it in 30 days : in what number of days can A 
do the work alone f 



■ The follomrag probleniB are of a sunilar aalare : 

(1) In a battle, one-fourtb of the men within 50C were killed : one-half 

the remaindar within 1400 were wounded : one-sUth of the remainder logether 

ilh SOO were taken piisonere, and there only remained 4000 men: what was the 

imbet of men in Ihe army before the battle 1 

The final equation, if the eipreaaions are reduced, »heu formed, will be 



^ + 876 = 4000. 
1 = 10000. 
(2) In a naval engagement, one-third of Ihe fleet are talen, 
and two burnt : in a storm after the action, one-seventh of the 
and only 24 escape : of what number of ships did the fleet oi^oally 
The finaj equation is 

|-2-i + |=24. 
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Iiet X be the nnmber of days, in whicli A can do the work 
alone. 

If we further represent the -whole work by 1, the portion 
of it which will be done by A in one day will be represented 

by — , the portion done by B in one day by -^i and the 
portion done by A and B together in one day by — ■ 
The conditions ot the problem give us the equation 
x'^SO" 12 ' 



" For if A, in one day, can do a piece ot work reprcwntcd by — , in i 
days he can do r times as much, which will therefore be denoted by i x — or I r 
in othn wocdi, ho would do the whole work oi I in that lime. 

Wo might represent the entire work to be done by any number, whether 
1, 2, 3, Uc: thu», if we represented il by 2, the work done in one day by A 
wonld be denoted by -, by B in one day by gj, and by both ot tbeni toge- 
ther in one day by -^ ; the final equation would thoi become 



which ia redacUile, by dividing all its termH by 2, t 



I 30 la- 
the same equation as is given in the teil : w it ia Jndifierent therefore by what 
mnnber we choose to denote the entire work done, it is moit convenient and 
most simple to denote it by 1. 

The fbllowiag problem is of a similar nature: 
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Therefore clearing the equation of fractions, by multiplying 
both its members by 60x, (Art. 268.), we get 



(4) A hare, 50 leaps before a greyhound, takes four leaps 
to the greyhound's three : but two of the greyhound's leaps are 
equal to three of the hare's. How many leaps must the grey- 
hound take to catch the hare? 

Let Ji be the number of leaps taken by the greyhound: 
— will be the corresponding number of leaps taken by the 
hare ". 

Let i represent the space covered by the hare in one leap + : 
then - will be the corresponding space covered by the grey- 
hound in one leap}. 

Therefore -5- '< 1 = -3- § will be whole space passed over by 
the hare before she is caught : and x x - or — will be the 



■ For the anmbec of (i) greyhoiiDd'a leaps : 
and therefore the Dumber of hare's le^9 = -i 



t We may assume 1 or ai 
le hare's leap : thus if ne as 



every term of vhich i> ditiaible by 10, thus redncins it to the same equation 
had been asaumed to repnceot the length of the hare's leap, bb in the leit. 

t For the length of the greyhound's leap ii to that of the hare (1) ;: 

and therefore the greyhouad's leap ^ ^ . that of the lure being 1. 
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corresponding space passed over by the greyhound: the dif- 
ference between them, by the conditions of the problem, will 
be 50 X 1 or 50: consequently 



or x = 300 *. 

(S) What number is that, which multiplied into itself when 
increased by 4, will give a product equal to 4i5f 

Let X represent the required number: then * + 4 is the 
expression for that number increased by I: the conditions of 
the problem assert that 

J (ar + 4) = 45, 
or *• + 4x = 45, 
a quadratic equation. 

If we complete the square, by adding S' or 4 to both its 
members, we shall find 

*'+4j: + 4 = 49, 
and extracting the square roots of both members, we get 

X + 2 = 7, 



(6) A person bought a number of oxen for £lSO., and 
found that if he had bought 3 more with the same money, 
he would have paid £S. less for each. How many oxen did 
he buy? 

Let X represent the number of oxen bought: then the 
price of each will be found by dividing the entire cost by 



* The fallowing problem is of a similar kind : 

Two couriere A ind B leave the same place and travel in the same direction, 
but A atacts 3 dayB later than B : A travels 65 leaguea a'da; and B only GO : alter 
how many days will A oveiUjLe B f 

The final equation ia 

65(1-3) = 60., 
1-39. 

This problem may betery ea^y varied ; in iti most leaeral Coim, it i» genendly 
ctllad the problem of the cmiriari, the diacnaBion of which will be found hera- 
altir to be eitiemely inMrnctiTe, u illiuCraling the meining of algebraical signi, 
when used independently, in Symbolical Algebra. 
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the number bought, which is therefore -— : if he bad purchased 
8 more (x + S) for the ume money, the price of each would 

have been : and the conditions assert that the first price 

would exceed the second by £2.: consequently 
120 _K0 ^ 
X ~ x + S~ ' 
Clearing the equation of fractions, by multiplying both its 
raonbers by *(* + S), we get 

180* + 360 - lao* = 2*" + 6*, 
or 8j^ + 6* = S60, 

or x' + Sx~180, 

a quadratic equation. 

If we complete the square, by adding {-\ to both ita mem- 
bers, we shall find 

Extracting the square roots of both its membo's, we get 

_ . 3_27 
2 2' 



Problems, which produce quadratic equations, will rarely pre- 
sent, previously to th^ symbolical enunciation and reduction, any 
very definite or easily definable character by which they can be 



* If the coodiliaiu of the problem had been varied, by ditngiDg bai/mg into 
itUmg, tnwt into featr, greater inlo Uu aad paying into rtaicing, it wanld 
bMe stood w follows : 

" A penoD uU > number of oien for £130, uid if he had uld 3 finer for 
the Mine moiKT, he would have reeened £2. more for each. How many oien 
did he hU?" 

The final equation in this case would be 
t'-3i=ieo, 
whMC root it IS : this number with its sign changed (- 15) would be the Mcond 
rocA of the equation fiven in the tett, as detennined by the principki of Sym- 
bolical Algebra. 
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diatin^shed from thoee which produce simple equati<M]f merely, 
and the course which maat be followed for tniiiBUtln|- tbmr 
Cfmditions into symbohcxl language will be nearly, if not entirely, 
the same in both cases: it is for this reason that we have not 
considered it necessary to refer them to a distinct class. 

The solutions of the two preceding problems are perfectly 
unambiguous; the one which follows will present an example 
of an ambiguous solution, which a slight diange of the con- 
ditions will render in one case unatnbiguotis and in others 
impossible. 

(7) By selling a horse for £34l I lose as much per cent, 
as the horse cost me. What was the prime cost of the horse? 
Let X be the prime cost of the horse, and therefore ji— S4 
will express the loss incurred by the sale: and it is asserted 
that this loss (2-S4) bears the same ratio to the prime cost 
(x) of the horse, that the prime cost (x) of the hccrse bears 
to £100.: consequently 

*-24 :*::*: 100, 
or 100j;~2400 = *', (Art 286.) 

or 100*- «" = 2400. 

Subtracting both members of this equation from 50* or SdOO, 

2500 - lOOx + ar* = 2500 - 2400 = 100, 
or x" - IOOj; + 2500 = 100. 

If we extract the square roots of both members of these 
equations respectivdy, we shall get, in the first case, 

50-jr= 10, or « = 40, 
and in the second, 

« - 50 = 10, or « = 60. 

It appears therefore that the prime cost is ambiguous, in- 
asmuch as £40. and £60. will equally answer the conditions 
of the problem; for it may be easily seen that both these 
nombers will equally satisfy the proportions, 

40 - 34 or 16 : 40 :: 40 : 100, 

60 - 24 or 36 : 60 :: 60 : 100. 
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If we had mippowd the eale price of the horse to have 
been £35.. tbii ambiguit; would no longer exirt: for in thii 
ciM, the proportion asserted in the problem becomea 
x-aS : X :: X : 100, 
or 100jr-2500 = *', 

or 100j:-j:' = 8500, 

«■ «500-100*4-«* = 0, 

or «*- 100* + 2500 = 0. 

If we extract the square roots, we get, in tfae first case, 
fiO - « = 0, or « = 50, 
and in the second, 

* - 50 = 0, or * = 5a 

It appears therefore that there ia one price £50. oidif, 
which will answer the conditions of the problem. 

But if we had supposed the sale price of the hone to 
have been £96., we should have found, 



or 100*- 2600 = «•, 

or 100* -«• = 2600, 

and if we subtract both members of this equation from 
50* = 2500, we should find, 

3500 - lOOi + x* = 2500 - 2600, 
which is impossible, inasmuch as we are required to subtract 
a greater number 2600 from a less S500: there is no value 
of X therefore which can satisfy the conditions of this equation *. 

Problems 411, In the second class of problems, conformably to the 

condcluB distribution which we have made of them, we shall £nd more 

" For if there vu a real and poeeible value of i, there would be a real 
and passible value of 50 -• i, if i was lesu than SO, or of r — 50, if t was greater 
tbaneO, aad therefbre abo of their squana 2600- lOOx-f i* and >^- 1001+2500, 
nhich are identical in value : but it appeais from the equatioD 

2500 - lOOi + r" = 2600 - 2500, 
that there i* no mcb pouibte value of 3500 - lOOi + H, inaamnch as its value 
can odIt be found bj an imposwble operation. 
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unknown numbers than one, which are related to each odier 
in Mich, a manner, that one of them being given, the rest 
may be assigned in terms of it, without the solution of subsidiary 
equations: it will follow, therefore, that if we represent one of 
these unknown numbers by a symbol, the conditions of the pro- 
blem will enable us to express explicitly* the other unknown 
numbers in terms of that symbol and of known numbers. It is 
for this reason that it will be unnecessary, in such cases, to 
represent the several unknown numbers by as many different 
symbols and consequently to form as many distinct equations as 
there are unknown symbols to be determined. (Art. 40S.) 

412. I'huB if the problem involves two unknown numbers, T^* selec- 

. . , n 1 t"*" of "1* 

whose sum is equal to 10, we may represent one of them uoknovn 
by X and the other by 10-«: if there be two numbers ^™h^i'ato 
whose product is equal to 10, we may represent one of them b« repre- 

by « and the other by — t: if there be two numbers, of ^p^^^'^' 

which one exceeds the other by 2, we may represent the 
greater by x and the less by x~2, or we may represent 
the less by x and the greater by x + S: if there be two 
numbers, of which the first is equal to one-third of four 
times the excess of the first above 5, we shall represent the 

I the imme* 

diate result of the translation of those conditions of the problem 
into symbolical language: and generally whenever there are 



the equation is not solved with respect to y, (hough capable of being so, and 
the eipresuoa of y in terms of x being imflied, it is said tbitt y is given im- 
plicilljl in terms of i. 

t In these casee, the connection of the two anknown numbera is rather 
implifd than ixpresud ; but the cannection is so simple, and the eipressioo of 
one in tenna of the other so immediate, that it would be a very unnecessary 
refinement to separate such cases from those which fallow. 
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two unknown numbers, of which one is the result of opera- 
tions upon the other which are capable of being immediately 
symbolized, we shall repFesent the subject of those operationa 
by X and the other by its corresponding and appropriate 
expression in terms of x. 

A similar course is followed, if there be more than two 
unknown numbers, which have a similar connection with one 
of them: thus if there be three unknown numbers of which 
the first exceeds the second by 2 and the seccoid exceeds the 
third by S, we represent the first by x, the second by x-Z, 
and the third by (*-2)-3 or x — 5: if there be three 
unknown numbers of which the second exceeds the first by 3 
and is less than the third by 5, we represent the second 
(which is the subject) by *, and therefore the first by x — 3, 
and the last by x + 5i if there be four unknown numbers 
which are as the numbers 1, 3, 5, 7i we shall represent the 
first by X, and therefore the others by Sx, Sx, and 7x 
respectively: if th»e be four numbers of which one-third of 
the first shall be equal to one-fourth of the second, and one- 
half of the second to one-fifUi of the third, and one-sixth of 
the third to one-seventh of the fourth, we represent the 

first by X, and therefore the second by — , the third by -s— i 
and the fourth by —5-*= wd similarly In other cases. 



413. The following are examples: 

(1) The greater of two numbers exceeds the less by S, 
and four times the greater diminished by seven times the lesa 
is equal to S. What are the numbers? 



* la cases like this, where the caaditianB which connect the UDknown Dnm- 
b«ra with one of them am coneideiiibly involved lad not tasiXj capable of eiplicit 
eipreCHona in terms of their subject, it it mo«t convenient to denote. timpararUif 
al Inul, the several unknowQ numbers by separate symbols, thus, if we repre- 
sent them in this case by z, y, c, u respectively, the conditions of the problem* 
wmp,eusf = 2. i = |. |.^ a»l therefor* y.^*. .^'f = \^^i 

7. 35i 
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Let X denote the greater of the two numbers : then x- 3 
^vil) denote the less: but the conditions of the problem assert 
that 

4*-7(*-S) = S, 

4* -7* + 21 =3, 

3j!=18, 

« = 6. 

and J! - 3 = S. 

The numbers are therefore 6 and 3. 

If we denote the greater of the two numbers by x and 
the less by y, we shall immediately get the two equation!, 
t_j, = 3i 

Therefore, 4« - 4y = IS 

4,x-7y= 3 

3y= 9 ois = S 

*= J + 3 = 6. 

(3) A sum of money was distributed amongst four poor 
persons: the second received lOd. more, the third 5d. less, 
and the fourth 14d. more, than the first: and the whole sum 
disbributed was less by Id, than five times what the first 
received. What were the respective sums distributed ? 

Let X be the sum (in pence) given to the first: therefore, 
x + 10 = sum given to the second, 

*- 5= third, 

x+U= fourth. 

The iriiole ram distributed is 

« + j: + 10 + *-5+*+14, 
which is equal, by the conditionB of the problem, to Sx-1: 
therefore, 

« + * + 10 + «-5 + J! + 14 = 5*-l, 
4i + 19 = S*-l, 

The snnu distributed are therefore 30d., SOd., I5d., and 
Sid respectively. 
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If we should repreMiit the reipective autna distributed by 
^, X, u, we ahould find 



which are the four equations given to determine the four unbitowii 
tymbolfl X, y, z, tuid « : but y, z, and u, by the conditions 
«f the problem, are given expliciili/ in terms o£ x, and there- 
fore the four equations may be immediately reduced to <hm 
by the Bubstituti<m of the values of y> '• and u in the fint 
equation. 

(S) A labourer is engaged to work for 30 days on con- 
dition of receiving 2*. for every day he worked, and of 
f<Hfeiting 6d. for every day he was idle: at the end of the 
time be received 35s. How many days did he work, and 
how many was he idle? 

Let X be the number of days be worked, and therefiwe 
SO -2 is the number of days that he was idle: the conditioiii 
of the question state that he received ix shillings for his 

work, and forfeited — - — shillings for his idleness, and that 

the first sum exceeded the second by 35<. : <»naequently, 



4x- S0 + * = 70, 
5* = 100, 
1 = 20, and 30-x= 10. 
He therefore worked 20 days and was idle 10. 

(4) Two travellers A and B start at the same time frwn 
two places, whose distance is 180 miles, to meet each other. 
A travelled 6 miles a-day more than B, and B travelled 
as many miles each day as was equal to twice the number 
of days before they met. How many miles did each of them 
U-avel each day? 

Let X be the number of miles travelled eadi day by B, 
and therefore x -i- 6 the number travelled by A: the wbt^ 
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number of miles travelled by both of them together each day 
would be therefore 2*+ 6; the whole number of days before they 

met is therefore _, which, by the conditions of the 

Sx + 6 ' 

question, is equal to -: consequently. 



Adding (-) or ^ (Art, 384) to both members of this equi 
tion, we get 

and extracting the square root on both sides, we find 



which is the numb^ of miles travelled each day by B: and 
therefore j; + 6 or 18 is the number travelled by A. 

If we had denoted the two unknown numbers by x and y 
respectively, the equations would have been 
y = I + 6, 

180 X 
x^y-%- 

The substitution of x + ^ for y in the second equation 
will give us the same equation which we have otherwise 
obtained above". 

* The following are ather problems belonging to the same clasi: 
(I) A and B be^n to trade, A'a &Vk: 
each gain £50, which makes their gtockn, wh 
of 6 1o 5. What were tfaeic original Blocks'! 

Let i = Ii'B slock and therefore j + 100 = ^'s stock: Ihe equati 



= 450 or B's slock, \ 
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^f'S'^Sud ^^^' P'"'''^^'''* "^ ^ third and last class in the general 
claas. diBtnbution which we have given of them (Art. 408), will involve 

two or more unknown numbers, which are not expressed nor 
eaaily and immediately expressible in terms of one of them and 
of known numbers : under such circumstances we assume distinct 
symbols to represent the several unknown numbers, or at least 
as many of them as are not explicitly expressed or immediately 
expressible in terms of others, and we form as many equations 
as there are unknown symbols to be determined. 

Problems Problems of the second class might be included in the 

cond claw third, and they might be solved, as we have already seen, in a 
SlSud^iD *''°'^'" manner: the distinction however which we have esta- 
those of the blished between them, though very slightly and imperfectly 
marked in principle, is quite sufficiently so in practice: for in 
one case we proceed at once to the formation of the final equa- 
tion, which is the result of the eliminaUon of one or more 
BymboU from two or more equations, in the other. 

(2) To diTide the number 108 into four such parts that the frat increased 
br 3, the second diminished bj 2, the third multiplied bjr 2, and the fourth 
divided by 2, msy be ell equal to each other. 

Let I be the first, then x i- 4 is the second, ^-^ the third, and ix + * 

the fonrth ; tbe equation Is 

1+ J. + 4 +.^~ + 2i + 4 = 108, 

and the four parts are 23, 36, 12 and 48. 

(3) Required to mix two sorts of wine at 6>. ajid 5i. a quart, so that the 
mixture may be worth 6i. 4d. a quart. How much at each sort must be laten, 
so as to make one qnan of the miiture 1 

Let z be U)e quantity of the first sort, and therefore I — i of tbe other : 
the Bmil equation is 

72i.)-60-60i>'64, 

or x-5 and 1-1=3- 

(4) Bouitht two flocks of sheep For £15. in one of which there were 5 
more than in the other : the sheep in one Bock cost as many shilliiigs as there 
were sheep in the other and conversely. How many sheep were there in each 
flock 1 

Let I be tbe number of sheep in the least of the two flocks, and therefore 
X 4- 5 tbe number in the other : the final equation is 

21*+ 10i = 300, 
and therafbte i • 10 and t + 5 = 15, are the numbers reqiured. 
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415. Tbe following are ezamplM: E 

(1) What traction is that which becomee, when ilg nu- 
merator is increased by 7> equal to -, and when ita denominator 
is increased by 10, equal to -? 

Let X represent the numerator and y the dentKninator of 
the fraction: if the numerator {x) be increased by 7i the 

denominator remaining unchanged, the fractitm becomes ; 

and if tbe denominator y be increased by 10, the numerator 
remaining unchanged, the fraction becomes — : the con- 
ditions of the problem say that 

y + io^i] ^ ' 

Clearing these equations of fractions end transferring known 
terms to one side and nnknown to the other, we get 

3y-24r=Ul (S) 
Zx-y = \(i\- (4) 

Adding these equations tt^ether, we get 

25( = 24, and y = lS. 
Substituting this value of y in the second equation (4), we get 
2* -12 = 10, 

2j: = 22, and xsll. 
The fraction is therefore — , 

(2) There is a number, consisting of two digits, which 
exceeds live times the digit in the imtt's place by 6: and if 
27 be added to it, the sum will be expressed by the same 
digits in an inverted order. 

Let ;E be the digit in the place of tens and y the digit 
in the place of units: then Idx+y is the number which 
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by the conditkms of the problem exceeds By by i 
qoently, 



Again, if 27 be added to \Ox+y, making lOx + y ^-ZT, 
the sum will be equal to the number expressed by the digits 
X and ^ in an inverted order: therefore, 

lOjr + y + 27 = lOj + x, 

or 9y-9« = 27, 



The two equations are therefore, 
lOx- 4^ = 61 
J, - ;r = 3* ■ 
Multiplying the second equation by 4, we get 

10* -4^ = 6, \ 
4^-4j; = 12.i 
Adding these equations together, we get 

1=3, 
and ^ = 1 + 3 = 6. 
The number is therefore S6. 

(3) A boy spends 6s. in apples and oranges, buying the 
first at 6 and the second at 4 a penny. Af^rwards he sold 
two-thirds of his apples and half his oranges for 3*. How 
many of each sort did he buy? 

Let X be the number of apples and ^ the number of 
manges: then j, and ^ will express the number of pence 
which they coat, which is equal to 5t. or God-: therefore, 

M-*- w 
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Again, — apples were sold for ^ x — or - pence, and 
^ oranges for 7 " ^ or ^ pence, which both together amounted 
to S4. or 36d.: consequently, 

rf-'" (^>- 

If we clear equations (I) and (2) of fracUons, we get 

2* + 3^ = 720 1 

8* + 9y = 2592f' 
Ehminating ^, we get 

6x + 9y = 2l60 

6* + 9^ = 2592 



3»= 433 

j:= 216 



Also, since 2« + 3y = 432 + Sy = 720, we get 
3^ = 288, 
and y ==96. 

(4) Two porters A and B drink from a cask of beer 
for 2 bourg, after which A falls asleep and B drinks the 
reminder in 2 hours and 48 minutes: but if B had fkllen 
asleep and A had continued to drink, it would have taken, 
him 4 hours and 40 minutes to imish the cask. In what 
time would they be able to drink it separately? 

Let X and y represent the numbers of hours it would 
take A and B respectively to finish the cask : then - and - 
represent the respective portions of the entire caak which they 
respectively drink in one hour: consequently the quantity remain- 
ing after 2 hours joint drinking is 1 : and if this be 

divided by -, it will give the number of hours in which B 
would drink it alone: consequently, by the conditions of the 
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<-^i (■)■ 



Or, reducing, 

*y-2j=^j (s). 

'!/-^' = ^\ W- 

Subtractiiig these equations from each other, we get 
Six 20* ,„ 

a^^2, = ___Y (5). 

or 30* -30^ = 721 -100^, 

or 42x = 70^, 



If we substitute this value of ^ in either of the equatioos 
(3) and (4), we get * = 10, and therefore y = 6. 

This is an example of a pair of simultaneous equations 
different in its form from any of those which we have con- 
sidered in Art 406 : they are strictly speaking quadratic 
equations, but if we replace y by — in equations (3) and (4), 
we find the equations, 

Sai' 6x 24x 



which ore easily reducible to identity with each other and 
in both of which x is a factor of every term : we therefore 
divide them severally by x, and we get the simple eqoatioDs 



from both of which the value of x may be determined. 
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(5) Bought different kinds of cloth for £6. 10«. at 10«- 
and 12 J. per yard: but if the coBt per yard of each kind of 
cloth had been exactly equal to the number of yarda pur- 
chased, the cost would have amounted to £3. 14*. only. 
How many yards of each kind were purchased ? 

Let X and y represent the numbers of yards purchased at 
12*. and 10*. respectively: then 

12j!+10y = 130 (1). 

Again, the cost of x yards at x ahilHngs a yard h x ^ x 
or x*, and the cost of y yards at t/ shillings a yard is y': 
consequently, 

^+y = 74 (2). 

Solve the first equation (l) with respect to j, giving us 
^ = 13 — —, and substitute this value of y in the second 
equation (2), and we get 

. ,^„ 156a: 36*' 



= 74. 



This equation, reduced in the ordinary manner, becomes 
780 . 2375 

If we subtract both its members from {-^j , we get 

152100 780 7225 

3721 W"'^ "3721' 

Extracting the square root of both sides, we get 

390 85 . , 

-^-x=^ and x = 5. 



223 - 475 

The value of y is = 7, if * = 5: or y = -f;,- if ''=>!,"■ 

but the conditions of the problem obviously require that ;r andy 
should be whole numbers, and therefore those fractional values 
of X and y must be rejected, unless it be supposed that the 
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problem was fmned with a view to comprehend fractional as 
well u entire numberB or multiples of yards *. 

* The following pioblemB are of ■ umilar kind : 

(1) A. p«non engages at play nith a gamester of superior skill, uimd con- 
dition of receiving 5i. toi every game he wins, and paying 2i. for every game be 
loses : at the end of a certain namber of games he has won 20>. : but if be had re- 
ceived only 4i. for every game be von and had paid 3t. for every game he lost, be 
weald have loal 5>. : how many gamea did be win and how raBay did he loee 7 

Lei I and y repn»ent the Dumbera of games he won and lost respectively : 
the equiiliani are 

5 X - 2], = ao, 1 

3!;-4i- 5.1 

and I = 10, s = 16. 

(2) What fraction is that which is equal to ~ or to t according ai its 
nnmerator and denominatar are both of them increased or bath of tbem diminisbed 
by 2! 

G denominator by y, the eqnalioM 
+ 2 1 , .-2 1 

jrra'2 "^ r^=3^ 

6 
and the fncUon la t- . 

(3) A and B csn do a piece a 
9 days, and A, B, C can do 8 times 
can they do it separately? 

Let I, y and t represent the numbers of days in which A, B and C n- 
'Spectively can do tbeii work : the equations are 



(4) There is a Dumber conusting of two d^ts, whose product is equal to 
twice their sum: but if the digits be inverted, the number will exceed the lom 
of its digits by 66: what is the number? 



e the behest aod y the lowest digit, the equa 
ry = 2n-2y, 
IOy + i = i + y + 54: 
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416, In the solution of the preceding problems we have The woid 
generally used the word nnmber in its largest sense, as sig- generally 
niiying fractional as well as whole numbers, and we have con- "jr^? ''' 
aidered the solution of problems as practicable and possible, s«ase. 
when the unknown numbers sought for were comprehended in 
this extended meaning of the term : many cases however will 
present themselves in which the term number must be under- 
stood in its most limited sense, aa signifying whole numbers 
only, and where the occurrence of fractions or incommensurate 
numbers would be altogether incompatible with the declared 
ccmditions of the problem : thus, if the problem proposed, " to 
find a number, in the series of natural numbers, the double of 
whose square should exceed three times the number itself by 5," 
we should find that the only value of x in the corresponding 
equation 

21*- 3* = 5, 

would be -, which is a fraction and not one of the series of 

natural numbers, and that consequently the problem is impos- 
sible in the precise sense in which it was proposed. Again, 
if the problem proposed " to find a namber consisting of two 
digits, which, when divided by the sum of its digits, gives a 
quotient greater by 2 than its first digit; but if its digits were 
inverted and the resulting number divided by a number greater 
by unity than the sum of its digits, the quotient is greater by 
2 than the one obtained before," we should find, upon repre- 
senting the two digits in their order by x and y, that the 
corresponding values of x and y would be 2 and 4, ^i-^^ and -r-^ 

respectively, the second of which must be rejected, as not 
being included in the meaning of the word number as limited 
to the expression of one of the nine digits. 

417' The discrepancies, such as those just noticed, between Theresulu 
the results of algebraical and other operations and the strict thesdu-" 
interpretation which they must sometimes receive in order tot"""'fp'o- 
answer the conditions of a problem, will be confined in Arith- eorae^eH 
metical Algebra, whenever the results are possible and therefore tS™™. 
obtained, to our enlarged use of the word number ; in Symbo- Ueras pro- 
lical Algebra, however, when operations become practicable, 
under all circumstances, by the independent use of signs of 
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affection, which must be interpreted with a mixed reference to 
the general conditions which they are required to fulfil and 
the specific nature of the magnitudes or Bymbols to which they 
are prefiiced, we shall perpetually meet with results which are 
foreign to the problem in whose solution they originate, and which 
are incapable of any interpretation with immediate reference to it : 
thus we shall find a symbolical result in the solution of those 
Bunple equations which we have characterized as impossible! 
inasmuch as they require the performance of an operation 
which is not possible in arithmetic, (Art. S80) : and in all qua- 
dratic equations we shall find two roots or values of the un- 
known symbol, not only in those cases which we have considered 
to be unambiguous, but likewise in those which are arithme- 
tically impossible, (Art. 386) : but it must be kept in mind, 
that we are not thus enabled to extend the range of the arith- 
metical solution, or to obtain any results which will answer 
the arithmetical conditions of the problem, in a proper arith- 
metical sense, which are not equally obtainable by the more 
limited methods which we have pursued in this chapter. 
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, CHAPTER VI. 



ON ARITBMBTICAL, OEOHBTBICAL AND 
GRSBSIONS OR 9BBIGB. 



418. A Series of numbers, consisting of any number of DeGnitioa 
terms, which continually increase or diminish by equal dif- metical 
fetences, is tenned an Arithmetical Series or PTOgression. Thus, series or 

, . "S ' progrw- 

the series of natural numbers 1, 2, 3,-4, 5, 6, 7, 8, 9, 10, 11, sion. 
&c forms an Arithmetical Progression, since they continually in- 
crease by unity: and the same series of numbers in an inverted 
order 11, 10,9, 8, 7,6, 5, 4, 3,2, 1, forms equally an Arithmetical 
Pri^ression, because they continually diminish by the same 
number. 

419. The number, by which the successive terms of an ir iha tint 
Arithmetical Series is Increased or diminished, is called their f^^laon^ 
common difference ; and it will follow that If the first term, the difference 
common difference and the character of the series, whether in- character 
creasing or decreasing, be known, we may form any number of its ^e known* 
successive terms. Thus, if the first term of an increating arithme- '« terms 
tical series be 4 and if the common difference be S, we readily form foiled to 
the series 4, 7, 10, 13, l6, 19, 22, &C.: and if the first term anyeutent. 
of a decreasing arithmetical series be 30 and the common difference 

be 4, the series will be 30,26,22, 18, 14, 10,6,2: it will not be 
possible to continue It farther than the last term 2, since we 
cannot subtract a greater number (4) from a less (2)*. 

420. If we assume a to represent the first term, and h the General 
common difference, of an arithmetical series, the series itself, if [^||^a"d 
increasing, will be represented by formation 

(I) W (3) (4) in K) metical 

a, a + b, a + 26, a + 36. a + 46, a + ."ife, &c. '*''*'■ 



* In Symbolical Algebra, tliis < 
continued indefinitely, the succeedini 
remart applies la all decreasing eerie 
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and if ilecreasing by 

(II (11 (31 |4) <S) <SI 

a. a-h, a-2b, a-Sb, a~4,b, a-5b, &c. 
We have placed the nuinberB (1), (2), (3), (4), (5), (6), Ac 
above the successive terms to designate their position vith reference 
to the first, and it will be evident both from inspection and fjcwa 
the least consideration of the successive formation of these terras, 
that the coefficient of the multiple of the ootmtum difference which 
is added to or subtracted from, the first term, in order to form any 
assigned term of the series, will be less by unity than tbe iiumb«' 
which denominates the position of the term ; thus, in the third term 

1 this coefficient is 2, in the sixth term it is 5, and in the w** term, 
it will be n — 1 : if, therefore, the whole number of terms in the 
series be denoted by n, the last term of the first series will be repre- 
sented by a + (»-!) 6, and of the second series by a — (« — 1)6. 

421. The usual mode, of representing an entire series of 
n terms is, to write down the first, second and as many more 

■ terms at the beginning of the series, as are sufficient to explain 
the law of its formation, and also its last term, interposing be- 
tween them a series of dots to indicate the intermediate and 
deficient terms : thus, an increasing arithmetic series whose first 
term is a, common difference b, and the number of whose terms 
is n, would be written thus, 

•>*(«+*)* (»+<.-i)j), 

or . + («*S) + (. + «S)+ {o + (,-l)i.[; 

two terms of the beginning of the series being sufficient to in- 
dicate the law of its formation, when the character of the series 
is known, and three of them being generally sufficient in other 
cases when the nature of the series, whether it is arithmetical 
or not, is not previously known: thus, the series of n natural 
numbers, beginning Irom 1, would be repretented by 

1 +S + n, 

and the reverse series by 

«+(«-i)* '■• 

the series of n odd numbers beginning from 1, would be re- 
presented by 

1 + 3+ (2n-l). 

and of n even numbers, beginning from 3, by 

2 + 4+ 2fl: 
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In a similar manner, the continued product of n natural 
xiumbers beginning from 1 would be represented by 

I x2x n, 

or 1.2 n; 

or, if taken, in a reverse order, by 

«(«-■) »"'■ 

" »(«-!) 1- 

These modes of representing a series of terms, which follow 
a law which is either previously expressed, or which is required 
to be inferred from the examination of a sufftamt number of 
its terms and no more, are not only extremely convenient, but 
absolutely necessary, in all general reasonings concerning the 
summation and properties of such series. 

422. If the several terms of an arithmetical series be added 
together, we may represent their sum by t, and it will be easy 
to investigate a simple rule by which such a sum (t) may be 
determined by a shorter process than the aggregation of all its 
terms, and more particularly so, if the number of those terms 
be considerable : for it is evident that the sum of an arithmetical 
series will be the same, when the same series of terms are written 
in a direct and a reverse order, and therefore we have 
,= a + (0 + 6) + (^4-36) +....t«+(«-I)6}.(l), 
* = {a + (»-l)6J+{<. + («-2)6}-»-{<i+{«-3)6} + a (2); 

where the first and last terms of the first series, the second 
and last term but one, the third and last term but two, the fourth 
and last term but three, and so on, are written severally under- 
neath each other in the two series : consequently, if we add the 
two snies (l) and (2) together, term by term, we shall get 

2. = {2a + («-l)6} + l2a4-C«-l)fi}+...(2a+(«-l)6}, 
which is a series of n identical terms, each equal to2(i + (»-!)&, 
or to the sum of the first and last terms of the original series 
(l): it is therefore evident, that the sum of these n equal terms 
will be equal to n tunes one of them, or that 

2* = {8a + Cn-l)6}n, 
and therefore 

,.(«. + (»-l)6|| (S). 



finding the 
aiiihmetic 
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If the series was decreasing, we should find i 



..(*), 



where 2ffl — (n — 1)6> is the sum of a and of a — (»— 1)A, the 
first and last terms of the series. 

423. It will follow therefore that the sum of an arith- 
metic series is in all cases equal to the product of half the 
namber of tit tentu into tie sum of its Jirsi and hut terms : 
or that it is equal to the product of half the number of its terms 
into the turn or difference of twice the fast term and g^ the pro- 
duct of the common difference and of the number of terms less 
one, according as the series is increasing or decreasing. 

424. The following are examples: 

(1) To find the sura of the first 20 odd numbers. 
In this case a — \, & — 2, n = SO, and therefore 

»= 10(2 + 19x2) 
= 10x40 = 400 = (20)'. 
The sum is therefore equal to the square of (20), the 
number of terms: and if the number of terms was «, the 
sum would be equal tq n*. 

(2) To find the sum of the first 20 even numbers. 
In this case o = S, 6 = 2, « = 30, and 

S = 10(4 + 19 K 2) = 10 .: 42 = 420. 
If n be the number of terms of this series, the sum 
= 2{4 + 2(n-l)| = ^(2n + 2) = »(ii + l)-n' + ,. 

(3) To find the sum of 58 terms of the series 

28 + 35 + 42 + . . . 
In this case a = 28, b = 7 and n = 58 : therefore, 
* = 29(56 + 57x7) 
= 29x455 = 13195. 

(4) To find the sum of 13 terms of the series 

67 + fi4 + 6l + ... 
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In this case a = 67, b = S, n = I3, and the series is de- 
creasing: therefore, 

= 637. 

425. If we replace, in the formulffi, Giventbree 

of Ibe four 

•.{2o+(»-i)S(: (8), ;[»;«■■• 

firattetm, 
or J = {2o - (n - 1) fi} I (4), diftrence 

any three of the four symbols a, b, n, and s by specific num- terms, lo 
bers, we shall form an equation, tVom which the value of the fourtb. 
fourth symbol may be found : thus, if the fourth symbol re- 
quired be f or the sum of the series, the formuls (3) and (4) 
constitute the solution of the equation with respect to t, (Art 
406, Note), and its value is therefore given by them, as in the 
preceding examples, upon the substitution of the numerical 
values of the symbols which the formula involves: but if any 
one of the three symbols a, i, or n be unknown, the equa- 
tion furnished by the formulae (3) and (4), will require to be 
solved with respect to this symbol before Its value can be 
assigned; the following are examples. 

426. (l) The sum of an increasing arithmetical series Examples, 
is 154, the common difference 4, and the number of terms 7 - 

to find the first term of the series. 

In this case, we replace, in formula (3), j by 1 54, b by 4, 
and n by 7: we thus get the equation 

154 = (2fl + 6<4)| 

= 7a + 8*: 
consequently, 7 o = 1 54 — 84 = 70, 



The first term of the s&ies is therefore 10, and the series i 
10 + 14+18 + &C. 
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(2) The sum of a decreasing arithmetical series is —^ , 

the first term 5, and the munber of terms 21 : to find the 
common ditference. 

Rq)laciDg, in the formula (4), i by -— , a by 5, and n 
by 21, we get 

= 105 -210 ft. 
Therefore 210i = 105 - ^ 

105 
2~' 
■ 105 1 
^420" 4' 
The series is therefore 

5. *?, *J, *i. *, &c 

the last term being 0. 

(3) The sum of an increasing arithmetical series is 147, 
the first term is 7. and the common difference 7: required 
the number of its terms. 

In this case we replace, in formula (3), s by 147, o by 7> 
and 6 by 7: we thus get 

U7 = |14 + 7(m-1)|| 

= (7'< + 7)| 



Therefore n' + n = 42. 

Completing the square, w 

(i' + ii + 



which is the number of terms of the series. 
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(4) The sum of a decreasing aritlimetic&l series is 36 ■■ 
the first term is 13 and the common difference S: required 
the number of its terms. 

In this case, we replace, in formula (4), ( by S6, a by IS, 
and 6 by 2: we thus get 

36.|24-J(»-1)|! 

-(«6-2»)5 
-13b-«'. 
Consequently, 

■«9 ,..,.._ 169 .„.2S 



It is the Uatt of these values only which is strictly apph- 
cahle to the problem proposed, the four terms of the series be^g 

IS, 10, 8, 6, 
whose sum is equal to 36. 

But this series camiot be extended to 9 terms without the 
introduction of negative terms, and consequently the second 
value of n, in the quadratic equation to which the problem 
leads, must be rejected : it follows therefore that the arithmetical 
solution of the problem is not ambiguous*. 

* The comptete •eriea of 9 temu, which SymboUcat Algetua would furnish, is 
12, 10, 8, 6, 4, 2, 0. - 3, - 4, 
the algebraical sum of whose terms a equal to 36, equally with the mm of the 
foar first terms 12, 10, 8, 6 : it reniltmg la eipluD the paradoi of the Occur- 
rence of a real and inleErnl value of one of the roota of the eqaatioo, which is 
not applicable to the problem In which that equation originates. 



'■ To find n Dnmbei, which multiplied into the eicegs of 13 above it, shall 
give a product equal to 36." 

There are two numbers (it there be one) which will equally ansvrer the 
coQ^Uons of this problem, which is obviously identical with the following : 

K N " '^'* 
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437- A geometric Berie* is one where each succeeding 
term is the game multiple of the preceding, the word mul- 
tiple being taken in its largest sense": thus if a, h, c, d,e, &c. 

1 shall be 13, and wboee pnidacl shall 

The enquiry, directed by the problem conaidered in the text, leads to the 
solulion of the same problem, oametj, " to find a number n such, that the pro- 
duct of n and 2a - (n - 1) b, or of r and 2a + 6 - bn ehlll be equal to 3i" : or 

wh»t is the same thing, " to find n so thai tiie product of n and — " — » shall 

be eqnal to y". To this problem, if there be One answer, there must be two t 

and each of these ansven would equally denote the number of terms of the de- 
creasing arithmetical aeries, if two series could possibly be formed in ahthmetic, 
wbich had the same first term, the same common difference and the same sum, 
but not the same number of terms : it is the impossilHlity of satisfyii^ this last 
eonditian which restricts the answer required to the least of the two numben 
which satisfy the eqnalion to wbich the problem leads; hut, in Symbobcal Al- 
gebra, both the answers are poedbte, inasmuch as two such decreaang series 
can be formed, which hare the same Gist term, the same common diSereoce, 
but not the same nnmbar of terms. 

d to mean a series whose suc- 
r: thus, it a, b, c, d, t, &e. 
a h c d , 
represent the successive terms of snch a series, then the ratios — , — , "j i — «c. 

are severalty eqnal to each other, snd consequeutly th^r inverse ratios 
— , — , -, T ic. are likewise equal to each other, (Art, SSI) : if we call rthe 
value of this inverw latjo, we hare 



c-ftr-or», 

d = «r^ar>, 

c = dr = ar* &c., 
which evidently gives the same relation of Che terms ss results from the mors 
simple definition which is given in the teit. 

It Is evident, likewise, that the terms of such a series are in ciailiaiwd pro- 
portion (Art.SSa), smce 



The phrases ariltmeticol progT««ion and geomttnc ftogrttrum, have reference 
an easenlial distinction between arithiMiic prc^nttun and ;sitn<tnc pmpor- 
m, which inodera mathematiciuiB have not retained : four numbers were said 
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be the successive tenns of such a series, and if r be the 
common multiplier which connects them successivetjr with each 
other, we shall find 



[! = 6r = «T*, replacing b by or. 

i = cr = ai*, c by ai*. 

e = dr = ar*, d hy ai*. 






It will follow therefore that a geometric series, as thus 
defined, will be correctly represented by 



where a is the first term and r the common multiplier. 

428. If the first term a and the common multiplier or com. The in\ 
mon ratio r of a geometric series be given, the series correspond- common 
ing may he immediately formed and written down to any extent, " 
as follows: 

(1) (»l Vn (♦) Ifi) |6> (71 MrLesVii 

« + or + nr* + flr° + ar* + ar" + a r" + &c, given, tht 

If we place the numbers 1, 2, 3, 4, 5, 6, &c, above the ^gj'^'l,', 
several terms, to designate their positions in the series, we orden. 
shall readily see that the index of the power of r which is 
involved in each term, will be less by unity than the number 
which denominates the position of the term: thus the €"* 
term is or", the 7* term at*, and the »*" term will be ar^^: 
a aeries of » terms therefore may be represented, in con- 
formity with the principles of notation explained and exem- 
plified in Art. 421, by 

a 4- ar 4- or^' : 

to be in arithmaic proportimi, when the difierence of the first and Becond was 
equal to the difference of tbe tbird and lourtli : whilst four numben were in 
gpometiiG proportion, when the quotient of the Jirst divided by the second waa 
equal to thequotieLt of the third divided by the fonitb, oc when they satisfied the 
conditions of the common neometric definilion of proportion: again, three numbeiB 
weie caid to be in contimttd artltnKlic proportion, when the difference of the first 
and second was equal to the diSerence of the second and third : and a conti- 
nued series of numben in continDed arithmetical proportion, cooslituted an 
arilhmttical prBgration, in the Same manner that a continued series of nnmbera 
in continued geometric proportion constituted a geamitTic ^Bgraiini. 
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For the two first terms of the series, its character being knoinix 
will furnish us with a and with r, and will therefore enable 
us to form the succeeding terms of the series, and the last 
term will shew the extent to which the series is carried. 

429- An abbreviated expression for the sum of n terms 
if of a geometric series may be found in the following manner: 
calling its sum or the result of the aggregation of all its 
terms t, we put 

» = o + <ir+ o»--' (1), 

and multiplying both sides of this equation by r, we get 
rt = ar + ar*+ oi*"' + or"...(8). 

The sum of n terms of the series (I) will be greater or 
less than the sum of n terms of the series (3), according as 
r is greater or less than 1 : in the first case, we subtract tlw 
series (S) from the series (1), and we thus get 



or (r-l),.o(^-I), 



,.(3): 



and in the second case, we subtract the series {i) ttom the 
series (1), which gives us 



or *=— i i._ 



,.(*).t 



^^ple« 430. The formula 

of tlie sum- 

mwionof ,_ g(^-l ) ,,, 

geometric * - ~r-i ^ J' 

and ^ = ^1^ (*), 



* For if we subUsct the two Miiea from each other, tarm by lenn, the 
Bret teim (a) of the Gnt Mries (1) and the last term (af) of the last uiiu (3) 
will alone lemaia, all the others being common to both <ena, and Iberafore 
(lieappeariDg by the Eubtiaction of one eeries from the otbei. 

f In Symbolical Algebra, the second of these Tormuls ii deducible Tram tb« 
iinl and conversely. 
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are iromediately applicable to the mmmatifHi of getonetric xeries : 
for if sudi a series 

a + ar + ar* -i- &C. 
be ^ven, the first term is a, and we divide the second term 
by the first in order to find r: ire then replace a, r and n 
in the formulEe (3) or (4) by their proper numerical values, 
and thus determine the value of t. 

Tile following are examples: 

(1) To find the sum of 10 terms oS the series 

i+s + a' + a"*... 

In this case a=\, r=:2 and n = 10: therefore, by formula (3), 

(2) To find the sum of 12 terms of the series 

S4-6-t-]8-t-54+&c. 

In this case a-=Z, '' = z~^ ^"^^ n = Ifi : consequently, by 
formula (S), 

= 531440. 
(S) To find the sum of 10 terms of the series 



In this case a = I, r = -=- and n = 10 : therefore, by f 
mula (4), 



^ 1023 
" 512 ' 
which differs from twice the first term by ; 
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(4) To find the sum of 14 terms of the series 

In this case a = 4, •■ = 3V4 = I ""^ '« = 14; therefore, by 
the formulft (4), we get 

3 
Ig X 4766585 _ 1&066840 
'^ 4782969 1594323 ' 

Given 431. In the equation, which expresses the sum of a geo- 

ih'*fotf metric series, there are four quantities involved, which are the 
quantities gum of the series (j), the first term (a), the common multi- 
threipn^ plier or ratio (r), the number of terms (n), and any three of 
'^atoi these quantities being given, the fourth may be found by the 
a geometric solution of the equation. The formuhe (3) and (4) furnish the 
TiTditir solution of the equation with respect to t, and no difiScul^ 
fourth, presents itself in the solution of the same equation with re- 
spect to a I but this equation becomes one of n ditnennont 
with respect to r, and is what is called a trantcendenttU equ^ 
don with respect to n, and in neither of these cases is iti 
solution practicable (if n exceeds 2 in the first case), by the 
principles of arithmetical algebra alone : we are reminded, not onl; 
in this case, but in many other parts of the theory both of 
arithmetical and geometrical series and their summation, of the 
limits whidi are opposed to our progress, when deprived tit 
the aid of the principles of symbolical algebra. 

Quotient 432. If we divide a by 1 - r, the process and its result 

ofo^^vided ^jy jgg„j„e the foUowing form: (Art 87) 

l — T)a{^ + aT + ar' + ar*+ ... 



at* 
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The quotient 



is the geometric seriea whose first term is a and whose coiumon Limit of 
multiplier or ratio is r; and inasmuch as the remainder can gf^^"^. 
never disappear (Art 87), the process, and therefore the series definkie 
whose terms it generates, may be indefinitely continued : and 
inasmuch as the n"* remainder is ar', and therefore grows less 
and less (r being less than l) the greater n is*, it is evident 
th^ the longer the process is 6>ntinued, the more nearly does 
the series produced approximate in value to the true quotient 
of a divided by 1 - r or to the true value of the fraction 

- — — (Arts. l66, l67i 166): it is from these considerations, 

that we are enabled to conclude that is the limit to 

which the sum of the series 



cmitinually approximates more and more nearly, the further it 
is continued, and which it actually equal*, when this series is 
supposed to be continued indefinitely i*. 

It is in this sense that we speak of the sums of inde- 
finite series, meaning in every case the linut to which tlie 
actual aggregate of an assignable number of terms will approxi- 
mate nearer and nearer the greater that number is. (Art l66.) 



•Thu», if r = i. ^=i, ^ = i, ... = j^ ^ » „„: if r = S. 

r" = .ei, r»=.739, r'=.6561, r'" = .3486379401 : and it may be eaalj shewn, 
that if r be lesa thaa 1, a power of r and therefore a value of ur* may be 
alwaya founil, which ia leea ihm any aidgiied nomber hawerei imall. 

t The same lemaA applies to the seriea 



which originates in the diviaian of a hy 1 -H r, and which for the be 
we Diaj coniidir, when iDdefinitalj continued, as equal to the fracti 
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433. (1) Thus the ■urn of the indefinite series 

1 1 

-+ -+ ... 



1 1 1 



= 3, or is equal to twice the first term. 



(S) The sum of the indefinite series 
. 1 i 1 * 

* + = + n + 5S^ + &C- 



(3) The sum of the indefinite series 



4 16 



(4) The sum of the indefinite series 



1 1 



1 5 
6 



(5) The value of. the circulatuig decimal 



■ to 3 1. 



* Manj examples have been pTen in Chap. n. Arti. 162— 16S, of the sum- 
ioD of dicDlaling decimalB, or of tlieic CDii*eiiion into eqtiivalent fractioni 
D principle* precitely tlmilar to tbo*e stated in the tut. 
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434. Numbers, whose reciprocalt form an arithmetical pro- Definition 
greSBion are said to be in karmonical proportion or to form an ben in har- 
hamumical progression : thus the numbers 2, 3 and 6 are in p^™,^. 

harmanical proportion, since their reciprocals -, - and -s form an 

aritkmetical progression: the same is the caae with the numbers 

3, 4 and 6: and also with the numbers i, 5, -^, 10, 20. 

435. The knowledge of the two first terms of such a series ^i**" '!■« 
Will enable us easily to determine all the rest : thus if a and h tenns or 
be the two first terms of such s series, atid if we represent ^^estta 

J J J form the 

the third term by x, then their reciprocals -, r «nd - being other 

in arithmetical progression, we must have 



ab 
ab 



It will follow therefore that the formation of an additional 
term in such a series, whether originally consisting of two or 
of a greater number of terms, will always be possible, when twice 
the Jirst or penultimate term is greater than the second or 
ultimate term: in all other cases, the additional term will be 
either infinite, when 2a = b, or negative, when Sa is less than 
6, and therefore such as cannot be formed without the aid 
of the principles of Symbolical Algebra. 

436. Thus if the two first terms be 4 and 5, the third ^ 
term will be =3 — T^ri~~9'' ^^ second and third terms 

* If'u be greater than b, then 



n,g,t,7.dM,GOOglC 



being 5 and — , die fourth term will be " = -^^ = 10: 

2x5- — 

the third and fourth terms being -j and 10, the fifth term 
= 30: but the series is incapable of being 



SO 



10 



continued iurther, inasmuch as the next or sixth term, would 
be, in conformity with the formula. Art 4S5, 
gOx 10 ^200 
2/ 10-20°° ' 

which ia the symbol, as we shall afterwards see, of an infinite 
number. 



_i harmonic series were given, and if it was required to find 
aeries to "^ expression for the n"' term of the series, we should ob- 
^then* ggrve that the series formed by the inverted terms 

is an arithmetic series (Art 434), whose first term is ~ and 
whose common difference is — t {a being lees than b"), and 



therefore its n*^ term (Art. 420), would be 

i-(-)(M)- 

_ t-(.-i)tt(.-i)» 



For if tba Gnt term of a decieltgiTig aritbaietic series be a' and its CDinintm 
b', ita n*^ tem ia a'-(n-l)b' (Art. 420); and if we replace a' fcr 

— and 6' by - - - , 

* get the expTeasion in the leit. 
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ab 
it follows, therefore, tliat the reciprocal of this expreBsion, or 
at 
(.-l)«-(,-2)J' 
is the expreasion for the n" t«nn of the hanuonic aeries, and 
will continue to be possible as long as(n-l)a is greater than 
(n-3)6. Thus if o be 5 and 6 be 1, the tenth term of the 
corresponding barmonic series, will be 
*x5 30. 

9x5-8 x4~ 13' 
and it is obvious that the harmonic series may be continued 
indefinitely whenever the first term is greater than the second 
and in no other case*. 

438. If there be three terms a, b and c, whicb are in har- Aa hanna- 
monical progression, then ottaerwue 

« I I I defined. 



it will follow, therefore, by resolving this equation into a pro- 
portion, that 

a : c :: b-a : c-b; 

or in other words, i/* ikree uumbert a, b and c be in kartnonic 
proportion, then the first of them mill bear to the third the tame 
ratio, which the difference of the Jirst and second heart to the 
difference of the second and third. This is tbe common definition 
of numbers in harmonic progresu<Hi, by whicb we may very 
easily deduce as a proposition, the property of such numbers, 
(Art 434), whicb we have employed as the foundation of the 
preceding investigations t. 

* li i* not poeiibli to find but 'uaple abbitnialed eipreamaii fbi tbe 
■um of a aeries ol teimg in haimooical pn^EresBion, u in the cage of arilh- 
nieltcal (Art. 422), and geometrical (Art. ^9) series ; inch a sum can only b« 
found by the aggregUion of all ita temu. 

t For if 
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fo"nrelS ^^* ^""y P'oWeiDB may be proposed which are connected 

vith aiiih- with arithmetical^ geometrical and harmonical series and their pro- 
^^^"^ pertieg : thus if two numbers be given, it may hv proposed to 
cal pro- aiiign an intermediate number x, so that the three numbers a, j; 
^'*'*"'"' and b may be in arithmetic, geometric w harmonical ptogression. 
^'gwme- '^'•^ arithmetic mean will be found, by observing that if 

trie meant, a, X and 6 are in arithmetic pragressiou, then 



the arithmetic mean required, and which is equal to half the 
sum of the extremes. 



which IB the piopetly which we haie asaumed, (Art. 434), as defimDg numbers in 
harmonical pn^ieesion. 

The term fiarmonicflJ has bean applied to such numbera, from theii rela- 
tion to those BobdivisionB of the moDochold, nhich furnish harmonic sounds: 
for the nambers of vibiationa of stretched stiingu wilt be inversely as th^ 
lensths, and conaequentl;, if a monochord be divided into lei^ths whose re- 
ciprocals are any as^ned numbers, the numbers of their vibralioDs a.nd there- 
fore the pilcAei of the sounds severally produced b; them, nill be propoitional 
to those numbers : thus, if the lengths of two strings be represented by 1 and 
n , the pitches will be as 1 and 2, and tbe second will be the actaet of the fiist, 
producing a unuan. the most perfect of all concords : if their lengths be repre- 
sented by r and -r the numbers of their vibrations will be as tli$ numbers 2 and 3, 
producing a perfect concord, which ie called '^t fifth : if these lengths be as 

— and — , — and -r , — and -r , — and - , — and — , 
J 44 05 09 55 o 

the corresponding numbers of vibrations will be aa the numbers 3 and 4, 
4 and 6, 5 and 6, 3 and 5, 5 and 8, producing concords wliich are severally 
denominated a fourth, a nujor (Aird, a tniiur third, a major sixth, and a mitwr 
tilth, no prime numbers, higher than 5, enter into the eipression of the ratios 
qf any numbers of vibialions which are found to produce concords in music. 

The succession of numbers which form many harmonic progressions, attraclei^ 
the particular attenlion of the Platonisls in their researches after the mystical and 
other properties of numbers, ^ involving th« numerical ratios which express the 



/ 
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Again, the corresponding geometric mean y between a 
and b will be determined by observing that if a, y and 6 are 
in geometric progression, then 

or y = ab, 
or y = Jab, 
the geometric mean required, and which is equal to the square 
root of the product of the estreraes . 

Lastly, an harmonical mean z between a and b. will be de- 
termined, by observing that 



a z z ^' 
3 1 1 a+6 

and therefore i = r *> 

a + b 
the harmonical mean required. 

moit perfect coDcoids in mugic : thus, the liaitaonic numbera 3, 8 and 6, form the 
'^^"^ 3 ' 6 "^ ^ ' R '"' ? < "lueh eipreaa die jt/(A, the tatlfth, and tbe oe- 
idu, which are (he moat perfect concorde in masic : tbe hannonic numbera 
3, 4. 6 express the ratioa — , ; oi ^, — or —, or the fouith or dtufsiMnni. 

Ji 

of these latioa or — x ^ wai equal to the last. 

If tbe barmoaic mean be longbt for between tbe lenns of the ratio s 
of the funduneutal note to ita oclave, it wiU be fonnd to be ^ , which is [he 
iiattaeTon or fimnh : whilst Ibe coiresponding harmonic mean between the teims of 
the latio, -r, of the fundamental note to its li«I/iA, will be ^, or the fifth: 
these and other properties of harmonic meana made them aa much the ol^ecta 
of a.ttentioii to the Platonic philosophers, UH tbe mystical and other properties 
which they aougbt for and discovered in aiilhmctica) and geometrical means. 

■ Thus, an arithmetic mean between 4 and 16 is ~ — or 10: a geometric 
mean between tbe same numbera ia V4 x Iti = V64 — 8 : whilst the cortes- 
ponding barmoQlcal mean is — ? — n^— "= '^ ~ ^ ■ ^ ' ^^ ^^^ ^ always greater 
than (he second, and (he second than the third, uDlese tbe extremes are equal 
ro each other. 
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BepreMQ- 440, If it be required to represent three or four unknovn 
tanonof , ,., ?,. . ... . 

unknown numben wbich are m arithmetic progresuon, it is very on^i 

Tn'iuiilime- (^^venient to denote the mean term in the first case by x and 

ticand the two extremes bjr x—y and x+y, and in the second case, 

progiea- ^ denote the two mean terms by x—y and x+y, and the two 

*"">■ extremes by * - 3j and i + 3y ; the common difference in the first 

case being denoted by y and in the second by Sjr- Thus, in the 

solution of the following problem, " to find a number of three 

digits, forming a decreawig arithmetic series, whose sum is 12, 

and the sum of whose squares is 56," we represent the three 

digits by »+j, x and *-y respectively, and immediately form 

tb^ equations 

(«+,) + . + (*-,). IS (1) 

(x4-j)--n'+(.-j)--56 (S). 

The first equation becomes, 

3r=l8, or * = 4: 
and the second equation it 

x' + ixi/ +y + «■ + a' - ixy + y' = 56, 

or ay + sy^se, 

which becomes, by replacing z by 4, 
48 + ay = 56, 
or ay = 8, 

or y = 4, 

or y = 3. 

The digits are therefore 6, 4 and 2 and the number is 64>S *. 

Again, if it was required " to find four numbers in arithmetic 
pr<^ression whose sum is equal to 32, and the product of whose 
extremes is less than the product of their means by 18," we 



r + i-i/ + i-2jM:ia (1), 

**+ (* - yy+ (' - 2s)'= 56 (2), 

vrluch would not admit of an equally umple ulotion witli thoie which aie giTW 
in the text. 
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should represent the numbers by x-Sy, x-y, 
x + Sy respectiTely, and thence tbnn the equstioDa 

» - Sjf + « - y + « + y +■ « + Sj* = 22,1 
{x +y){x-3)-(x+Sy){x -Sy)^n,] 

or 4* = 22j or x = — . 

or ay = 18, 



we thus find x-Sy~ 



and « + 3v = -T-+ ^=10. 
•' 2 8 

whidi are the numbers required*. 

In a similar mamier we ma; represent three unknown num- 
bers in geometric progression by -, x and x y, the mean term 

being x and the common ratio or multiplier y : thus if it was 
. proposed " to find three numbers in geometric progressi<m 
whose aimi is IS, and the product of whose extremes is equal 

to g," we should denote them by -, * and xy respectively, 
and then form the equations 



* If the first of these numben had been denoted bj c and their comoiOD 
diflereacs b; y, we should have got the equations 

t + i + y + » + 2y + H-3y=23, 
«(. + 3!,)-(x + y)(. + 2j,)-18, 
which aie not eqnallT nmple with tho*e gtren in the text. 



n,g,t,7.dM,GOOglC 



We thus at once get i = 3, and replacing x by S in the first 
equation, we find 

- + S + Sy=13, 






. 12^- 



25 _ lOy 



y'-h 



S 4 



It is obvious that g = S, ai i/ = - will equally answer the 
conditions of the problem, and that the numbers are I, 3 and 9. 
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CHAPTER VII. 



THEORY OF COMBINATIONS AND PEBHVTATIONS. 

441. The different orders, in which any quantities or letters Permuti- 
vhich represent them, may be arranged, are called their Per- fined. 
mutations. Thus the permutations of the two things or letters 

a and b, taken both together, are ab and ba, a occupying 
the first place in one and b in the other; the permutationa 
of the three things or letters a, b and c, taken all together, are 
abc, acb, bac, bca, cab and cba: whilst the permutations 
of the same three letters, when taken two and two together 
only, are ab, ba, ac, ca, be and cb. 

In thus expressing the permutations of aft orof aft c, by writing 
the letters which form them consecutively as Jn the operatian 
of multiplication, we designate their order of succession only, 
and not the products which are usually denoted by symbols 
placed in this manner without the interposition of any signs 
between them. 

442. In investigating the expressions for the numbers of per- Great coo- 
mutations of « different things, when taken two and two, three ^ genend 
and three, four and foiir, ... r and r together, it will be found to iavestin- 
be extremely convenient to denote them by the same letter a emplojing 
with different and successive subscript numbers, such as o„ a,, [''.L'""*.!. 
°>> Oi> i,,...a., where the numbers subscribed will not only subscript 
serve to distinguish the different symbols (and therefore the "''"''^''' 
things which they represent) irom each other, but will deter- 
mine likewise their order of succession in the series. 



443. We shall now proceed to determine the expressions Numfaeiaf 
for the number of permutatiom of n different things or letters, §0™^^,^ 
when taken one and one, two and two, three and three, thiogB. 
. . . r and r together, when r ia any whole nnmber less than n. 
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Tslenae- The number of permutations of « letters or things taken 

one b; separately, or one by one, is evidently equal to the number 
""=■ of letters or to ». 

Two aod "Yhe number of permutations of n things taken two and 

ther, two together, is n(»— l). 

For % may be placed successively before a„ a,, ...a,, and 
thus form (n— 1} permutations taken two and two together: a, 
may be placed successively before Oi, a,, a,,. ..a,, and thus form 
(n - I) permutations two and two together, which are different 
from the former: and the same thing may be equally done with 
Hi, a,,., .a,, and there will therefore be (»— l) permutations two 
and two together corresponding to the successive series of per- 
mutations headed by each letter, which are different from each 
other and from all the others: it will follow therefore that the 
whole number of such permutations will be n times the number 
(ff — 1) of them comprehended in each series, and will conse- 
quently be equal to n{»— 1). 
Three and 444. The number of permutations of n things taken three 

^Ihe,.' and three together, ia equal to «(n-l)(n — 2). 

For o, may be placed successively before the (s — l)(n — 8) 
permutations two and two*, which can be formed by the » — 1 
letters a,, a,,. . .a,, thus making (n — l)(n — S) permutations three 
and three together, in each of which a, occupies the first place : 
and it is obvious that the same thing may be done with all the 
other letters a,, a„. . .a., forming, with those first formed, alto- 
gether « times (n~l)(« -2) permutations or n(n- l)(»i-2) per- 
mutations taken three and three together. 
Four and 445_ By ^ similar process, we should be able to shew that 

ther. the number of permutations of n things, taken four and four 

together, would be expressed by the formula 

»(»-l)(»-8)(.^3), 
where there are as many factors (which are the natural num- 
bers descending from n) as there are letters in each permutation. 

* For the numbei of peirautationa of n letters ia equal to n (n ~ I), or 
if expressed in words, it ia equal lo the product of thi niunicr ef kttcra and ^ Ihil 
number dininuAnJ by unity : \( therefore the number of leltera be n ~ 1 initead 
of n, this number diminiahed by unity will be n-2, and their product will b« 
(11- i) (n-2), which i> therefore the eipresaion for the numb 
of (n ~ 1) Ittten taken two and two togeihtr. 
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446. I^et u§ now suppose tbat the same law prevails in Ifthalaw 

I ■ n 1 ■ n ■ n . . Offomii- 

the expression of the number of permutatious of n things tion of tht 

taken (*"— 1) and (r— 1) together, whidi would therefore be fyi^""' 

, , , „, _ number of 

n(f,-l)...C«-r + 2)V perm«u. 

tiDosba 

it may be easily [»-oved that it must prevail likewise for the true for 

expression of the number of permutations of r things taken letien in 

r and r together, which will be therefore * ttSo"^' 

nC«-l)...(n-r + 2){n-r+l). I'kS 

For a, may b« placed successively before each permutation number of 
HI 11. ■.•\i o- permnla- 

of (r— 1) of the (n— 1) letters o,, a,,., .a,, tormmg tiom 

permutations, in each of which a^ will occupy the first place; tioa. 
and it is obvious that the same thing may be equally done with 
all the other letters a,, a„. . .a,, forming, with those first formed, 
altogether n times as many permutations as those in which a, 
occupies the first place or it times («- l)(n — 2), . .(n — r + 1) 
permutations, whidi is equal to 

«(it-l)Cn-2)...tn-r + l> 

It is thus proved that if the assumed law for the fimnation 
of the expresdon for the number of permutations of n things 
be true when they are taken r — 1 and r — 1 ti^ether, that it 
is necessarily true likewise for the next superior number, or 
when they are taken r and r together : but we have proved this 
law to prevail in the expressions for the number of permuta- 
tions of n things taken two and two, three and three together : it 
is dierefore true, by the theorem just demonstrated, when they 



' For the number BubtioGted from n in each term of the dMcending series 
of natUTBl Qumben, n, n -1, n - 3, &c. is U« b; unit; than the number which 
denominates the puiiioii of the term, and therefore in the last or (r - l)"^ tens 
it ia r - 2, and the term itself ii n - r + 2. 

t For if the number of permutationi of n thingi taken (r - 1) and (r — 1) 
together be expressed by 

»(»-l) (n-r + 2), 

it will be merely necessary to replace n by n - i in this expres^n, in order 
to get the corresponding number of permutations of (n-1) thing* taken (r - 1) 
aad <r- 1) together: auch is the eiprtanon given in the text. 
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■re taken four and four together : and if true when they are tak«i 
four and four together, it is true likewise when they are t&keb 
five and five together, and so on succeaaively for any number of 
them, not greater than n, which may be taken together. 

Biatepjent 44^, yf^ j^^g given the demonstration of the general 

principle of formula in the last Article, with great detail, not merely on 
tive'Suc- account of the importance of the formula it*elf, but as pre- 
lion. senting a very complete example of the application of the 

principle of dernontlralive induction in mathematical reason- 
ing and which we shall have very frequently occasion to 
employ. The principle itself may be stated generally as follows. 
A law or formula is proved to be true for two or more suc- 
cessive numbers, which present such a connection with each 
other, as to authorize the hypothetical assumption of its truth 
for ail numbers whatsoever: we then convert our hypatken* 
into a proof, by demonstrating that if the law be true for 
any assigned number whatsoever, such as r- 1, it is necettarUy 
true for the next superior number r: we are thus enabled to 
connect the particular cases which we have demonstrated, as 
the foundation of our assumption, step by step, with all those 
which follow, until we have ascended to the general formula, 
where the number, whose different and successive values are 
considered, is denoted by a general symboL 

piBatent 443, We have denominated this principle of reasoning, 

inductive which is quite complete and satis&ctory, demontlrative induc- 
reaBOQing. ^^^^^ ^ distinguish it from that less conclusive and less certain 
species of induction which prevaile in physical and other sciences, 
by which facts may be classified and general laws may be 
suspected, though not demonstrated, to prevail : in such cases 
we can rarely indicate the dependence of the particular facts 
upon each other, and much less demonstrate that the existence 
or truth of the law for any cok whatsoever which may bt 
Oiligned will determine its existence or truth for the case 
which immediately succeeds to it, and consequently for all 
cases whatever which can be proposed; unless this relation of 
dep^ideuce of alt successive cases can be shewn to exists or 
unless it can be shewn to be independent of their position in 
a series of them, generalizations which are formed by induction 
should be considered as hypotheses only, which must await 
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the confirmation of maee complete investigations, or which must 
be established by the tiid of other principles of reasoning*. 

449. We shall now proceed to examine some of the cwi- 
sequences deducible from the formnla demonstrated in Art MA. 

If we suppose r = », or if we suppose that each permulaHon Number 
comprehend* aO the n ktteri a^ Of-a,, the formula under uiioneof" 
consideradon will become Sik'"°^l 

«(b_1) 2k 1, tojelher. 

or, if written in a contrary order, 

■■<2 (— I)". 

which is the product of all the natural numbers as far as »: 
the following are examples of its application. 

(I) Required the number of changes which con be rung Eiuuplw. 
upon S bells. 

This number, which is equal to all the variations in tlidr order 
of succesuon, in which the 8 bells can be sounded, is equal to 
1 xSxSxix 5x6x7x8 = 40880. 

(3) What is the number of different arrangements whidi 
can be made of 12 persons at a dinner table? 

This number = I x2x IS =479001600. 

450. A case which frequently presents itself for considera- Number 
. . . or Dennu- 

tion, IS the determination of the number of permutations of n waom 
things, when any assigned number of them become identical ^j^t " 

with each other, or when different classes of them become so. clanes of 

letlen.be- 

Thus, let it be reqitired to find an expression for the number of ^^ 
permutations of n things, r of which are identical with each other. 

' Fermat iiuert«d ihat Ibe formula 2* + 1 is nlwajs a prime number, and 
the examiuetion of «verT cue Erom n <= 1 to n ^ 31, would app«»r to confirm 
the truth of ihia conclusion: but Eulcr shewed however that V + l wm a 
compoule number. Again, tbe formula 

i' + i + 4l. 
gives prime nombeis for all valnea of i from 1 to 39; it would be a fulse 
induction to conclude from thence, that the same formula would give prims 
numbers in all cases, for it obviously faila to do so, when i = 40 or x = 41 : 
such examples, of the danger of making erroneous inductions, tre verj comraon 
in tbe theorr of nomben. 
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The ezpreMi<m for the number of permutations of n things 
taken all together, supposing them all different froni each otha 
(Art **9) it 

«(«-!). -.2. 1; 

if r of these quantities become identical, the permutations which 
arise from their interchange with eadi other, or from their par- 
ticular permutations, which are l,2...r in number, Jbr anj 
aitigned ponlion of the other Letters, are reduced to one: the 
number of permutations, therefore, when all the letters are 
different from each other, is 1,9. ..r times as great as whra 
r of them become identical; or in other words, 

"("-O-.-a-i 

1.2 ... r ' 
is the expression for the number of permutations under the 
drnmistances supposed. 

If, in addition to r quantities which become identica), there 
are * others, which though different from the former, are still 
identical with each other, then there are 1.2...4 permutations 
corresponding to their interchange with each other, which are 
reduced to one, for any given position of the other quantities: 
the expression for ttie number of permutations, under these cir- 
cumstances, becomes 

"("-O-.-a-i 

1.2...rxl.2...*" 

The same reasoning may obviously be applied equally to any 
number of classes of letters or things, which become identical wiUi 
each other, and consequently if, of n quantities, r, are of one kind, 
r, of another, r^ of a third, and so on, as far as r„ of the m*'' class, 
then their whole number of the permutations will be expressed by 

"("-l) 2-1 

1.2...r, xl.2...r, xl.2...r, X ... X I.2..r.* 

451. It may be useful to illustrate these fcvmula^ by a few 
examples. 

(1) To find the number of permutations (p) of the lett»s 
in the word Algebra. 

In this case n = 7, and the letter a appears twice : consequentlj 
„_Ll6,.5-*-3.2.1 „„„ 
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(S) To find the number of permutatiimi of the letters in 
the word perteoerance. 

In this case n — IS, and the letter e appears four times, and 
r twice: therefore 



'^ 1.8.8.4 V 1.2 

(8) To find the number of permutations of the letters of the 
product a'b^i^ written at full length. 

In this case n = 10, and the letter a appears three times, b 
five times, and c ttvice; therefore the number of permutations (p) 

^10.9.8.7.6.g.4-3.g.l^ 
l.a.Sx J.2.S.4.5 X 1.2 

(4) To find the number of permutations of the letters in 
the expressitms o""'6, if^lf, a'^b', and a''"b' respectively; 
•>(.m-l).. 



(p)ii,«"6. 



..(«-!)- 



^^ 1.2k 1.2...(»i-8) 1.2 ' 

striking out the (m-s) last factors, from the numerator and 
denominator, which are severally identical with each other; 
_ »(..-l)(..-2)(e.-3)...2.1 









1. 


2.3x 


1.2.. .(™. 


-3) 








m 


(™- 


!)(»- 


-2) 










1 


.2.3 






(pj 


ma"b' 


n(n- 


-1). 


..(»- 


r + l)(»- 


-r).. 


.2.1 




1.2 




1. !...(» 


-') 








m(m- 


-Jh 


..(™- 


r + l) 







striking out the (w - r) lost factors of the numerator and de- 
nominator. 

These expressions are remarkable, inasmuch as they will be 
found to be severally the expressions for the number of amtbi- 
nalions of n things, taken one and one, ttvo and iteo, three and 
three, and r and r together. 
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CciinbiBi-_ 453. Bj the eambinaiioiu of different letters or qiumtities, 
g,^'^.^ ^ we meui the different collections which can be made of any 

asaigned number of them, without reference to the order of 

their arrangement. 

Thut, ab, ac and he are the only different combinationa of 
the three letters a, h, c, taken two and two together, which form 
fix different permutations: diete is only one combination of the 
same three letters, taken aU together, though they form lix 
different pennutatiDDS, (Art 441). 
Number of 453, We shall now proceed to determine the number of 
tiooB. combinations of n things, taken r and r blether, where r is 

less than n. 

The number of combinations of n things, taken separately 
or one and one together, is clearly n. 

T&ken two The number of combinations of n things, taken two and 
and two / ,\ 

»°«"t^- two toirether. is \^' - 



two together, 

Fca- the number of permutations of n things, taKen two and 
two together, is«(n — 1), (Art. 4*3); and there are two permuta- 
tions (fib, ba) corresponding to one combination : the number of 
combinations will be found, therefore, by dividing the number 
of permutations by 2 or by 1 .2. 

Three and 454 The number of combinations of n thinin, taken three 

««^- and three together, is "V"^^^":^^ • 

For the number of permutations of n things, taken three and 
three together, is n(B-l)((i-2), (Art. 444), and there are 
1 . 2 . S permutations for one combination of three tMngs ; the 
number of combinations will be therefore found by dividing the 
number <^ permutations by 1.2.3. 

Taken r 455. The number of combinations of n things, taken r and 

For the number of permutations of n things, taken r and 
T together, is »(»- l).,..(«-r + l); and there are 1.8. ..r 
permutations corresponding to each conibinati<ai of r thingH: 
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the immber of combinations <tf m things, therefore, taken r and 
r together, wil] be found by dividing the number of their 

corresponding permutationa by 1.3...r. 

456. There are some properties of these expressions which 
are attmded with very important consequences and which we 
shall now proceed to point out. 

In the first place, the number of combinations of n things. The num- 
talien r and r together, is the same as the number of combi- binatioiig trf 
nations of n things, taken n~r and n^r together. " k^'^'and 

For the number of combinations of n things, taken r and r the same a^ 

togoher, i. ;'_';a» 

";:»":::::'";"" <-)■ --"' 

The number of combinations of n things, taken n — r and 
»- r together, will be expressed by putting n — r in the place 
of r in the preceding expression (a), when the last term of its 
numerator becomes » - (» - r) + 1 or r + I, the last term of the 
denominator n-r, and the expression itself 

-(1-1) ('■^1) 

1-2 C"-') ■ 

The same expression {0), somewhat differently written, though 
identical in signification, is 

«(.^l)....(.-r-H)(ii-r)....(f-H) . 
1.8 .... r . (r + l)....(»-r)' 
where the last terms of the numerator and denominator of (a), 
and the first and last additional terms introduced into the nu- 
merator and denominator of (a) in order to obtain (fi"), are written 
down: we thus see that all those additional terms are common 
both to the numerator and denominator, and that consequ^tJy 
the first expression (a) is equal to the second (0): or, in other 
words, the number of combinations of n things, taken r and r 
together, is equal to the number of combinations of n things, 
taken (n — r) and (n — r) together. 

457- The same conclusion may be otherwise and ' more S 
simply obtained as follows: if we take the n quantities a„a„...a„ 
and form any one combination of r of these quantities, those 
a « 



■ 0)- 
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Supple- which remain will form a correapondiDg and sujiplemadary com- 
^nabiol- bination of (n — r) quantities : it followB, therefore, that no com- 
tiaDs. bination can exist without its tupplement, and that consequently 

they must be equal in nomber. 
GreBiesi 458. if we further consider the expression (a) for the number 

combina- of combinations of n things taken r and r together, and examine 
''"°*odd' '** successive values for successive valuesofr.it will obviously con- 
tinue to increase, until the additional term successively introduced 
into the numerator becomes equal to or less than the correBpondin|; 
additional term introduced into tfae denominator: now the r"* term 
of the numerator is n — r + I, and the corresponding term in the 
denominator is r: if these be equal to each other, we have 

« — r + 1 = r, and consequently r = — — : and since r is neces- 
sarily a whole number, n must, in this case, be necessarily an 
odd number: there is, therefore, in this case, the same number, 
and also the greatest number, of combinations, when they are 

taken — — together and ~ — together, such combinations being 
supplementary to each other. 
When n is If n be an even number, the greatest number of combina^ 

tions takes place when they are taken - together; for in this 
case, n— r + 1 becomes n — - + 1 or--t-l, which is greater than 
the corresponding value of r or -; whilst the next succeeding 
value of « - r + ] , which is 5 , is less than the corresponding value 
of r, or of the last term of the denominator, which is 5 + 1- 

The theory 4fi9. There are few subjects which admit of more varied 

intimately or instructive illustrations than the Theory of Combinations: 

withihe^'' ^°^ ^^'^^ problems, for the most part, resolve themselves, with 

theory of very slight preparatory adaptation, into problems, for the calcu- 

tions. lation of chances and probabilities, and consequently almost 

immediately spring &om them. It is for this reason that we 

shall devote the remaining Articles of this Chapter to such a 

statement of the first principles of the Doctrine of Chances, 

as may be requisite to shew its connection with the Theory 



r\ 
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of CombinatiDns, and as may enable a student to solve a very 
extensive class of questions, which are intimately connected with 
the ordinary business of life, 

460. The term chance, in popular language, has various Popular 
meanings attached to it, whether primitive or derived^ though of the word 
it is not always very easy, nor in this instance very important, '^''^'«- 
to distinguish one from the other; it sometimes means an event, 

whose occurrence is uncertain, whether under the influence or 
not, of determined or determinable laws: on other occasions, 
it is used to express the cause which influences the happening 
of an event: and sometimes it is used as the expression of 
our opinion of the intensity of the cause which determines or 
influences a possible event, whether it be according to expect- 
ation or the contrary. 

461. It is in this latter sense that it approaches most nearly I* ma'he- 

... . . ■ ■ , matical 

to Its mathematical meanmg, where it is used as synonymous meaning. 
with probahility; and the chance of the happening, or the jiro- 
babiUty of the happening, of an event or its contrary, is measured, 
and therefore defined, by the ratio which exists between the 
number of events which must happen, or of cases which must 
exist, and the whole number of events which both must and 
mail happen, or of cases which both must and may exist, and 
which are all of them similarly circumstanced. 

462. This ratio may be expressed by means of a fraction, ^?^^„ 
whose numerator is the number of favourable events or cases, it. 

and whose denominator is the number of all the events or eases, 
whether favourable or unfavourable : for all ratios are expressed 
and measured by means of fractions, whose numerators are the 
antecedents and whose denominators are the consequents of the 
ratios. Art. 263. 

Thus, if a expresses the number of favourable events or 
cases, and b the niunber of those which are unfavourable, the 
chance of the favourable event or of the required case existing, 
is expressed by 



whilst the chance of an un&vourable event or of the required 
case not existing, is expressed by 

b 
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463. From such a mode of repreeentfttion, it will follow 
that certaitttif, which supposes all the eventa or cases favour- 
able, in the first case, when 6 = 0, or all of them tuifavourable, 
in the second case, when a — 0, will be expressed by 1 : the 
ratio, therefore, of the chance to certainty, or of the degree oi 
probability (as it is sometimes expressed) to certainty, will be 
the ratio which the fraction, by which it is denoted, bears to 
unity, or the ratio of its numerator to its denominator. 

464. The ratio of the chance of success to that of failure, 
or the ratio of the oddi Jbr or against, as expressed in popular 
language, will be that of a to A, or of A to a, which are the 
numerators of the fractions by which the respective chances 
are denoted. 

465. Chances generally may be separated into two great 
classes, as abtolute and moral: the first are those, where the 
numerator and denominator of the fractions by which they are 
expressed, admit of absolute determination : the second are those, 
where the numerator and denominator, one or both of them, 
admit not of absolute determination, but are inferred, approxi- 
mately at least, from experiment or observation: the cerlamliet 
also, in which these different classes of chances may be said to 
terminate, as the limit of their different values, may be distin- 
guished &oni each other, in a similar manner, as absolMte and moroL 

466. The chances considered in the following problems, 
belong chiefly to the first of these classes, and their deter- 
mination requires no principle which is foreign to the theMy 
of combinations: in most cases, however, moral chances are 
convertible, as far as their estimation is concerned, into ab- 
solute chances; and a few examples will be given, in order 
to shew the nature of the reasoning which is employed for 
this purpose. 

The following are examples of the representation of simple 
chances : 

(1) To find the chance of throwing an ace with a single die. 

There is only one face, which can be uppermost, or there 
is only one throw, the occurrence of which is favourable, though 
there are six which are equally likely to be so, five of which 
are necessarily unfavourable : the chance, therefore, that this 
face is the ace, is ^ . 
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(2) The chance that this face is not the ace, is ^: for there Of not 

throwing 

are five out of six equally possible cases, which are iavourable ^^ ^*' 
to this hypothecs. 

(3) The chance that {he face thrown is either an ace or a Ofthrow- 

g J inganace 

deuce, is = or -: for there are here two favoiu-abte cases out of "'"e'"^ 

six which are equally likely to happen : the chance of failure, 

or that it is neithCT an ace nor a deuce, is ^ or -. 



(4) If the die had been a regular tetrahedron, whose pfihrow- 

faces were marked with the numbers 1, 2, 8, 4, the chance ^^"^J^ 

... 1 trahedial 

oi Its resting upon an ace would be - ; the chance of its not die. 

doing BO, would be -. 

(5) The chance of drawing the ace of spades from a pack Ofdmwing 

of 52 cards, is — : the chance of drawing any one of the four ^^'f„m 
"^ a pack of 

aces, is — or —: for there are four favourable eases out of 

fif^-two which are both favourable and unfavourable, and all 
of them are equally likely to happen. 

(6) The chance that the 14th of November of any year Thai a 

I giveoday 

not assigned, fells upon a Friday, is -: for this is one of'''^*SJK*° 

seven successive days, one of which, and one only, must be ^ven is a 
a Friday: and it cannot fall upon a determinate day, since ^"Ji|g'''''L 
neither 365 nor 366 are multiples of 7, and therefore different 
and successive years begin upon different days of the week. 

(7) If 14 white and 6 black balls be thrown into an ordnnring 
urn, the chance of drawing a white ball out of it, at one ablack^l 

] 4 . ffom an uni 

trial, is ;-- : the chance of failing, or of drawing a black eontaining 
20 a given 

f: number of 

ball, is -^. l"«li- 

20 
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Chancra^ 467. In the preceding and in all other cases, the chances 
fvluieanp- of success and failure of the same event are supplemental to 
to™h ^*^ other, their sum being equal to 1, which is the measure 
other, and representative of certaitUtf : the knowledge of one, therefore, 

necessarily determines the other. 

Compound 468, The following examples of Compound Chances are 
introductory to the first elements of their general theory, 
which win follow. 

Chanceot (i) To find the chance of throwing an ace, twice in 

throwing . -.1. ■ 1 T 

an ace succession, with a single die. 

twice with 

one die. There are six cases, which are equally likely to occur at 

the first throw, and the same number at the second: these 
may be combined or permuted together in 6^6 or 36 dif- 
ferent ways, which are equally likely to happen, and only one 

of them is favourable: the chance is, therefore, ^. 

With two (gj The chance of throwing trvo aces at one contempora- 

neous throw with two dice, is equally -^: for the succession. 

of time makes no difference whatever in the number of favour- 
able and unfavourable permutations. 

or throw- (S) The chance of throwing an ace at the first throw, 

ing an ace 

wd deuce. ^^^ ^ j^^^^ g^ ^-^^ second, is also ^-. for there is only one 

&v6urable permutation out of 36. 

(4) The chance of throwing an ace at one throw, and a 
deuce at the other, mithoul reference io their order of succession, 

is — : for in this case there are two permutations forming 

one combination (l, 2 and 2, 1), which are favourable to the 
hypothesis made, and two onlgf out of the whole 36. 

PropoaitioQ 469. The chance of an event contingent upon other events, 
^^^„^ is the continued product of the chances of the separate events. 

Let the several chances be 
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where a,, a,, a,,... a. represent the numbers of cases which 
are favourable, and b,, £,, b,,.. .h, the nnmbera of cases which 
are unfavourable, to the particular hypothesis made in each 
separate event, whether of success or failure. 

We will consider, in the first instance, the chance which For two 
is dependent upon the two separate chances 



Every case in a, + b, may be combined with every case 
in «! + b,, and thus form (a, 4- b,) (a, -i- 6,) combinations of 
cases, whiti are equally likely to happen. 

The favourable cases in the first (oi) may be combined 

severally with the fevourable cases in the second (a,), and 

thus form a,a, combinations of cases favourable to the com- 
pound event 

The compound chance is denoted, therefore, by 

(., + 6,)(». + S,)- 
which is the product of the separate chances. 

Let us now pass to the consideration of the chance of the For three 
event contingent upon three other events, whose respective 
chances are 

a, + b,' a, + b,' a, + b,' 

The several combinations of all the cases in the two first 
chances, which are, by the last case, (a, +ii)(fl, + fi,) in num- 
ber, may be severally combined with the a, + fi, different cases, 
both favourable and unfavourable, of the third chance, and 
thus form (a, + 6i)(a, -i- h,)(a, + 5,) combinations which are equally 
likely to happen. 

The favourable cases in the two first chances, which are 
a,a, in number, may be combined severally with the Uj &vour- 
able cases of the third chance, and thus form a,a,a, cases which 
are favourable to the compound event 
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The chance, therefore, of the compound event, is 



which is the product of the simple chances. 
Fof anr If we now consider any number (n) 






and assume the law expressed in the enunciadon of the pro- 
position as true for (n — 1) of them, it may be proved to be 
true for » of them (Art. 446) : for the chance of the event 
contingent up<m the (n — l) first events being 



(.,*6,K,. + S,)... (.„ + *„)• 
all the combinations of favourable and unfavourable cases in 
its denominator, may be severally combined with the a, + fi. 
favourable and unfiivourable cases in the tt"^ chance, and thus 
produce 

(o, + J,)(«, + S,)...(,l + S.) 
favourable and unfavourable cases, for the compound eveat, 
which are equally likely to happen. 

In a similar manner the (i,a,...a^i favourable cases of die 
first (n — l) chances, may be severally combined with the o. 
favourable cases of the n*'' chance, and thus produce a,a,...o, 
favourable cases for the compound event, which are equally 
likely to happen: the compound chance is, therefore, denoted 
by 



(», + 4,)(«, + 6,)...{.. + S.)- 
which is the product of all the simple chances. 

It follows, therefore, that the law which has been proved 
to be true for two and three chances, is necessarily true for 
four, five, and so on, as far as any number of separate chances 
whatever. (Art 447-) 

This is a most important proposition in the Doctrine of Chances, 
and makes the calculation of the chance of any conipound event 
dependent upon the separate and simple chances of the several 
events, in their assigned order, upon which it is dependent. 
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Before we proceed to the consideration of wme other im- 
portant propositions which are intimately omnected with it, 
we will illustrate its application by a few examples. 

470. To find the chance of throwing an ace in the first Chance of 
only ot two successive throws. an &ce m 

the first 

The first simple chance is -z- mccewTe 

'> thnxn. 

The second simple chance is ^: for an ace must not be 

thrown the second time, and there are five favourable* cases 
for its failure. 

The compound chance is therefore, 2 " z = i^ ■ 

471. What is the chance of drawing the four aces from Jj'f^™'"'^ 
a pack of cards, in four successive trials? acesauc- 

_,, . . , > .4 from a pack 

The first simple chance is -~. ofcarda. 

The second simple chance is — . 

For if an ace be drawn the first time, there remain only 
3 aces and 51 cards. 

The third simple chance is ^> 

For if two aces be drawn the two first times, there remain 
only 2 aces and 50 cards. 

The fourth simple chance is — , 

For if three aces be drawn the three first times, there remain 
only 1 ace and 49 cards. 

The compound chance required is therefore 
4.8.8.1 _ 1 
5S.5I.50.49~a70725' 



* It must be kept in mind, that the fevourable cues 
the particular hypotbealB made for each event 01 trial : it 
throw and aUT athei poinl in the wcond. 
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orinnning 472. What is the chance of winning two games at whist 
of hSlh^ (^ '^^ "^7 other game where there are only two equal chances 
■ for winning or losing) in succession? 

The first simple chance is -. 
The second simple chance is - . 

For the event of the first game does not influence the 
chance of the second. 

The compound chance is, therefore, 

1 11 

2 " 2~4' 
The chance of not winning two games in succession, (which 

is supplemental to the other) is, therefore, ~. 

The odds against winning two games in succession, arc 
8 to 1. 

ig The chance of winning three games in succession is „ , being 

the product of the three simple chances -, - and -. 

* The chance of winning the two first games and losing the 
third, or of winning the first, losing the second and winning 
the third, or of losing the first and winning the second and 

third, is in each case — , inasmuch as the simple chances are 
— , ^ and -, the same as in the first instance. 

The chance of winning two games out of three, without 

reference to their order of succession, is ^, the sum of the 

chances of each separate event, which equally answer the 
conditions of the question. 

't The chance of losing the two first games and winning 
the third, or of losing the first, winning the second and losing 
the third, or of winnihg ttte first and losing the second and 
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third, ia in each cose -, inasmuch as the three simple chances 

11 ,1 

^•■e -, - and -, 

2 2 a 

The chance of losing two gamea in successioD, without 

reference to th^ir order of succession, ia -, the sum of the 

chancea of the three events, which equally answer the conditions 
of the question. 

The chance of losing three games 

2 *" z 

473. In all cases of successive trials, where the number For re- 
of favourable (a) and unfavourable cases (ft) for each event Eri^i^hj^ 
, the chance of the required event happening jheouni- 
3 expressed by Tourable 

, ,, " vourable 

(a + 6)" ' "»«« ™- 

maiiu the 

For this is the expression for the continued product of each °"°^ 
separate chance j repeated n times. (Art. 469-) 

The chance of the required event happening (n - 1) times 

and failing once, in a specified order, is -j r^: for the (» — 1) 

separate chances of success are expressed severally by ;> 

and the single chance of f^ure is expressed by r ■ 

The chance of the required event happening (n ~ 1) times 
and failing once, tvithout reference to the order of the events, is 

expressed by ^ rr; : for there are n diflerent ways in which 

the conditions of the problem may be equally sadsfied, and 
the chance of its happening in each of these ways is expressed 

by -r j^, and therefore the whole dumce ia expressed by 
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The ch&nce ot the required event happening (n — 2) timet 



and failiDg twice, in a specHied order, is expressed by 



{a -. by- 



for the (« - 2) first chances are severaDy expressed by r 

and the two last by -f, and therefore the ccanpound chance 



is expressed by their continued product, which i 



(prVf- 



The chance oS the required event happening (» — 2) times 
and &iling twice, teillutut reference to their order o^ tuccetfion. 



is expressed by - 



for there are 



'(— ') 



■(«+»)■■ 

fereut combinations of (» - 2) and 2 events (Art. 456), the 
probability of each of which is 7^, and their sum or 

the joint probability is therefore expressed by " ? a -7 rji- 

Generally, the chance of the required event happening (« - r) 
times and fuling r times, in a tpeafied order, is expressed by 

. - Pp ' ^**'' ^^ (""O separate chances of success are repre- 
sented severally by — r and the separate chances of fiiilure 

I^ y, and therefore the compound chance is represented 

by their continued product or by .— ■ ,., . 

The chance ot the required event happening (n — r) times 
and failing r times, wUhout reference to Ikeir order of tucceino*, 
n(,-l)...(^-r+l) 



is expressed by - 



"'(•+*)■■ 



For this condition may be Batisfied by any combination of 



(n — r) and r events, which s 



«(B-l).. .(n-f-t-l) 



(Art 456) 



in number, and each of these combinations of events is equally 
likely to happen: and as the chance of each separate com' 

bination of these events is -j ry, the sum of these chances, 



f\ 
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^/> which ia the chance required to be detennined, will be ex- 

- .. «(..-i)..-(.-r-n) a-y 
(■- p^^iby titi- (JTJ7- 

7;; The chance of the required event happening at kasi (,» — »■) 

times and failing at most r times, without reference to their order 
{^succession, will be BxpresBed by 

,.+„„-.i+iii^^6.+ '■(7')-(-;^') ^-y 

: For the condition of the problem wilt be satisfied by the 

happening of the event n times, or by its happening (n — 1) 
times and failing once, or by its happening (n — 2) times and 
failing twice, and so on, bs far as its happening (n - r) times 
and failing r times, and in every case witk^i reference to their 
order o/* succession ; and consequently the entire chance will be 
expressed by the sum of those separate chances, and therefore 
by the formula we have given above. 

474. The following examples will serve to illustrate the Example. 
application of these formulte. 

(1) In the game of cross and pile {heads and taiW), what 
is the chance that cross will come up three times exactly in 
seven trials? 

In each trial, either cross or pile may equally happen. 

Consequently a = 1, 6 = 1, 11 = 7 and r = 4: the chance, there- 



7. 6. 5.1 «•»• 
l.s.3.«(« + 6)' 


7.6.5 
1.2.3 


.4 

.4' 


1 35 


The chaoce th&t croM will 


come up 


thr. 


Be times at least. 


.. + 7..J + Il|^J.+ I 


.6.5 


*\ 


.6.5.4 

.4.3.4 


(« 


+*y 






I + 7 + 21 + 35 + 35 


99 







(2) In five throws with a single die, to find the chance of 
throwing two aces only in the two last throws. 
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In tMg caw, the order of the sucx^saive evetita is specified : 
and since d = l, 6 = 5, n = 5 and r = S, the chance is 



The chance that an ace ia thrown at least twice in any five 
trials, is 

a' + 5a*b + lOa'b' + lOa'h' 15S6 
{a + by "7776" 

(S) Two person^, A and B, whose skill is in the proportion 
of 4 to 3, play at bowls together: what is the chance that A will 
at least win 6 games out of 7 ? 

By A's skill, in this and other cases, as far at least as the pur- 
poses of calculation are concerned, we mean the ratio of the num- 
ber of cases or events which are favourable to A, to the whole num- 
ber of them, whether favourable or unfavourable: and the relative 
slfill ot A to B would be defined by thf ratio of the numbers 
of cases or events, which were respectively favourable to A and 
to B: if this ratio be constant and invariable, the term skill may 
be used as equivalent to chance for all purposes of calculation : 
if this ratio be not constant, and admits only of determination 
within small limits, its approximate value must be used as if 
it were constant and the moral chance considered equivalent 
to the absolute chance which this approximate value would 
express: in other words, skill in its ultimate application must 
be atsumed to depend upon fixed and invariable causes*. 

" There are not many games of pure skill, and ia most cases (he influence 
of skill compared with thai of chance, can only be calculated from th«r com- 
bined effecU : Ihua the natural chances of a game should enable A to via five 
games out of six : but the influence of superioi skill is found by eiperience to 
enable him to win sii games out of seven : then Ihe Talue of ^'s skill (estimated 

absolutely) is , — ^ = — 75 — ~i5' "' "* ""^'' "* "ould enable him to win 1 
game out of 42, by its influence alone. 

It is not often, however, that such a separation of the effects of chance and 
■kill is uthet required or practicable, as we commonly observe (heir combined 



L 
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These considerations bring the present problem under the 
general formula given above {Art. 473), where o = 4, 6 = 3, n = 7, 
r = 1 : the chance is, therefore. 



(4) There is a lottery, consisting of a great number of 
tickets, where the prizes are to the blanks in the ratio of 1 to 
7 : what is the chance of taking at least three prizes in five trials? 

In this case, we may consider the relation of the prizes to 
the blanks as not sensibly affected by the tickets which are 
drawn, inasmuch as they bear a very small ratio to the whole 
number: in other words, we may consider the problem as one 
of repeated trials, where the simple chances are the same. 

We have, therefore, o = l, fi = T, n = 5 and r = 2, and con- 
sequently the chance 



effect in the results of repealed trials, and foim our estimate accordingly : far 
there exists a popular miuTance, indepeudent of aoy reGoed mathematical rea- 
soDiDg, that the actual results of repeated trials will be proportioaal to the 
Gombiued influence of chance and skill, and the inltniil^ of this assurance ID- 
creases rapidly with the increase of the number of trials. 

Thus, if A should wio from B 40 games out of 70, it would be probable 
that A'i aliill was to B'e as 4 to 3, oi (in case chance was combined with skill) 
that the cases in bvour of A and B respectively were in thai proportion : bat 
if A should nin 400 games out of 700, this ntturancs could be much increased, 
and still more so, if A should win 4000 games oat of TOUO. 

It ia not our present objecl to enquire into the malhematical limits of error 
of such determinatioDS, an investigation of great difficulty, and requiring the appli- 
cation of some of tbe moel reflned artifices of analysis : it is sufficient for na 
to assert, what such inveel^tioDS would establish, that the ratio oF the num- 
bers of events in favour of X or of S, would afpraximate to the ratio of the 
chances in &vour of each. 

In most cases, (he mathematical assurance will increase much more la- 
pidly than the papular assurance : if an ace is thrown 10 times fuccessively 
with a single die, it is eilremely probable that the die is loaded : hut if an ace 
is thrown 20 times succesuvely, the mathematical probability of the truth of this 
bypolhesis is increased id the proportion of 6'° to O*", or as 1 to G046G17G, a 
ratio with which the popular assurance can keep no pace. 
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1+85 + 490 526 



MolUple 475. It frequendy happens, that there are more than two 

where ihe ways in which an event may happen ; thus, if an um contain 

2^'^gj assigned numbers of black, white and red balls, and the chance 

naT of drawing « ball of an assigned colour is required : or, if 

mora Uuui there be more than two players at a game, who have equal or 

two ways, different chances of winning: and similarly for other cases. 

The theory of combinations, which enabled us to represent and to 

estimate all the chances by which assigned events might happen, 

when there were two possible species of events in each simple 

chance, would be found equally serviraable and almost equally 

easy of application, when there are a greater number of them. 

Miscella- 470, fhe following are miscellaneous problems, admitting 

bleiDBilluB- of solution by the aid of the theory of combinations and tliose 
■Snmry of general principles of chances which we have already had oc- 
combioa- casion to make use of. 

(1) In the French lottery there are 9" numbers, 5 of which 
are drawn at a time: what is the chance that two and two 
onbf of five specified numbers will be drawn ? 

The whole number of quinary combinations, which are equally 
likely to be drawn, is 



1.2.3.4.5 



The number of ternary combinations of 85 numbers whtdi 
contain neither of the specified numbers, is 



■m- 



The number of binary combinations of 5 numbers (any of 
which may come up), is 
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The whole number of favourable quinary carabinations is 
85.84.63 5.4 



■{})■■ 

for any one binary combination in (y) may be joined with any 
one ternary combinstion in {;3). 

The chance, or \-(, therefore, is, 

85.84.83 5.4 1.2. 3.4.5 1 . 

1.8.3 " l.a" 90.89.88.87.86~48 "^" y- 

(a) The chance that, two, at least, of five numbers, would 
be drawn, which is the sum of the separate chances that five, 
four, three and two of them will be severally drawn, is, there* 
fore, 



^85 5.4.3.2 85.64 5.4.3 85.84.83 



[.S.3.4.5 



(/3) The chance that two specified numbers will be drawn 
(an amb or bine, in the lottery phrase) is 

85.84.83 1.2.3. 4. 5 1 , 



(7) The three last problems, and all others relating to this 
species of lottery, will be the same, whether we suppose the 
five numbers to be drawn at once or successively one by one. 

For the combinations, upon which the chances depend, will 
be precisely the same in both cases. 

(2) To find the chance, in the game of vfhist, of the dealer 
and his partner having the four honours. 

There are two cases to be considered : first, when the dealer 
turns up an honour: secondly, when he does not turn up an 
honour. 
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In both CM*, the dealer and his partner have 35 cards out 
of the remaining 51, which may be any one of 



(o) 



different combinations. 

The number of these combinadons, which contain the three 
honours, will be the same as the number of combinations of 
48 cards, token S3 and SS together, which is 



48.47 27 



■W- 



If the first supposition be true, the chance of the re m ai n in g 
three hcmours being found with the dealer and bis partner, is 

(/3)^ a5.g4.23 92 
'° (a)~ 51.50.49^833' 

Tbe chance of an honour being turned up by the dealer, 
. 4 

"is- 

The compound chance of these two events is, therefore. 



If an honour is not turned up, which is the second sup- 
position, the chance of the four honours being found with the 
dealer and his partner, i» 

25.34. 23. gg _ g53 
51.56.*9.4«"'4998' 

The chance that an honour is not turned up, or that the 

second supposition is true, is — . 

The compound chance of these two events is 
,253 9 ,.. 

4998 IS *■ '' 

The entire chance, that the deal^ and his partner have tbe 
four honours in one way or the oth^, is, therefore. 
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'■*■ 833 *■ IS* 4998 " IS 
115 2 , 

The chance of the two other partners having the four 
honours, will be found to be t^^i o^ ^ nearly. 

(S) If we draw four cards out of a whole pack, what ia the 
chance that one of them will be a heart, another a diamond, 
the third a club, and the fourth a spade? 

The whole number of quaternary combinations is 
52.51 .50 .4.9 
1.3.3.4 

Every one of the 33 hearts may be combined with every 
one of the IS diamonds, and these binary combinations with 
every one of the IS clubs, and these ternary combinations with 
every one of the 13 spades, and thus form 13 x 13 x 13 x 13 
or 13* quaternary combinations, which are alone favourable to 
the hypothesis made. 

The chance, therefore, is 

52 . 51 . 50. 49 ~ 20825 ~ 19 "*^ ^' 

(4) If an urn contain 36 balls, of which 5 are white, 6 black, 
7 red aqd 8 blue: what is the chance of drawing, when 10 are 
drawn at a time, S white, 3 black and 4 red balls? 

The whole number of denary combinations is 

26.85 17 

1.2 ... 10' 

The number of binu-y combinations of 5 white balls 
5.4 
^1.2" 

The number of ternary combinations of 6 black balls 
6.5.4 
~ 1.2.3^ 



..(*,). 



3-20 (A.). 
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The number of quaternary combinations of 7 red balls 

_ 7.6.5-* _ 
1.2.3.4 

The number of blue balls (taken one by one) 

= 8 (*0- 

The whole number of denary combinations which answer 
the conditions of the question = A, X,AjA,t and the chance is, 
therefore, 

_ 10x20x35x8*1 xg ... 10 
26x25 17 

11200 7 , 
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CHAPTER VIII. 



ON THE FOBHATION OP BINOMIAL FBODUCTB AND POWXBB. 

477- The products of binomial and other factors, whose Important 
terms possess no peculiar or assigned relation to each other, ^^ found 
may be easily formed, in all cases, by the general rule which !" prevail 
is given for that purpose (Art, 61): but there are some laws formation 
which are found to prevail in the formation of the products products' 
of binomial factors which have the same first term, and more ""^ 
particularly in the products or powers of binomial factors which 
are identical with each other, which not only furnish most 
rapid and convenient rules for the performance of the opera- 
tion of multiplication and involution in such cases, but either 
constitute or lead to, the most important theorems both in 
Arithmetical and Symbolical Algebra. 

478. We will b^n with the formation of the product of f^^^ "' 

two binmnial iaOon-x + a and x^b*, which have the same mial facton 

first term x: the process exhibited at fuU length, will stand JJ^^^s^g*"^ 
as follows: first lenn. 



^a^b). 



The terms of this product are arranged according to the 
powers of the letter x, and consequently the terms ax and bx, 
both involving the simple power of x, are like terms (Art 28), 

* See Eiamples 1, 3, 3, 4, An. 69. 
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and are therefore, when added together, collected into the single 
term {a + b)x: it consequently appears that ike coefficient of x, 
in the tecond term, is Ike turn of' the second terms of the bitiomial 
factors X + a and x + b, and tkat ike last term is their product*. 

Prodoctof 479, Let it now be required to form the product of three 
miatfoctora '>uio'°<al factors x-i-a, x + b and x + c, which have the same 
S^lilt' *''** *"™ '■ '^ '"* multiply the product 

of the two first factors x + a and x + b (Art 478.) into the 
third factor x + c, the process wil) stand as follows: 

x" + {a + h)x + ab 



^ + (a + b)x' + al>x 

+ ci^ + (a + b)cx + abc 



JE* + (n + 1 + c)x' + (ab + ac + bc)x + abc. 

This result is arranged according to the powers of the letter n, 
and consequently (a + b)x' and ex', being like terms, make, 
when added together, the single term (fl + fi + c)j^t; in a 
similar manner, the like terms abx and (a + b)cx, make, when 
added together, the single term (ab + ac + hc)^^: it appears 
therefore that Ike coefficient (a + b + c) of the second term of lUt 
product is tke sum of the second terms of tke several binomial Jactors: 
tkat the coefficient tf the third term or ab + ac + bc, is the sum 
of all tkeir products two and two, and tkat tke last term is fkeir 
continued product. 



" The producl of i-a »nd i-fc will be found to be t'~{a + b)x + ab, 
differing from the former in the sign of the MCond term only, which ii 
negatira; the product of t + o and i-ft ii »•+ (o - 4)«- a*, sm) dial of 
I - o and J + b ii i*- (0-6)1- ab. 

t For the gum of their coefficient!, {a + b) and e, a a + b + e. 

t For the Bum of their coeffidents ab and la + b)c, or ab and ac + be 
(for {tt + b)c = ac+ be, Art. 45) a ab + ac + bc: by puttiug this sum Dodec 
the form ab + ac + it inMead of ab + {a + b) c, we make its Bymmetrical com- 
pootiDn, in termi of a, b mi c, not only more manifest lo the aye, hut aUo more 
easly expressible in ordinary langoage. 
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480. If we should multiply the product given in the lut Productof 
Article by an additional factor x + d, we should find for the muifaciois 
result having the 

x' + (a + b + c + d)x' + {ab + ac + ad + bc + bd + cd)x' '^"^ 

A- {abc + abd + acd + bcd)x 4- abed, 

which is Arranged according to the descending powers of x, and 
in which the coefficient of the second term it the turn <^ the teoond 
iermi of the four biatmaal factors, the coefficient of the third term 
U the tvm of all their products tno and ttvo, the coefficient o/' Ihe 
JbuTlh term is the turn of all their products three and three, and the 
last term is their continued product. 

481. The law of formation of the products of such binomial J""* '»"■ "' 
, 1 . 1 1 fornmlioii 

factors 18 now sufficiently manifest, and we are authorized there- of such 

fore to assume kt/potheticalli/ that the same law wilt prevail in the ^^^j. 
formation of the product of (») such factors : and it may be ''^■ 
easily demonstrated that if it be true for (n — I ) such factors, 
it must necessarily be true for a number of them expressed 
by the next superior ntunber n. (Art. 447-) 

483. For let us suppose the (n- 1) first factors to be ex- lu proof. 
pressed by x + a,, x + a x + a^,", and their product by 

3f^' + p,!^ + p,3r-* + ...p^, (I), 

where the coefficients p,, p,, p,f- of the descending powers 
of X, are respectively the sum of all the second terms of the 
several binomial factors, the sum of all their products two 
and twot, the sum of all their products three and three, and so 
on, the last term p^, being their continued product. If we 
now suppose this atiumed product of (n-1) binomial factors 

* In denoting a seiice of quanlities, where bolh their number and order 
of siceesrion are required to be eipreued, we adopt thia notation, in pre- 
feicnce 10 I + o, « + 6, i + c, r + d, &c. where the auccessive letters of the 
alphabet ue employed to denote the successive second terms of the binomial 

t By «11 the products two and two, we mean all (hose which can be 
formed by every poteible combination of the letters a,, a,, and <>,_,. taken 
two and two together: the same remark applies to the products three and three 
together, four and faor together, &c. 
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to be multiplied by an additional factor x + 
will Btand as follows: 






or ** + qi^' + g.**^ + . . . q.r-1^ + q„ 

representing Pi + a. by j,, p, + pifl, by g„ and so on: it re- 
mains to determine the law of composition of the coefficients 
of the final product in terms of ai, a,,., .a,. 
In the first place, 

g, =p, +o. = o, +«,+ ...a., 
or is equal to the sum of the second terms of aU the binomial 
factors, since pi is, by the hypothesis, the sum of the second 
terms of alt the (n - 1) binomial factors in the first product 

Again, q»=p% + pra„ 

where p, is, by hypothesis, the sum of all the products, two 
and two which can be formed of the first (n- l) quantities 
Oi, a„...a^,, tad where, pi is their sum: therefore p|fl. is 
the sum of all the additional products, two and two, which can 
be formed by the new quantity a, combined with all the others 
a,, a„...a^i: it follows therefore that q, is the sum of all 
the products two and two which can be formed by the second 
terms of then binomial factors, or by the n quantities (ti,(i„...a^ 

Again, q> = p>-^p,a., 

where p, is the sum of all the products three and three, and 
p, the sum of all the products two and two, which can be 
farmed of the (n-1) letters U], «„... and o..,: consequently 
p,a, *ill express the sum of all the products three and three 
which can be formed of the n letters Bi, a,,.. .a., in which 
a, appears as a factor : and therefore q^ must necessarily ex- 
press the sum of all the products three and three whidi can 
be formed of the n letters a,, a,, ...a,. 
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It is obvious that the ssme reasoning may be applied. In 
the same manner, to the succeeding coefGcirats q„ qui-.-q,, 
so that the law which has been assmned to prevail for (n - l) 
binomial factors, having the same first term, must prevail 
likewise when the number of such factors ia increased by 
unity: but this law has been proved to prevail, when |tlie num- 
ber of factors is 3, 3 and 4: it is therefore necessarily true 
for 5: and if for 5, it is necessarily true for 6, and so on 
successively for any number of factors whatever. 

483. If the binomial factors were «-<i„ x-a,. x-a„... '^^* 
x-a,, whose second terms a„ a,, ...a, are severally sub- uniu of 
tracted firon the first, their product would be expressed by mial&c- 

*"-9i"^' +9t:r"^-9iJ^ + y4*'^ — ^C- negative, 

where the coefficients q,, q,, q^, &c. are the same as in the 
last Article, but the terms are alternately negative and positive, 
beginning witii the second*. 

484. The following are examples: 
(1) (j: + 3){* + 5) = *' + 8«+l5, 

where 8 = 3 + 5 and 15 = 3 x 5. . .(Art 478). 



' If it wu required (o eipras tbe product of a Miiei of mixed binomial 
facton, iiucli ui + a,, x — a,, x — a,, i + a,, &c. where some of the seeoiid 
terms are poiilive lud othera negative, the coefficienta g,, q,,..,q. would 
seveiall; expren the tame series of comhiuatioiu of the letterg ai , a,, ...a., 
but those comtunalions would be negative or posilivB according as an odd or 
an even number of letters, preceded by negative signs, entered into each product : 
thu^ the product of i + o, x — b and i + c, would be 

the product of x + d, x~h and x — t, would be 

^^{a-b~e)if-(_ab + <it-bc)x + abe: 
the product of X — s, x — b, i + c andx — d, would be 

i*-(a + *-e + d)»'+(fl*-at + a<i-fte + iiJ-tiJ)x» 
^{abc-abd + atd-\-bi:d)x~ahti: 

the formation however of such products, as included in the general theorem, 
given in Article 482, will be ea^T understood in Symbolical Algebra, where 
symbols are considered, at pleasure, as negative or pontive, p*r le, and not in 
virtue merely of the sign of the operation, whether of suhtractiaa or iddition, 
which precedes them. 
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(«) (*-10)(i--l2) = a'-22* + 120, (Art. 478 
where 22 = 10+12 «nd 120= 10 x 12. 

(3) (*+-3)C« + 5)(j^ + 7) = -r'+15a'+l* + 10£ 
(Art. 479), where 15 = 3 + 5 + 7, 

71 = 3x5 + 3x7 + 5x7, 
105 = 3 X 5 X 7. 

(4) (*-l)(«-8)(*-3) = «*-6*' + llx-6, 

where 6=1 + 2 + 3, 

11 = 1x2 + 1x3 + 2x3, 
6 = 1x2x3. 

(5) (* + 9)(:r + 6)(;r + 10)(«+14) 

= X* + 32^;" + S**** + 1401 
where 32 = 2 + 6 + 10 + t*, 

844 = 2 x6 + 2x 10 + 2 xl4 + 6x 10x6 X 14 + 10 X 
1408 = 2x6xl0+2x6xl4 + 2xl0xl4 + 6xlOx 
1680 = 2 X 6 X 10 X 14, (Art iSS). 

(6) (i-3)(*-6)(*-7)(i-9)=x*-24x'+206*'-7 
where 24 = 3 + 5 + 7 + 9, 

206 = 3x5+3x7 + 3x9 + 5x7 + 5x9 + 7x! 
754 = Sx5x7 + 3x5x9 + 8x7x9 + 5x7xJ 
945 = 3 X 5 X 7 X 9. 

The thao- 485, The theorem given in Art. 482, whose use L 

482, a the and expeditious ibrmation of binomial products we hai 
of'th^"" *™pl'fi^, assumes a character of much greater import 
theory of viewed, as it will hereafter be in SymboUcal Algebra, ai 
' of the whole Theory of Equations: it requires likew 
slight modification of its form in order to ftimish the law 
mation of binomial powers, which under the name of tl 



' In fornimg &11 the products two and tvo, three and thre 
numbers 2, 6, 10 and 14 can form, it is convenient to combine them 
in their proper order at guccesHon, as written down in the sever* 
tfau finm the combinaiiaiia 2 and 6, 'J and 10, 3 and 14, 6 and 
10 and 14, and in that order, >o that there ii no danger of omiswoi 
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theorem, will be found to be incomparably the most important S^I^'J?^ 
of all the theorems which are to be found in the science of biBomkl 
Algebra: we shall now proceed to explain the mode in which ''*''"'°- 
it is deduced. 

486. If we suppose the binomial factors x + a„ x + a„... Thebmo- 
:r -I- a. to become severally equal to each other and to x + a, rem d«- 
their continued product will become equal to (a: + a)" 
mains to ):onsider what change the expression 
«" + 5iX^' + q,a^ + ... q, 

for the continued product of r unequal binomial factors, with 
the same first term x, will undergo, when they thus become 
equal to each other and to x + a. 

The first term wiD be x" as before. 

The coefficient 9, of the second term will be equal to na : 
tar qi is the sum of the quantities a,, a,,. ..a,, which are n 
in number, and will therefore be equal to na, when they be- 
come equal to each other and to a. 

The coefficient of the third term or q, will be equal to "y - -- ' a' : 
for f, is the sum of all the products two and two of a,, a„...a,, 
which are —- — ^" in number; and each of these products 
will become equal to a', when a,, a,, a^, &c. become equal 
to each other and to a. 

The coefficient of the third term or y, will be equal to 

"^"7 a V *"'' ^' '* *^^ "™ *^ *^ products three 

and three of a„ a„...a„ which are j i — " "*" '" 

number; and each of these products will become equal to a*, 
when a,, a,,. ..a, become equal to each other and to a. 



, (Art. 453.) 

t For ■ - „ ' a the number of different combinations of n things 

taken three and three together, (Art. 454.) 
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Mote generally the r*" coefficient q, of the (r + 1)* term. 



will be equal to 



■(■-i)-(- 



ti),- 



r q, is equal to the 



sum of all the products, taken r and r together, of a,, a,,...a.r 

which are ■■ - ""' ^' in number: jmd each of 

these products becomes equal to a% when a,, a^,.. 
equal to each other and to a. We conclude therefore that 



{x * ay = if A- natr' 



*=fey»v 



.... ■('-■'■-'■;"" .-x-.fe 

Gnu dia- 487- It appears, therefore, that the law of formation of any 

principla assigned power of a binomial, such as (x + a)', may be ex- 
jmd in form pressed explicitly by means of symbols, without requiring the 
the Uieo- aid of any verbal statement : in this respect ctmsequently tbe 
Wnmnu'i binomial series is altogether distinguished from the expression 
products for the continued product 
mill pow- {x + a^){x +a,)...(x + a.), 

where tbe composition of the coefficients 9,, 9,, q,, &c. is not 
expressible expUciilt/ in symbols, but requires to be stated in 
words. It is this great and essential difference between the 
form of expreswon of these two theorems, which (pves to the 
second of tbem, though in other respects included in the first 
and therefore less general than it, its peculiar value and im- 
portance in Algebra : and whilst one theorem can only furnish 
the complete symbolical expression for the product, when the 
specific number of its binomial factors is given, the other will 
equally give us the complete series for the power of a binomial^ 
whether the index is a specific and digital number or expressed 
by a general symbol. 

^"P™"- 488. An examination of the several terms of the binomial 

termiofihe series will shew that they consist genially of two portions, 
(iTo)*^ "^^ dependent upon the index of the power only, and the 



r lamlher, (Art. 455). 



r of combinilioiu of n tbtDgs 
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other upon the two symbols which form the binomial. The first 
of these portions, in the second, third, fourth, ... and (r + l)*" 
terms, will be the expression for the number of combinations 
of n things taken one and one, two and two, three and three, 
— r and r together, and will consequently be the same in 
the (r + l)* and (n — r+l)'" terms, or in the terms which are 
equidistant from the two extremes, the whole number of terms 
being equal to « + l ' : whilst the second portion of the several 
terms will present a series of powers of x decreasing by unity 
and of powers of a increasing by unity, the first being ^ and 
the last a', and the sum of their indices in all other terms 
will be equal to n or to the index of the binomial: they will 
form therefore a geometric series of (n 4- 1) terms, of which 

the common ratio (Art 427) or multiplier is - . 

489. If the index n be an even nnmber, the number (» + 1) „ 
of the terms of the series for {x + a)' will be odd, and the middle ^ 
term, whose coefficient is the greatestt, wiU be the (g'*'^) 
term of the series and will he expressed by 



,(,-1) 



±11... 



but if the index n be an odd number, the number of terms 
(n 4- 1) of the series will be even and the two middle terms 

will be the ( J and {—r — J , which are expressed re- 
spectively by 

* The Dumber of tcnns iarolTiDg the n successive descendii^ powers of i, 
die first b^g i", will be n, to which if we add the last term or a', tikeir number 
will be (n+ 1): md since the numerical coefficient (or the first portion of each 
term as itistinguished from the second) of the (r + l)^ term is the number of 
coabinations' of n thii^ taken r and r together, and the numerictil coefficient 
of (he (n — rH- 1)" is the number of combioatiom of n things, taken n — r and 
H't together, these coefficienls ai« therefore equal to each other, in cooformitr 
with the propoiition which has been demonstrated in Art. 456. 

t Far the greatest niunber of cambins.liati» of n things, when « is an 
even anmber, is nhen they are taken -j and - together, Art. 457. 
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1., .... (— ) 
and ; '/ ) '/ f-r .-r , 

- ("-i^)m 

vhose coefficients are obviously equal to each other. These co- 
efficients are likewise the two greatest of the series. (Art. 4£7.) 

The sum of ^0. If we suppose the binomial to be a + x instead of 
thenumBri- , „ , , . . .n , > > 

cal coeffi- X + a, the terms of the resulting series will be reversed, and 

replacing o by * and < by a in every term of the series for 
(x + a)' (Art*86): if we further replace a by 1, the several 
powers of a will be likewise replaced by 1 in every term, and 
therefore 

( 1 + *y = 1 + » x + ^^^ *» + &C. . . . ; 

if we further replace « by 1 we shall get 

(l + l)-=i+« + !i^^V&c 

where the terms of the series will be the numerical coefficients 
of (!+*)■ or (a + xf only; and since (l + l)-=2*, it follaws 
that 2" wUl be equal to their sum. 

TheKtiw 491. The so-ies for (x-aY is 



" For the binomial product (i — aO {x~ ix,)...(i~a,) difiere from that 
of (x + ai) (r + oj) ... (c4- a.) in the signs of the alternate terms only, bepn- 
ning irilh the Mcond (Ait. 483): and it is obvious therefore, from ATt.48S, 
that die corresponding series for (14. a)* and (i — s)* «ill di^r from each 
other in a similar minoer. 
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vrhich differs A-om that for (je+a)' in the signs of the alternate 
terms, beginning with the second, which are all negative: if we 
replace a by x, and x by a, we shaU also get 



If we now make a = 1, we shall get The sum of 

* the nume- 

nCn— 11 ricalcoeffi- 

(l-4rV = l-nj; + l!i_JiaS_&c.... denW of 

"■ ' 1.2 • Uie odd 

If we further suppose x= 1, we get eoutl'to" 

the sum of 

(i-i)-.o..-..i^- "(--'M;-») ,fe... jir:- 

^ ■ * 1 . 2 - 3 Pie„,j of 

it follows, therefore, that the difference of the sums of the nu- terms. 
merical coefficients of the odd and even terms is equal to zero, 
and that they are consequently equal to each other*. 

492. The following are examples of the application of the ^f*^""*^ 
binomial theorem to the formation of the powers of binomials, farmatloa 

(1) (« + a)' = ar' + S«^ + 3«"*-f«V "fji?" 

(8) (« + a)* = «* + 4a«" + 60* Ji* + in"* + a*. 

(3) (* + 0)'= «• + Sax* + lOaV + .^t^x" + 5efx + a'. 

(4) (o + *)* = ffl*+6fl''jr + i5oV + 20a"i'+15ff»«' 

4- Sax* + x'. 

(5) (a -xy = a'-7 a'x + 21a' jr" - 35<iV + 35a'x' 

-21o'x» + 7ai'-a;'. 

(6) (a-j;)'° = a'M0a'j;+45a'j:'-ISOflV+210aV-S52a*a* 

+ 2100* «•- 120 a'«' + 45o'i*-10ai»+j;"'. 



• The sum of the coeffideats of the even lerms will express the number 
of the odd combiiiations of n thu^, taken one and one, three and three, £ie 
and five, and w on logether: irhitBt the anm of the. coefficients of the odd 
terms, omitting tht fiTit, will eipresa iha number of the even combinations of 
n Ihings taken two and two, foni and fonr, six and sii, and bo on, togethei: 
il follows, therefore, that the number of odd combinations of any number of 
things will exceed the corresponding number of even e«nbinationa, by tbe first 
cDsfficient of the seriei or by unity. 
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(7) The middle term of (a + x)" it 

- a*x* at pS**'**- 



13x 11 y lQx9 
I x2x8x4x 



(8) The two middle terms of (a + x)'* are 

17l6a'j;' and 17160**'. 

(9) The tenth term of (a + x)" is SgsgsOo'V. 

(10) (o'-Oiiy = a"-8a"x + 28o'V- Sfia"*" 

+ 70fl"*'-56o'V + 28a'V-8«'*' + fl"*". 

In this example, the terms of the binomial or a* and ar 
may be replaced in the firat instance by any two other 
symbols, such as c and d, and when the series for (c — if)* 
is formed, we replace c and d by a' and ax respectively in aU 
its terms. . 

{11} i^giT »yy 128 32 8 2 

+ 70ar"^' - leSl'jl' + 2241^" - I28y'. 

We shall have occasion, in Symbolical Algebra, to resume 
at some length the consideration of the binomial theorem when 
the index is not a whole number and when the series itself 
is indefinitely continued. 
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CHAPTER IX. 



ON THi; SOLUTION, IN WHOLE NUMBERS, OF INDBTBRHINATE 
BtUATIONS OF THE FIRST DB6BEE. 

493. An equation is indeterminate, as we have already aeen Indetermi- 
(Art. 405, Note), when it involves more unknown symbols than Uons. 
one : and a system of simultaneous equations is reducible to a single 
indeterminate equation, when the number of unknown symbols 
exceeds the number of equations which involve them (Art. 402) : 
under such circumstances, we can only express explicitly one 
unknown symbol in terms of the others, whose value is there., 
fore dependent upon them. 



494. Thus the equation 

3x + 73f = 6l 


Corre- 
sponding 
vilues of 


becomes, when solved with respect to x, (Art. 405. Note), 


tnown 

aymbols in 
an indetei 
minaU 




»5' 


between and -;^, which are its limits, we shall be enabled 



to determine corresponding and possible values of x: thus if 
V= 1, we find 1=18, 
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495. If, however, the conditions of the problem proposed 
had been auch as to restrict the use of the word namber (Art ll6.) 
to mean mkide numbers only, excluding Jriujtums altogether, we 
should find only three pairs of values of x and y, which 
would answer the requisite conditions: these are 



Problems 

the word 



numbers 
only. 



^ = 4, T = II, 

^ = 7. .1 = 4. 

496. There are many problems, leading to indeterminate 
equations, in which the values of the unknown symbols, which 
they involve, are thus restricted to denote whole numbers only: 
of this kind are the following. 

(1) To find a number such, that five times the first digit 
added to six times the second shall be equal to 50. 

If X and y be the two digits, the conditions of the pro- 
blem lead immediately to the equation 

5x + 6i/ = 50. 
T^ere is only one pair of integral values or digits, namely, 
x = i and y = 5, which satisfy this equation, which ceases 
therefore to be indeterminate when viewed with reference to 
the problem proposed. 

(S) To find a number, which divided by 7 shall leave a 
remiunder 6 and which divided by 10 shall leave a remainder 7> 

If we call X the quotient of this number when divided 
by 7, and y its quotient when divided by 10, and if we 
farther denote the number itself by n, we shall get 

= 7* + 6=10y+7. 



and therefore 



-10^ = 
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it is obvious that ^ and y, or the quotients of the divisions, 
are necessnrity whole numbers. 

The successive p^rs of integral values of x and y, and 
1 be ae follows: 



ding values of n, wit] be found to 


i-S, J-S, 


».«7, 


«-lS. .» = 9, 


»-9r. 


. = 2S, j-16. 


»-l67. 


I = 33, .y = a3, 


n = 237, 


x = 43, ,y=30. 


»i = 307. 



We thus find that the values of x increase by 10 (the 
coefficient of y), and the values of y increase by 7 (the co- 
efficient of n), and that the series of them is unlimited: the 
corresponding series of numbers 27, 97i l&I, 337i 307, &c. 
will be severally found to answer the conditions of the problem. 

497- ■ There are only two different forms of indeterminate There are 
equations of the first degree, when completely reduced, (Art forms of 
3».), which are S'Si 

ax — bv — c dV (ions of the 

/ ; [' fintdeijree 

ax + by = c (2), which in- 

volve two 
where a, b and c are whole numbers : we may further sup- ""'""y"" 
pose that a, b and c have no common measure: for if such 
a common measure exists, we may simplify the equation by 
dividing all its terms by it : if, however, a be not prime to 
b, in the equation thus reduced, its solution will be impossible 
in whole numbers: for since a and b, x and y are whole 
numbers, c, which is either the sum or difference of ax and 
by, must be divisible by any common measure of a and b, 
(Art. 101.), which is contrary to the hypothesis which has been 
made. A particu- 

lar solution 

^8. A particular solution of either of the equations, (Art. tjuation 

196.), ox-6s=l 

«^-6y=i (1), r,-..=.. 

or hy-ax^l (2), XV^Z 

-11 ■ .. n 1 -1 1 1 - c t ■ aolulion of 

will immediately lead to the general solution 01 the equations the equa- 

nx^by = c (3), -r-6j,=r 

and ax^-by = c (4). "i+ftv=r. 
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For if p and g be paiticuUr v&Iues of 2 and g, vhJch are 
found to satisfy the equations (1) or (3), we shall find in the 
iirat instance 

ap- 65 = 1 (5), 

and in the second 

bq~ap=J* (6), 

If we multiptf the equations (5) and (6) by c, we get 
acp-bcq = c..,...(7), 
bcq-acp = c (8). 

If we add and subtract abm, or the product of the coefficients 
of X and y and of an indeterminate number m, to and &oni, 
the Ih'st member of the equations (7) and (8), we get 

acp-bcq + abm-abm^c (9), 

bcq-acp + abm-~abm = c (10). 

The first equation (9) may be put under any one of the 
three following equivalent forms: 

a{cp + bm) - b(cq + am) = c (11), 

a(cp-bm)-bicq-am)=ci (12), 



ap-bq =1, 
we get, by adding &iid subtractii^ tbe product of a and h, 

or (fl6^t,)-{a6-ap) = l. 
or b{a-q]-a{h-p) = l: 
it {allom, therefore, that if 

op-6g = I, 
and bq'-ap'^l, 
then g' = a — g and p'=b — p and conversely, 
q =a — q' aDd p ^b — p'. 
t The l»o forms (II) and (13) may be reduced to one, if written tbiu ; 
<. (cp ± 6m) -^K<^S *'"») = «. 
it bdng understood that the two upper or the two lower ligni are to ba 
taken timnltaneoiul;. 
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a(cp - bm) + b{am - cq) = c* (IS). 

The second equation (10) may be put under either of the 
two following equivalent forma: 

<.(6«-cp)-t(o»,-»5) = c. (14), 

a{bm^cp)iKcq-a„)-ci (13). 

If we compare the equation 

ax-bi,=c (S) 

with the three forms (11), (13) and (14), and if we suppose 
them to coincide, or to be identical, with each other, we 
shall find 

x = cp + bm and y = ct/ + am, 
or X = cp~btn and y = cq ~amX, 
when p and q satisfy the equation 

''p-bg=l (1); 

and also x = bm~cp andtf = am~cq, 

when p and q satisfy the equation 

bq-ap=l (8). 



* For if the brackets be removed in etkch or the forms (II), (13), (13), 
they will become 

acp + abm-bcq-abm = c (11.) 

acp-abm-bcq + abm^e (12.) 

acp~ab'm + abni-bcq = c (13.) 

which mecelT differ bom each other and from equation (9) in the order in 
which the teniu succeed each other. 

t For if the brackets be removed in each of the fomu (14) and (IS), 
they will become 

abm — atp — abm + bcq = c (H.) 

abm~acp + bcq-'abm = c (IS.) 

which meiely differ from each other and from the equation (10), in Ibe order ia 
which (he leima succeed each other. 

% Or they may be included under the single form 
r = ep ± tin and s = «9='='"''. 
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Again, if we compare the equation 

ax^-by = c (4) 

with the two forms (13) and (15), we ehaU find 

x = cp-bin and y = am-cq, 
when p and q satisfy the equation 

op-bq^l (1), 

and also a: = bm~cp mid i/ = cq~ am, 

when p and q satisfy the equation 

bq-apBl (2), 

499. The following are examples: 

(1) Let ;r = 3 and ; = 3 furnish a particular solution cf 
the equation 

9i-18j( = l, 

and let it be required to find its general solution. 

Since 

9x3-13 x2=l, 
by adding and subtracting 9 x ISm, we find 

9xS-13x2 + 9x ISM- 13 >c9ot= I, 
or 9(lSm + 3)-13(9m + 2)= 1; 
consequently, comparing this equation with 

we get X = 13m + 3 and ^ = 9ni + S, 

where m may be any term in the series 

0, 1, 2, 3, 4, &c. 
If m = 0, we get X = 3 and y = 2, 

m=l, ic=l6 andy=ll, 

m = 2, « = 29 andj = 20, 

m = 3, x = 42 and y = 29, 

m = 10, 1 = 133 and ^ = 92, 

m = 2000, * = 26003 and y= 18002. 
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(2) With the same dat^, let it be required to find the 
solution of the equation 

9*-13j = 20. 
Since 9x3- 13x2 = 1, 

we get, by multiplying both sides of the equation by 30, 

9 X 60 - 13 X 40 = 20 : 
adding and subtracting 9 x ISm, we get 

9x60-13x40 + 9« I3m-9x 13m = 20, 
or 9(60 * ISm) - 13(40 * Qm) = 20. 

If the upper sign be taken, m may be any term what- 
soever of the series 

0, 1, 2, in infiailum; 

but if the lower sign be taken, m cannot exceed the number 4*. 
Comparing the equation 

9(60* 13m)- 13(40 *9ni) = 30 
with the proposed equation 

9«-13^ = 20, 
we find « = 60 ± 13'n and ^ = 40 ^ 9ni, 

the two upper or the two tower signs being taken simulta- 
neously- 

With the upper sign, if 

m = 0, J- = 60 and y = 40, 

M = 1, X = 73 and ^ = 49, 

m = 2, j; = 86 and y = 38, 

ni=IOO, * = 1360 and y = 940. 



• For if we male m = 5 or any greater iiumber, 40 — Sm will involve 
an iiDpiKaible operation, ai in the language o( Symbolical Algebra, would lead 
10 a n«ealive reKull. 
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With the lower sign, if 

M = 0, jr = 60 and ^ = 40, 

»i=l, x-i7 and J = 31, 

m = 2, j: = 34 and if = 22, 

IB = 3, I = 21 and y = 13, 

m = 4, X = 8 and y — i. 

The last pair of values ^ = 8 and ; = 4 are the least of those 
which saUsfy the equation 

(3) From the same data, let it be required to find the 
solutions of the equation 

9a; + 13y=155. 
Since 9x3-13x3 = 1, 

we get, by muIUplying both sides by 155, 
9x 465-13x310=155: 
adding and subtracting Q x \3m, we get 

9x465-13x310 + 9 K 13ni-9x I3in = 155, 
or 9(465- ISm) + 13(9ni-3I0) = 155. 
Comparing this equation with 

9* +13^= 155, 
■we get j: = 465-13i» and ^ = 9m - 310. 

It is obvious that m must be a whole number not greater 

,465 , . 310 , „^ , 

than — — nor less than — -, or not greater than 35 nor less 

than 35: consequently 35 is the only value of x which is 

admissible, and therefore 

« = 465 -13x35 = 10, 

and y = 9 X 35 - 310 = 5. 

(4) If the equation proposed had been 

9a: + 13y = 303, 
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we should have found, in a sunilar manner, 
x = 909- 13m, 
and J = 9m -606. 

Consequently x cannot be greater than 69 (the greatest wbole 
909n 
IS •' 



number whicb does not exceed -j^)> nor be less than 6S 



m = 69, we get «= 12 Mid ^ = 15, 
m —'68, we get « = 25 and 1/= 6. 

There are, therefore, two int^ral solutions of the equation 

proposed, and no more. 

(5) Given a solution {x = 3 and t/=i) of the equation 
9x-13j( = l, 
to find the general solution of the equation 
18x-9y = 17. 
Since 9x3-13x2 = 1, 

by multipljring both sides by 17, we get 
9x51-13x34=17.- 
adding and subtracting 9 x iSm, we find 

9x51-lSxS4 + 9x 13»i-9x 13m = 17, 
or 13(9in - 34) - 9(13m- 51) = 17. 
Comparing this form with the equation 
134-9^=17, 
we get ir = 9''* — 34, 

^ = ]3»i-51, 
where m may be any term in the series 

4, 5, 6 in infinitum. 
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If m = 4, we get I = 2 and y = I, 

m-5, * = 11 andy^l*, 

OT = 6, « = 20 and y = 27, 

m = 15, x=101 andj=lW. 



Solutkniof 500. We have given in Art. 196, the method of digcovering 
^e^eqaa- ^ particular solution of the equation 

" ax-hy = l, 

6y-a»=l. 

upon which the general solutions of the equations 
ax~by = c, 
and ax + by = c, 
have been shewn to depend. 

The rule for this purpose directs us to find a series of 
fractions converging to r • then, if J^ , or the converging fraction 

immediately preceding -r, be in an even place, we have 

ap--bq = \, 
where p and q furnish a particular solution of the equation 
ax-hs=l. 
But if -, or the converging fraction immediately preceding 
7, be a fraction in an odd place, then 

where q and p furnish a particular solution of the equation 

In both cases, therefore, we obtain such a particular sola- 
tion aa may be made the basis of the general solution, which 
is given in Art. 498. 
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501. The following are examples of the complete solution Eiunp1«a. 
of indetermttiate equations of the first degree involving two 
unknown symbols. 

(1) Let 23a!-llly=100. 

Form the series of fractions conver^ng to -— - . 

iS) m (J, 
92 
19; 2S 



4; 19 C* 
16 

3; 4 



Quotients 4, 1, 4, 1, 3. 

1 1 i. -^ 23 

' 4' 5' 24' 2t 

Therefore 23 x 29- 111 x 6= 1, 

28x2900-111 X 600 =100, 

23x2900-111 x600 + 23xlIliB-33x lllni=100, 

23 (2900+ nim)- 111 (600+23™) = 100, 

or 28 (2900- 111m)- 111 (60O- 23m)= 100; 

consequently, 

* = 8900+ 111 M, and y = 600 + 23 m, 
or i = 2900-lllm, and ^ = 600 - 28 m. 

The values of m in the first of these forms are any terms what- 
soever in the series 0, 1, 2, 3, &c. : in the second form, the 
greatest value ot m is 26, which gives x = 14, and y = 2, which 
are the least integral values of x and y. 
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(«) Let lI* + ISj = i9a 

Form the lericB oC fVactioiis converging to ~ : 

UJ 13 t^l 
11 

10 

Quotients 1, 5, 2. 

Converging fractions - , ^ , — . 

Coiwequently 11 x 6 - 13 x 5 = 1. 

Multiplying both sides of this equation by 190, we get 

II X 1140 - IS X 950 = 190, 

or II X 1140-13x950 + 11 x 13m- 11 xl3»» = 190, 

or II (1140- ISm) + 13 (11 m- 950) = 190: 

consequendy j^= 1140— ISm, and ^= Ilffi — 950, 

irhen m mn<t not be greater than -r^ or S7, nor leaa than 
-—~ or 87: there is therefore only one solntion, whidi is 

j:=:1140-18x87 = 9, 
and y = ll X 87 -950 = 7. 
(3) To find two fractions, whose den<Mninatars shall be IS 
and 89 respectively and whose sum shall be ^^. 

If the fractious be represented by — and ^ respectively, 
we shall have 

X y 6S5 

or 291 + 12j = 656. 
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Form the series of fractions converging to — . 

12_J 29 (.2 

24 

5) 12 (^2 
10 

2; 5^2 
4 

i;2t.2 

Quotients 2, 2, 2, 2. 

Converging fractions -, -, — , — . 

Therefore 29 x a - 12 k 12 = 1, 

29 X 3275 - 12 X 7860 = 655 ; 

29 (3275 - 127b} + 12 {29nj- 7860) = 655; 

consequently x = 3275 - 19»i, and j = 29»ii - 7860, 

and the only value of m is 272 : therefore x = 1 1, and y = 26 : 

the fractions required are therefore r^ and — . 

(4) In how many diiFerent ways may £lOO- be paid in 
guineas and crowns ^ 

Let X be the number of guineas, and y the number of 
crowns: then the number of shillings in x guineas and in if 
crowns is 21 1+ 5y, and the conditions of the problem give us 
21j + 5y = 2000: 

The only fraction converging to ^ will be found to be -: 
consequently 

21 X 1- 5 x4=l: 
21 X 2000- 5 X 8000 = 2000; 
21 (2000- 5in) + 5(21m-8000) = 2000: 
therefore x = 2000 - 5ra, and 9 = 21 m - 8000, 



n,g,t,7.dM,GOOglC 



lees than -^t-> or 381: if be excluded from the values of 
X, the number of the different pairs of values of x and 1/ will 
be 400- 381, or 19: but if be included amongst these values, 
this number must be increased by unity. 

Zero can never be found amongst the values of x or y, 
unless c or the number on the right-hand side of the equa- 
tion be completely divisible by one of the coefficients of x 



* The following are additional examples of indeterniinate equatiooB of the 
Grat desree, inTolving two uaknown eTraliols and of piohlema le^ng to them. 

(!) 99i-100j/=I0; 

.'. ,T = 100m - 10 ands = 90«-10. 
The least vBlnes of x and y are 90 and B9 respectively. 

(2) 67i-123i/-44; 

.-. i-123m-4e4 and !/ = 67m -261. 
The [east values of x and y are 8 and 4. 

(3) 7i + 23j( = 3l4; 

,-. j = 3140-23m and !; = 7in-942. 
The values of m ace 136 and 135, which give 

* = J2 andy = 10, or i = 35 audy-3. 



The resulting equation b 

19i-38j, = 4, 
which gives 12 and 8 for the least values of x and y : the least Dumber is 
therefoie 

19i'+17^igx 12 ■(■17^345. ^ 

(5) To find two fractions whose denotninatora are 7 and 9, and whose 



of Ihe fractions be i and f/ 
X g_110 
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502. More generally, if 2 be the converging fraction im- To find 

Q number o< 

mediatelj preceding t (Art. 500), then if I!?' h""" 

ap-bq = l, ax+by = c 

we get x = cp — bm, and t/ = am — eg, 
for the general Bolution of the equation, 

ax + bt/ = c, 
where m cannot be greater than -^ nor less than --'' . 

' If therefore we make m' the greatest whole number which 
is not greater than -^, and m" the greatest whole number, which is 
iets than -2, then m'-m" will express the whole number of 
the solutions of the equation proposed*. 

The only >olulioD ia i = 6 and y = 8 ; the fractions are therefore 
y and g. 

(6) In how man; diflerent nays i* it possible to pay £100. in half Euineas 
&Dd sovereigns T 

Let r be the number of half gnineas, and j; of soveitigna ; 

21i + 40y = 400O. 
There ara 5 different ways. 
ir the sum to be paid had been £1000., it might have b«en paid in 48 dif- 

feteat wayg. 

(7) A party of men and women apend £5. 5s., towards the discharge of 
which the men pay 3f. Gd. each, aad the women li. Ad, each : of how many 
of each did the party consist ? 

The parly consiBts either of 30 men and no women, or of 32 men and 
21 womap, or of 14 men and 42 women, or of 6 men and 63 women. 

• For if -^ be a whole number, we make m' = -^ , since there is one 
solution conesponding to this value of m; and if — be a whole number, 
we make tn"=— ~1, for there ia one aolulion corrEapondinj to m = — , and 
therefore we must lubtiacl from n' a number less by 1 than the integral 
value of -^ . 
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352 ■ 
]ii*JGi'" ^^' ^^^ expression 

thin — , 

u either and the areatest whole number which is not Breater than —7 
equal to * » b6 

the Dum- ^ 

berot«ol<i- cannot differ from «' - m" by more than 1 : thus if -f- and -2 

oritttth^ be the whole numbers /i and p', we shall have ti^=tt', and n^'=ii"-l, 

^' ■" '■ and therefore m' - m' = ^' - /' + I : 

also if -r- = m' + -r, and --' = m" + — , 
b h a a 

then the greatest whole number which is not greater than -r 

will be equal to mf - m" m to m' -m" — 1, according it 

the first fractional excess or t is greater or lees than the second 

fractional excess or — . 

Solutioiiof 504. If the indeterminate equation, whose solution in whtde 
nateeqaa- numbers is required, involves three unknown symbols, we may 
bvdve ''''' *'«'spoBe one of its terms from one side of the equation to ihe 
three uD- Other, and thus reduce it to an equation of the ordinary fam, 
sTmbols. '""■ vhere the second member is indeterminate : thus the eqsi- 
tion 

7Ji-9j + 4e=10, 

may be put under any one of the three forms 

7i->J^=10-4jr (I), 

7^+4z = 10493f (2), 

93,-4a=7ar-10 (3). # 

If we assign to the unknown symbol on the left hand sidt 
of each equation, any such specific value (a whcde number) 
as will not lead to an impossible operation, we shall get a series 
of indeterminate equations nnder the ordinary form involving 
two unknown symbols only and which can be solved by tlw 
rules given in the preceding articles. 
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Thus, if in the firat of the forms (1), (3), (S) we nuke t = Q, 
or 1 or 2, we shall get the three -indeterminate equadons, 

which admit of an indefiniffr number of solutions included 
severally vadac the forms 

T = «)*9ni, If = 30^7 m, i = 0, 

i=24*9m, y=l8*7m, z = 1. 

x= 8 + 9m, y= 6 + 7»i, 2 = 2. 

If in the second form (2), we make y succesrivdy equal 
to 0, 1, 2, S tn infinittati, we shall get the equations, 

7« + 4z = 10 {a), 

7* + 4s = 19 (6), 

7« + 4i = 28 (c), 

7« + 48 = 37 (rf). 



of which the first (a) admits of no solution; the second (£) 
of one solution, which is x = 1, z-3, and y = 1 ; the third (c) 
of two solutions, (Art 5QS), which are 

1 = 0, z = 7. and j = 2, or * = 4, s = 0, and j = 2 ; 

the fourth (4) <rf one solution (Art. 503), which] is « = 3, 3 = 4, 
and s = S; and so on for the subsequent equations, which are 
unlimited in number. 

In the third form (3), we may make x successively 2, 3, 4,. . . 
in infinitum, and the successive equations will be 



9H- 


-4s = 


- *, 


9y- 


-42 = 


11. 


9!f- 


-4s = 


18. 
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whose solutions are successiyely exhibited under the forlltt- 



Difiereai g^g Indeterminate equations with three unknowD symbols, 

indetsrmi- may present themselves under any one of the three following 

lioni mlh forms : 

&"■ ..-bs-o..d (1). 

ai + 6^-ca; = if (2), 

ax^bii^.cz = d (S). 

The first of these forms involves two terms and the second 
one, which are preceded by a negative sign, and in both cases 
the number of their solutions is unlimited (Art. 504.): but in 
the third form, the solution in whole numbers is sometime* 
impossible, and in all cases the number of such solutions is 
limited: it remains to explain the mode of determining the 
number of possible solutions in the last of these forms, wh^t 
such solutions exist 

mi'iISIm''^ 506. If we transpose one of the three terms cs* from the 

detennined lefl to the right hand aide of the equation, the equation will 

vhen tbeii . 

aumberii become 

■inuwd. ax*bif = d~ce, 

and we may suppose 2 to possess successively every value be- 
tween zero and the greatest whole number (r) which is not 
greater than - i* : we shall thus get a series of (r + 1) equations 

which shall differ from each other in their second members 
only, which are the successive numbers, 

d, d-c, d-2c..,..d~rc. 



* Let the term traoapOMd be tha.t wbose coefficient is not prime to Um 
otbei coeSlcienta wben luch a term eiiaU. 

t Zm TUlnes of i, y and i have beea uiually excluded from (he namber 
at lolatbM of indetermiiAte equB.tiaiM : IheT are included in the subseqaeat 
roiraola and eiamplei. 
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The number of solutions of the equation 
ax + by = d-cz 
will be the difference between the greatest whole number («') 
which is no* greater than - — ;-— — , and the greatest whole 

number which is Uit than ^ (Art. 502), where p and 

9 satisfy the equation 

ap~bq=[, (Art 500). 

If we repreBent the series of values of m' and m", corre- 
sponding to the successive values of x between and r inclusive 
by ra'„ m\...m'„ and ntj", m,"...m^", respectively, the whole 
number of solutions will be expressed by 

«- m„") + (n,/- m,") + («.'-«.") + ...+(«,'- m,")- 

If we replace »n„' and m,", m,' and m,",...mj and m," by 
the fractions or mixed numbers in which they originate, and 
subtract them from each other, term by term, we shall get the 
series, (Art. 503), 

d d~c d-Zc d-rc 

ab'^ ab '^ ab + ■+ ab 



■ w- 



whose sum is t^-^-g/-^^ (An. 4.2), or ^^i^^> 

if we replace d-rc by e: but this sum includes the fVactional 
excesses of the primitive fractions, and takes no account of 
the restriction of the values of m,", n/',. . .m", to those integral 
values which are next less than their primitive fractions, when 
those fractions become whole numbers. 

The fractional excesses in b successive terms of the series 
d2 {d-c)p {d~ic)p (d~rc)p ^ 

will be, when considered without r^ard to their order of suc- 

1 2 3 fi-1 , „. , , . .,,. i(i-l) 

cession, t. r. -■ ,. . .—t— ""d 0', andtheir sum will be - g^ — ^, 
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or — ^ (Art 422) : and if there be k complete period* of b 

terms in the whole number of terms r+1, their sum will be 

—^-3 — - : but if r + 1 = A6 + 6', or if b' terms (where 6' is less 

than fi) remain, not forming a complete period, we must find 
their sum (R) by the actual formation and addition of the 
fractional excesses of the 6' first or last terms. 

In a similar manner, if r + l = 4'« + a', the sum of the 
fractional excesses of the series 



will be expressed by — ^^ — ^ + ii', where B*, is the actual 

sum of the fractional excesses of the a' first or last terms, 
which do not form a complete period of a terms. 

It will follow, therefore, that the sum of the series (a), or 

-^— — <-', '■ will be freed from the fractional excesses which 

iab 
are involved in the series (/3) and (y), if it be diminished by 

the sum - + A of the first series of those excesses, and 

increased by the sum ^ — - + R' of the second : and that 
consequently the resulting formula or 

(d + e)(r+l) k-{a-l) t(6-l) ^ 
Sab a 

will express the number of solutions (n) required, if it be aug- 
mented by i' + 1, or if, according as the remainders of the a' 



UE'- 






> irhole DuDibei, wbicb it inposBible, since p and c,_ and thuefoie pc ait 
prime toe, (Ait. 112.), and ^'~ /lis less (hiuii, and thererore not diviuble bT it. 
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last terms of the incomplete period of fractional excesses in 
the series (7) include zero or not*. 

507- The following are examples : E 

(1) To find the niunber of solutions of the equation 

Id this case d = ZZ4i, c = ll, r = 20, e = 4, a = 5, 6 = 7: also 
»- + l = 21=3x7, and t = 3,b'=0: also 21 = 4x5 + 1, and 
therefore jfsi, and a'=l: consequently 

iab 5' 

R = 0, 

JI'=the fractional excess of -^, or of—— which is -, 
since ap-bq = 5xS-7 x2 = l: 
coDsequentl)' 



= 73. 
If ve exclude xero values of x, y and z, the number of 
solutions will be found to be 59= for, with this restriction, we 
shall find 
r = 19i the sum of the aeries (a), its first term being — j~. 



: y=4, R' = 0, and - 



A = 2, R = S, and therefore ^ ~ ^^ + .fi = 9: consequently the 
number of Solutions will be equal to 

* For ni,", mi", 1%", ... m," ue always leas tbtui the <iBCtions id which 
Ihey di^inate, BDd therefore when those fractions become whole uumbcn, the; 
are less than those whole ouiabers by 1 : there are h' + 1 such fiactioDs in one 
cue, and k' such frictions in the other. 
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for in this case, we subtract t upon the same principle that 
we added i' in the former. 

(2) To find the number of solutions of the equation 
17*+19^+8U = 40O. 

In this case rf = 400, c = SI, r= 19, e= 1, « = 17, b= 19: also 
r+l=20=lxl9+l = lyl7 + 3, and therefiwe i=fc'=l, a' = S, 
mdh'=i. 

(d + e){r4-1) MIO 



2ab 


SS 


*■(.-■) 
2 


-s. 


2 


-9, 


E 


_i 



The solutions are as follows : 

x= Ol 1| 3| 31 4{ 101 11 I 12 I 131 141 15| 51 9 
j( = 10 8 6 4 ^^M ^ ^ ^ ^ ' °r^ 
z=10 I 11 I 12 I isl 111 l| 2I 3! 4I 5I fijisl 

?"*"P'= (3) To find the number of solutions of the equation 

dir^" . 12:. + 15^ + 20. = 1001'. 

not prime 

otlier. ■ The foUowiDg are other examples of indelermiDate pToblemii of the first 

decree vhich involve tbiee or more unluiowD eymbols, and which lead to oae 
DC moie equations lew in numbei than the symbols iDTolvad. 
(1) To find the number of solutions of the equation 

n = 34634: but if t<rii values of i, t/ and : be excluded, then 
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Transposing 20*1 we get 

12j^+ 15^ = 1001-20a, 
where the coefficients of x end 1/ are not prime to each other. 

Dividing both sides of the equation by 3 (the greatest o 
mon measure of x and ^), we get 

ix*5y = SSS^~6z-^ = 3S3-6z-^^^: 

(2) To fiad the number of ■olulioaa of ths tqattioa 

3i + 7s + 17t = 10Q, 
H = 18 : bat if Kr« nlues of x, y lod t be exclnded, iheo h - ID. 

(3) To find three fiactjons whose denominators are 3, 4 and 6. and w 



of the seTeral fnctioos be i, y and i, than 

3 * 4*5 " 60' 

or so> + ietr + iai = i33, 

which is CDDvertible into 

ix + 3y = '23-n«, if« = ^. 
The odIt three fiacUens are 



(4) To GDd in how many different myi it ii powihle to pa; £1000. ii 
Dirng, guineas and moidoree or IweDlj'seTea-ahilliiiE pieces odIt, 
B = 70940. 



If n be the number required, we muet have 
B- 131+12, 
= 17j + l6. 
-211+30. 
The Bolution of the equation 

13. -17 if = 4, 
|ive> 220 for the leaat number which aniwers the two Gnl conditioQi ) 
coiuequently 

n = 2li + 20=13xlT 11 + 220; 
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consequently s — I is necessarily divisible by 3, and therefore 
may be replaced by Si'i we thus get, putting Se' + 1 for z, 

4a: + 5^ = 333-l8s'-6-2s'=327-20/. 

Consequently d = 327, r=l6, e = 7. o = 4, A = 5, c = 20, 

,(d + e>(r + l) S34.X17 167 k 17 

But since c or 20 is divisible both by 4 and 5, the fractional ex- 
cesses of the first and second series (fi) and (t), (Art. 506), will be 
respectively the same in every term : in Uie first of these series or 
^_ C'fr^ -g^ &c., it will be I in each, and its sum in 17 

terms will be — : in the second series or -i-, , &c. 

5 a a 

it will be-in each, and its sum in 17 terms will be -r-, 

4 * 

the number of solutions will therefore be 

167 "17 51 17 2720 ,,„ 



This ia ui example of two independeat indBtermiaate equotioiu, with t*o 
unknovn lymbola each, and not of ooe iodeterminUe equatioD with IhrM 
ankncwu symbols. 

(6) To find the year cf the Julian period which corresponds to the 15* 
year of the Solar Cycle, the 12^; of the LuQar Cycle, and th« 10* of the 
Cycle of IndictioD. 

The Julian Period, so Darned from its proposer Juliw Casu Scalar, ■■ 
the eontiniied prodncl (7980) of the numbera 38, 19 and IS, which expfos 
severally the numbers of yean in the Solar and Lunar Cjclee and in the Cycle of 
Indiction : its commencement was fixed for the year 4768 before the lurth of 
ChiiBt. 

The number boueU for, if divided by 28, 19 and 15 will leave for a re- 
mainder 15, 12 and 10 respectiiely ; the least number which will answer the 
two first conditions ia 183 : consequently 

i5t + I0 = 28xl9u + lB3i 
or lSi-532u»173; 
we thus find r> 47, u = l, and h = T15- 



-V 
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CHAPTER X. 



508. Th£ conventions, upon which arithmetical and size- Eeseotial 
, , , n . -1 ■ 11 i-jY. /• 1 dinetentB 

braical notation are founded, are essentially different from each betweenthe 

other, and consequently lead to different rules in those sciences ^o^sil n'ota- 
for performing the fundamental operations, and also to very lionof 
different forms of the results. Thus in one case, the only Arithme^c 
symbols employed are the nine digits and zero, whilst in "'^ Alge- 
the other the symbols are unlimited in number and are only 
restricted in the generality of their representation by the 
possibility of the operations in which they are involved; 
in aiithmetical notation, the symbols, when written consecu- 
tively acquire a local value from their position with respect 
to the place of units, representing a series of addenda and 
not a continued product; whilst algebraical symbols similarly 
placed, without the interposition of signs of operation between 
them, possess no local value from their position, and express 
the continued product of the numbers which the consecutive 
symbols represent. These and other distinctions make it ex- 
tremely difficult in enquiries relating immediately to the forms 
of arithmetical notation, to transfer the concludons of algebra 
to arithmetic and conversely, except through the medium of 
ordinary language, and deprive us of many of those advan- 
tages which are derived, in other cases, from the use of 
general symbols. 

Extmple 

509. Thus a number expressed by of the 

aritbmeti- 

S46789, calandal- 

■ ' gebraicaJ 

according to the conventions of arithmetical notation "bv nine ™pre^nta- 

digits and zero, with device of place, would assume tbe form same num- 
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namben 



3.«10* + 4xlO* + 6'<10*+7'<10' + 8xI04-7*, 
if expreued according to the conventiana of algebra: and if 
we further represent the radix of the scale of numcTBtion by r 
and the uucceasive digits of the number by a,, a,, a„ a,, a,. 
Of, (using the same symbol with subscript numbers, not only 
to distinguish them fVom each other, but also to denote their 
position with respect to the place of units), then this or any 
other number, with the same number of places, 'would be 
expressed by 

ay + oX ■>-a,r' + a,r' + a,r + a„: 
General re- g„j assuming the same principles of notation, a number generally 
tianof (of {«•+■[ places) would be expressed, according to a given 
scale r, by 

a.'' + «^i»^'+ 4.a,r' + a,r + <i„ 

where a., a.., a„ a„ a, are the successive digits of the 

nnmber trom the highest digit downwards. 

All nam- 510. It is very easy to prove that every number ia capable 

capable of of being thus expressed by means of powers of the radix of 

represenia- the scale of numeration and of a series of digits, whose valoM 

cordlagio are less than the radix, zero included: for if ^ be a number 

J^^" greater than r, then ??=iV,r + o„ where a„ is less than r: 

sciJe, in a similar manner Ni=N,r+ai, N,==N,r+a,,-- .N^i=N,r+a^u 

if N,, N„...N^, be severally greater and if o,, a,, ...a.., be 

severally less, than r : if we multiply N, , N,, . . . tf^i and their 

equivalent expressions severally by r, r*,. . .r^'and replace JV,, if 

less than r by a,, we shall get 

N,r = N,r'-f-a,r, for N,=If,r-i-a„ 
W.r" =■ JV.r» + a,r», for W, = 2tf, r + a„ 



?CT*- = a.r- + fl^,r*'', for N^, = a.r ■¥ a^^. 
If we add these equals together, obliterating thoae terms 
upon each side of the successive equations which are severally 
identical with each other, we shall get 

N = a.r' + a^,r^' + a_i*-' + ... + a.r" + n,r + a,. 
* There are ont; six nymbols entpinyed in oa« ca»u, and thirty symbols and 
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611. It will obvipusly follow from the theorem demon- T''*^'*'* 
atrated in the last Article, that " if a number N and ita sue- truuptMi- 
<xMive quoti^its N,, JV„ N,, &c be divided by r, the succesBive JiumSere 
remainders will be the several digits, from the place of units "Mo d'f- 
upwards, in the arithmetical expreBsion of that number in a Kiles. 
scale of numeration whose radix is r." The knowledge of 
this theorem will enable us by a very simple arithmetical 
operation, to effect the transformation of numbers from one 
scale of numeration to another. The following are examples. 

(1) To express the number 35 in the binary scale. Euunpla 

into the 
3) 35 Wnaty 



The successive remainders 1, 1, 0, 0, 0, 1 are the digits 
from the place of units upwards, and consequently the number 
35, in the binary scale, is expressed by . 

100011 •. 

* In the binary sole, the only digits required ue and 1 -. a eyitem of 
binaTTahthmetic, therefore, would iequir« no mnltiplication table, ibe openitiolu 
of multiplicUion and divinon resolving themselveB iminediatel; into tboee Tor 
addition and aubtraftion ; it was tbii eitraordinary cbaraoter of simplicity 
which recamtaended it to the particultir attealion of Leibuiti and lome con- 
temponry nuthematiciaTU. See MAmnrn di I'Atadtmit da ScUnm de Fori'i, 
for 1T03, 

Every Hgnificaol digit (that in the place of unita excepted) in the 
Unary scale, will eiprcM a power of 2, vihoee index is equal to the number 
which denotes ita diatajice from the place of naita: and unce every number 
ii capable of eipresnou in the binary scale, it will follow thai every number 

may be rorraed hy the addition of terma in the seiiea I, 3, 2", 3* 3* 

thus a&=l + 1l + V: and 
1838, -3 + a' + a''+3' 3' + 3» + 3'" or 
= IIIOOIOIIIO 
in the binary scale : it follows KUwiae that a aeries of weights adapted to the 
scale 1, 3. 3*, 3*, &c. will weigh any weight which is an eiact multiple of 
the primary unit of weight, whether it be lib. or loi. or Idwt. 
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(2) To exprcM the number 865 i 
S)36S 

S) 181 , 8 



Therefore 362 U expressed in the ternary scale b; 

111112. 

The digits in this scale are 0, I and 2. 

From (ha fg) To transpose the number 34510 from I 

•enarj to . ' ' . , "^ 

Ibe qaiii>F7 the quinary scale. 

Kilt- a) 34510 



5) 432S 


3 


5;525 


2 


5; 103 


2 


5; 11 


4 



The number 34510 transposed from the se 
quinary scale is expressed by 

124223. 
Imathe (4) To transpose the number 867895 from t 

scala. the duodenary scale. 

12^3 



12; 30657, II 

12^ 255+ , 9 

12^212, 10 

I2J 17 , 8 
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If we employ the symbols X and X, to ex|)resi the ad- 
ditional digits 10 and 11, which the duodenary scale of 
notation requires, the number under congideration will be 
expressed in the duodenary scale by 

158X9^:,. 

(5) To transpose the number 367895 from the denary to >°>o 
the vicenary scale. 

20) 367895 

20) 18394, 15 



vicenary. 



20; 919 . 14 
20J 45 , 19 



If we take X^, X, and X, as the digits to represent the 
remainders 14, 15 and 19, then the number 367895 will be 
expressed in the mcenary scale by 

ZSX,X,X*. 



* The qiLinary, itHtty and vlenur^ Males may be deuomiiiated natural 
Kales. inaMsuch a» thej have a cammon origin in the practical methoda of nn- 
meratioD which have been more at lev followed by all na^oiu, of which » 
many traces eiiat or are diMoveiable, in the etymolc^y and constructian of 
Ibdr Dumiral lanpiages : thus the quinary scale of nameiAion prevails amongst 
some African tribes, and the victnary scale amoDgst nescly all the natiye 
South American tribes ; and it was carried to a con^erable eileat by the 
sncient Mexicans and Feruiians. See the article " Arithmetic " in the Encyclo- 
padia MetropGlilana. 

The duodecimal scale, though not a natural scale, presents itself perpe- 
tually in the subdivisions of coins, weights, measures and of the other primary 
concrete units of European nations, and more particalarty of their measures of 
length : thus, if the primary unit be one foot, its subdiTisions or ioches, lines, 
&c. proceed by 12 and its powers ; and consequently if the primary units 
were expressed according to the duodecimal scale, such suboidinate units (Art- 
SOS.) would present themselves as successive digits in the same scale, and would 
be treated therefore by the regular processes which sre proper to a system of 
duodecimal arithmetic : thus, 23 feet 10 inches and 4 lines would be expressed 
by 1 X, : X 4, transposing S3 into the duodecimal scale, and considering the 
two last digits X and 4 as duodecimals which are convertible into the equi- 
valent fractions |2 >i>d |^ : (Art. XI. Note) in a umilar manner, 130 feet 
9 inches and 11 lines wonld be expressed by XX : 9X, : and if it was required 
to determine the area (in square feet, and its duodecimal subdivisions) of the 

recUngle 
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Tfaere- 513. Other propertiea of numbers, whether in the decimal 

tram the 0* io*y other scale, may be eatily deduced fVom the expreaaiiMi 

divkionof J j-i J 

■ namber a./' + fl^, r^ + + a,T' + a,r + «„, 

ihxleas which we are now considering: thus if we divide r', r^'.-.-r*. r 

Mme'u ' hy r - 1, the remainders will bft sevendly equal to 1 • ; and con- 

fromthe 

ihe'^mor f^"^'* "'^'i would *» conlalned by Iwo iides of the lengthi ibore p»eii, 

itodigili '' would be foniul in tha follciwuig mumer: 

bjlheradii i v . va 



XX : 


9^1 


1 9 A' S B 


1 iX9 





\ 1 XT 4 




1 7Jt 7 4 





If we reconvert 1961 from Ihg duodecimal ta th« decimkl Kele, it will 
become 31S1, and the ana ieqnii«d will ha equal to 31S1 maara feet 7 inebai 
11 lints Q" and 8"'. 

In multiplyiag or petformiDg an; other •rithmotical opeiatioD in the duode- 
cimal 01 any other scale of notation, we muBt take care to earn/ or to borrtm 
the ntdii of the tcale whatever it may be, initead of 10 ai in the oidinuy pro- 
ce*M> of aiithmelic : thus, the Gnt of the partial producla in the piccediD|: 
mulliplicBtJoe ia obtained u foHowa: 

"(X,) or 11 lines 4 19 44 '^ 3 x 13-4- 8 ; write down 6 and carry 3: 11 timM 
.y or 10 is 110, which becomes, wheo 3 ie added, 113 = 9 X 12 -f 5 ; vrrile down 
fi ud carry 9: 11 times X^ 11 is 121, which becomes, when 9 is added, 
130 = 10x12 + 10: write down X (10) and carry 10: 11 times 1 U 11, 
which becomes, when 10 is added, 21 = 1 x 12 + 9 : Gnt write down 9 and 
then 1 which is carried to the next supeiioi place." 

Such pioceasea most, in nil cases, when conducted by the mind or ei- 
pnSMd in words, be carried on through the medium of our ordioary nu- 
mer^ luigvage which is aclosively adapted to the decimal scale: for neilhei 
can tin mind be coDStrained to think in diSerent scalee, nor can a eonsa- 
pondinE nameral language' he invented, in the same manner or with the atme 
'bcility that digital notations can be adapted to diem : it is thia incongruity 
between our aseociations and numeral language and the leale of notatioB, dif- 
bient from fke decimal, which we are required to oae, which constitute* the 
chief difficulty and ambarraMmeut in the actual perrormance of arilhmatieal 
operaUong in such scales. 

" For if r— 1 = I, wa getr = I + 1, and therefore, by the binomial theorem. 



where the last term ii I' or 1 : ind inaso 


uch a* all the 


erma except the last are 


mulliplet of > or of r - 1, it foUows thai 






h, ,orofr"by r-1, i,«jual to 1. 
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seqUently the remaindera fVotn the division of a.r*, a^,r*~',... 
a,r*, a,r by r- 1 will be the succesBive digits a,, o^,,...«„ a,, 
replacing those digits by zero which are equd to r - 1 • : it 
will follow, therefore, that the remainder from the division 
of W or of 

a^r* + a^,f^^+ +o,r' + o,r + no 

by r - i will be the same as from the division of the sum of 
its digits or 



by r— I. It is this proposition whidi is the basis of the well- 
known rule for the verification of arithmetical processes by 
casting out the g'st. 

513. The algebraical representation of numbers, considered Tbemost 
in the preceding Articles, is useful io the deduction anil de- ^^rtiee 
monstration of those properties of numbers which relate to the °^ numberB 
local values or orders (Art. 146) of their digits: but it affords nerallvde- 

• For if tLe reraunder from ths divUlon of r-bj r - 1 lie 1, the reradnder a^briiicEl 
from the dnision of a, r" or a,, will be o. times as jreil, wheneyer n, is lees than repreienta- 
r — I and wro, whec 0.= r — 1. *'<"> 'ac- 

cording to 

t In tbe decimal aotatioa 9 correspanda lo r — 1 in the propMition de- a given 
moDBtrated in the teit. It ma; be eaaily eheirn, from other conaideiiUionB, that scale. 
the remainders from the division of 10, 100, 1000, 100000. &C. by 9 are all 
equally 1, and thai consequently the remunders from the diTlsion of the several 
sddeads ithich are eipressed by the digits of any Dumber, in their proper places, 
will be the several digits ihemselTes, if the digit 9, whenerer it occurs, be re- 
placed by lero. 

If, therefore, the remainders from casting out the 9's from two numbers, 
N aitd N' be a and n' respectively, we shall have 

N.9B1 + and N'^Sm'+a': 
consequently, multiplying them together, we shall find 

NN- =. a\ mm- + 9am- + 9a'm + a a- 
= 9iii"+iia': 
it will follow tbeiefore, that the remainder from casting out the 9's from the 
product KN', should be the same as the remainder from casting out the 9'3 from 
tiui product of a and a': if these remaioders are fouDd to he the tame, and 
if the operation has been honestly performed, it 19 probable (there are eight 
chaDcei to one in its favour) that the operation is correct : if no), it it certainly 
vronj. 

It is easy to eiiend this principle to the proof of the corresponding nile 
for the verification of the operation of division (when there is no remainder), 
by consideriDg the dividend as the proilnci and the divisor and quotient as its 
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reference 



reference 



ue little aid, for reasons which we have mentioned above, in the 
formation and proof of the rules for the ordinary operations of 
arithmetic, and is almost entirely useless in investigations of 
those properties of numbers, which exist independently of the 
peculiar system of notation by w4iich they are expressed: in 
all such enquiries, numbers are represented symbolically with 
reference to their form, character or composition, and not with 
reference to the digits and radix of the scale by which they are 
expressed arithmetically. 

614. All numbers may be classed with reference to a given 
divisor or moduiu* m and the remainder which exists after the 
' operation of division is performed, whether it be zero or any 
number less than ni : thus, if the modubti m be contained t times 
in the number a, with a remtunder b, then the relation between 
a, k, « and b, will be expressed by the equation 

a = kmA-b. 

> 515. If the number be a priine number, its remainders will 

be different from zero for every modulus which is less than a'. 

" but if the number be composite, there will be within the same 
limits of the modulus, as many remainders equal t» aero as 
the number has factors or measures which are different from 
each other*. 

516. All odd numbers, rderred to a modulus !, will give 
i a remainder 1 ; and all even numbers, referred to the same 
' modulus, will f^ve a remainder zero: It will follow therefore 
that the first series of numbers may be expressed by Sit 4- I, 
and the second by 9,k. Also odd numbers may be farther classed, 
with respect to the modulus 1, according as they furnish a 
remainder I or 3, the first class of numbers being expressed 
by 4i+I, and the second by 4.A + 3+: whilst even numbers. 



* Far whsDever tbs divuar of a is also b. futor of a, Ihe remunder is zero. 
Bad in no other cbk. 
ClawGo- ^ Numbers of the Ibnna ik and 4 fi 4- 3 are colled parittr ioA imporiUr para 

tionofeven respectiTsly, whilst those which belong to the two other forms Ah + l and 4li + S 
and odd ire called pariiirand impanter inpara. Even numbett are also sometimes claned 
namberB. „cording to their d*)?)™ of jwrily : thiu numbers of the fonuB 2Jc, ik. 8^16k„. 
DecreeB of ^^' "''ere '■ i" an odd number, would be cbaiacteriied as of the fint, aecoDd, 
panly. third, fouith and n"' degrees of partly respectively. 
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referred to the same modulus, will be dietributed into classes 
which give remainders and 2 and which are expressed by 4,k 
and 44 + 2 respectively. 

517- Numbers, which furnish the same remainder, when Numbers 
referred to the same modulvt, are said to be congnious to each as con- 
other, whilst those which furnish, under the same circumstances, ^""5"' 
different remainders, are said to be incongruous to each other: gniousto 
it will follow from this definition of the congruiti/ of numbers, y^^ """' 
that a number is always coHgruout to its remainder, with reference 
to any given modulus : thus, if 

a = lem4-b, 

a is said to be congruous to 6*: thus, 10, 10', 10*, 10*, &c. Allpowen 
are severally congruous to 1, to the modulus 9: for it may be congi^uB 
easily shewn that t" •, 

■' to the mo- 

10 =1 x9 + l, duluiS. 

io'=ii x9+i, 
io*=ni x9+ 1, 

10* ='1111 x9 + l, 
and so on, for any power of 10 whatsoever. 

518. Some of the most important properties of numbers, Propoa- 
which are prime to each other, harf been demonstrated in the utiMto 
secimd Chapter of this Work ; of this kind are the propoMtiona primeanm- 
tbat "if a number p be prime to each of two or more numbers have been 
a, b, c, Sec. it is prime to their product (Art 118)": that "■fgi'^^^'ia 
a number p be prime to another number a, then also p is prime fonner 

'^ chapters. 

* " GinsB has made (he /■rmjruitv and incongruity of numbers, the foundation 
of nearly all his iCBesrches in the SJijuiiiliona Arithtnetica : he eipieases the 
coagruity at two numbers by the sign = : ire may thus replace die equation SiKaofcoa- 
a^^lim + b by a =ft (mod.m): lffs\ (lBoi.9). and 10-= 1, ax I0*= a, t« giuity. 
the same modalus : it nill very readily follow fiom this property that 
,+.o,j,|0 + a.xlO'+... o.xlCI*=o+fl, +o,+ ...o.; 
and that consequently every number, in the decimal scale, is congruous to the 
sum of its digits, to the modulus 9 : this will furnish anodier demonstration of 
the propoutioQ given in Art. GI2. 

Id the indeterminate equation 



a»-bs = «, 




at is a>ngrw>at to t, to the modulus b; the equation itself is called a mm' 


. A congru- 
ence of the 
finit degree. 


solution of the congruence. 
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to a' (Art. 117). tnd also p" is prime to a" (Art. 114), where 
ffl and n are any whole numbers whatever." 
Other pro- Many other propositions, which were not required for the 
<te4ucible particular enquiry for which the preceding propoeitiong were 
rrom them, introduced, are easily deducible from them, and nuoy othera. 
may be added, which are t>f great importance and intcxeat, wboae 
demonstration will depend upon very ginqde prindpleB, daoiq^ 
it may not always be very easy to deduce than aa eowaaqaencea 
of any single theorem, or to refer them to any general syatHai 
of reasoning. Neither the space which is allowed &r daa ChafM^s, 
nor the algebraical knowledge which our readers are nqqiosed to 
possess, will allow us to pnah this enquiry to such an extent, 
as may be requisite to represent even a very slight sketch of 
the existing state of this department of our knowledge of the 
theory of numbers : but the following pnqmsitions, though they 
do not present altogether a continuous system of investigations, 
possess considerable value, and will serve to illustrate siMne 
of the methods which must be followed in such cates. 

519. Prop. Given the prime factors of a composite nimi- 
ber, to find a symbolical form by which it may be repre- 
sented. 
^prewoD If a, b, c, be the prime factors of a number N, then it may 
bcrinianns be expressed generally by <^l^if : (m if none of the [ffiaie fiKtors 
hctoi?""^ be contained more than once in the nnmbn-- N, thai it laxy be 
represented by their contintied product abc: but if a be repeated 
as a (actM* p times, b, q times and c, r times, then their eatt- 
tinued product will be represteited \xg tfif^, (Art;. 41): and 
similarly, whatevff be the number of prime Actor^ vrbether 
repeated or not, which enter into the composition of the number 
which is required to be represented*. 

620. Prop. A composite number on be expressed in 

one manner only, by means of its prime factors or their powers. 

Tbereu Yot the same number cannot result from the multiplication of 

form in different sets of prime factors, suc^ as a, b, c and a, /3, 7, for, 

th^'cuiie '*" ^' o'^C and cf'^'y", which are prime to eadi other (Art 518), 

csnbe^- • Thus, the prime factors of the number 108 are 3 and 3, the firet being 

tei^ot" '*P**'*'' " " *'»«'o' '"*=• »n<i 'lis second thtiee: it Sa therefore represenlad 

its prime l>r 2*x 3»: the Dumber 16200 is represented by 2»x 9*k 6': and similarlT in 

factora. other cases. 
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would be equal to the same nutnbtf N, yriudi 
also numbers i^li''(f' and (fb^tf are equally prime to any prime 
numbers diflerent from a, b and c, or to their products: ndtiier 
can the nnmbera a^b'<f and ctl^if' be identical with eadi other, 
unless p = p', 9 = 5' and »" = r'; for if possible, let a'n = n^n', 
where a is prime to it and n*; then if p be greater than p", we 
get a~*'n^n'; and if p be less than ff, then n = n'ef~'i and 
consequently n and n' cannot both of them be prime to a, unless 
p = ^: a aimilai- proccss will shew that 9 — 9' and t — t'-. and 
similarly for any number of such factors. 

621. Pbob. To find the number of divisors of a com- To find- 
posite number, whose composition ia given. berordi- 

Let N={fb'<f: then 1, a, a*...tf are divisors of a', and eomninte 
therefiae of A, which are p + 1 in number: ], 6, 6'..,S' are ""^ 
divisors of b', and therefore of N, which are 9 + 1 in number : 
1, c, t^...<f are divisors of C, and therefore of N, which are 
r + 1 it) nnmb^ ; and so on for all the prime factors of Ni 
it is obvioas likewise tJtat every term of the product which 
arises from multiplying these several series of divisors of N 
together, will be likewise divisors of N and different from 
each other; and their number, which is also the number of 
divisors required, is therefore (p+ 1){9 + 1) (r+ l). In this ex- 
pression, 1 and N\ are included amongst the divisors of N, 

522. Cor. The number of divisors of a composite nuni- JJ^ °^: 
ber d'b'ef . . . will be an even number, unless p, f, r ... are sore of all 
all of them even numbers, and consequently unless it be a "^k^rre 
perfect square}. not squares 

523. Prop. The number of different ways, in which a com- Eipression 
posite number may be resolved into two foetors, is half the num- number or 
ber of its divisors. whf'h'a 

composite 
" For a, b, c, Itc. are seTerally prime to a, p, y, Uc. and therefore number 
o', M, if, are severally prima to n'', p", y"", and also o'i'c' is prime to ^1°=^ ".n 
a^pfy". Art.5ia. twoprime 

t The number of divJaora of 2880 = 2" x 3" x 5 is 7x3x3 or 42 : the ^^"• 
number of divisoiB of 484000 c^ 3* x 5" x II' is 6 x 4 x 3 or =72, 

t The number of divisors of 19600 - 2* x 5'x 7' = S x 3 x 3 = 45 aa odd 
number 1 19000 is the square of 2"^ 5x7 = 140: and generally the square 
of any numbei a'btf will be a*6''<;'', where the indices of ils several fac- 
tors are the doubles of those of ils roots. 
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For each pair of sudi fnctora will form two diviaora of the 
nnmber: if hoverer tlie nmtiber be « complete square, its 
■quan root will form one at two identical fectors, and there will 
be one pair of factors ccnrespondiiig to one dintor mly : in tbis 
case, the nomber of pairs of factors will be one half of the 
number of divisors (which ia odd) increased \>y unity*. 

EipTMiiMi 524. Pkof. The sum of all the divisors of a compoute 

lum of the number tfb^tf will be expressed hy 

diriion of 

> compo- a^' - I 6»*' - 1 tf*' -\ 

KJ.""""" a~l " b-V * c-X ' 

For the sum of these divisors is the sum of the terms of the 
product formed by the multiplication of the several series 

1 4- o + a* + . . . ^ == ^ ■- ~ , (Art 429), 
\+b + V-^ ...h' = ~:l, 

1 + C + C*+ ... C' = —J 

and is therefore equal to' the product of their sums whidi is 
<f*'-l 6«*-l c"'-I. 



incladiDg tbe two ideoticil bctora aiG and 315. 
t Tb« «nm or the dinsorg of 

the torn of the dmson of 6 = 2 x 3 ii 

and if we exclude die namber itself or 6 from the namber of its difisan, 
their sum will be 12 — 6 or 6 : this is cslled a ftrftel Dumber, iuasmoch as 
it ia equal to the sum of its divisOTs: in > ^miUt muuier the aom of the 
difiaoii of 26 or 2*x 7, eicluding 28, is 

j^xj^ -28-7x8-28.28. 

which ia tbeiefare likewiM a ptrfeet number : the same remark applies to the 
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635. Pbob. To find an expression for the number of ^ipieaion 
numbers, which are prime to a given number -N, and less aumbeiof 

"»" it- sf ^ 

less than a 
If iV be a prime number, all numbers teas than N are prime g"«en num- 

/ f\ "^ bar and 

to N, which are iV- 1 «■ N^l - jA in number. primewii. 

If N= a'b^if, then the number of numbers, not greater than 
N, which are diviuUe by «• will be expressed by 

? w= 

for all the terms of the series 

a,ia,Sa, -.a, 

N 
wliidi are — in number, are divisible bv a. 

In a similar manner, the number of numbers not greater 
than N, which are divisible by fi, is 

?«■ 

The number of numbers wfaidi are divisible by c and not 
greato: than N, is 

and similarly, vriiatever be the namb»(^{mme factors ctfM 

Again, since all multiples of ab are included in both the 
series (1) and (3), it follows that the number of terms which 
are common to these series is 

^ <'^ 

The number of terma common to die series (l) and (3) is 

ae ^ ' 
and the number of terms ctnumon to the series (3) and (3) is 
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and similarly for the terms which ate coinnitm to any two of 
a greater numbn of aeries (1), (2), (3), (4), &c. 

Further, the number of tenns which are common to the three 
aeries (l'), (S') and (3'), or which are multiples oCabc, is 

tar all the terms 

abc, 2abc, Sabc,... -r-.abc, 

are included iu some t»ie of the series (1'), (Sf) and {3^, and 
their numher is 

JL 

abc' 

It follows therefore that the whole numbo- of mimben wfakh 
are less than N and prime to N, will be equal to N, dimiidsbed 
by the number of numbers which are neither greatax than N 
nor prime to it, and is therefore equal to 

„_N_N N N N ^ _ N_ 
a T c 0? ac Sc abc 

\ . a b c ' oS ac be abc/ 

-^(-3 (-1) (-;).(*"■-)■ 

and inasmuch as the same principles of reasoning may be ex- 
tended to 4, 5, or a greater number of prime factors, a similar 
^pression may be easily shewn to apply to express the number 
of numbers less than Jf and prime to N, whatever be the 
number of its prime factors. (Art. 448). 

Thus, if W"^ 35 = 5 X 7. there are 85 (l - i) (l - i) = (5 - 1) 
(7-l)=2* numbers less than 35 and prime to it: if W= 1225 
= 5' X T, there are 1225 (l - i) (1 - ^ = 35 (5 - 1) (7 - 1) = 840 
numbers less than 1225 and prime to it: if 

J^=8I000 = 2'x 3*x5', 
there are 

2*x8*x5'(l-i)(l-i)(l-J) 

= 2' X S' X 5' (2 - ]) (3 - 1) (5 - 1) = 21600 

numbers less than 61000 and prime to it. 
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is divuible 
of the 



626. Prop, In the series of natural numbers beginning J'^'^.f 
from unity, the continued product of r consecutive terms, natuiul 
beginning at any term, is divisible by the continued product thecon-' 
of the T first terms of the series. duct* of"!^' 

In other words, the expression 

(Art. 455.) Shh^™' 

is always a whole number, if n be a whole number. 

For one of the two first factors of the numerator is of the 
form Sm: one of the three first factors is of the form 3m: 
one of the four first factors is of the form 4m : and generally 
one of the r first factors is of the form rm*: it follows there- 
fore that the numerator is a multiple of all the separate factors 
ol the denominator, and consequently, a complete mulUple of 
all the prime factors which it contains f. 

Agitin, if th«« be two terms xp and xq, which have a common 
nieMure x, where 9 is greater than p, it will follow that amongst 
the xq first &ctors of the numerator and denominator, there are 
q of them which are multiples of x, and consequently, their con- 
tinued product will not merely be a multiple of the prime factors 
which are inferior to xq, but likewise of any power of x, wbit^ 
this portion of the denominator may contain: the same remark 
will apply to the common measure of any two or more compound 
factbrs whatever. 

It follows therefore that the numerator is a multiple, not 
merely of the prime factors of the denominator, but likewise 
of all its composite factors, and consequently, of their con-' 
tinned product. 



■ For all nnmbera are of the form 2» or 2«+ 1 «jid tbeiefore one of 
the nnmben n and n + l U of the form Sn: all numbeis are of one of the 
roims 3*1, 3m -J-l, dm -1-3, and therefoTe ooe of the nomben ■, » -i- 1, ud 
n -f 2 ii of the fonn 3n: aod similsrly for the successive nwduli 4, S, ... r. 

t For if ■ nnmbei n be divisible by the prime facton a, b, c— , it 18 
divinble by their prodact: thus it n = pa~qb, where a and b are prime numbers, 
theo r ~ ^ ' "here q ia either equal to a or to a multiple of a, and where 
p is either equal to A or to a multiple of b : it fbllown therefore that n is a 
multiple of a A : and similarly for three or a greater number of prime facton. 
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To fi?d 627. Pbo». To find tbe highest power of a prime number a 

pmel^ less than n, which die continued prwluct 

givanprinte 1 x 9 x S x n 

Dumber, 

which ia contains as a factor. 

0/ the con- If we represent the integral parts of the whole or mixed 

SpF' ""»>»" 5. ?. ?■ *=■ ">' '(;)■ '©. '(?)• *«•• *•» 

beginniag *Il* index of the factor required ia equal to 

/©-©-©-'■ 

For there are t{-) factors not greater than n, 
which are multiples of a : also. . . /(— ) factors 

.•,s<s.',... 7 (=,)««■, 

which are multiples of a*: also /(-s) factors, 

«',J.-,3«-,.../(i)x... 

which are multiples of a'; and so on, until -; first becomes 
less than I : the sum of all these numbers 

is the index of tbe highest power of a which is involved as 
a (actor*. 

* Thu«, to find the highest powet of 11, which is a factor of 
1 X a X 3 X ...... 1000, 

The indei of ihe highest power of 11 i» therefore 96. 
To find the highest power of % which is a fkctor of 1 x 2 x 3 x ... 33. 

'(?)=■•• 'Q- '(!)-■ '(I)-. '(1)-- 

tbe highest power of a, which this product iovolves, is therefore 2"*'*"'*' = 2". 

This process will enable ua to express koj such product in tema of its 
prime fsclore. (Art. 5)9). 
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528. Prop. Fermat't Theorem. If p be a prime num. Fermii'i 
ber and if a be not divisible by p, then o^' - 1 is divisible enuncStad 
by p. andptoved. 

For, by the binomial theorem (Art. 486), we find 
{\+*f = \+px+ px^' + Jf 

= 1 + j^ + mp, 

since the coefficients of all the terms of the series intermediate to 
the first and last are divisible by p*, and their sum is tberefiire 
a multiple of p: consequently! subtracting \+x from both 
sides of this equation, we get 

(1 + «)» - (1 + x) = 31' - « + mp, 

and therefore if jr* - a be divisible by p, (1 + «/ - (1 + «) is divi- 
sible by p: but if « = I, -we get (1 4- ly - (1 + 1) = 2' - 2 = 1' - 1 
+ nip=»ip, which is therefore divisible by p: consequently, if 
a; = 2, we get (1 + 2)'-(l + 2) = 3'-3 = 2'-2 + mp, which is also 
divisible by p: and in a similar manner it may be shewn that 
4* — 4, y — B, & — &,.. .if — a, are severally ' divisiMe by pr 
consequently, a' — a = a(a'~' — l) = mp: and since p is prime 
to a, it follows that a^' - 1 is divisible by p. (Art. 1 12.) + 

* For, riace p ia i. prime number, it will follow that the coefficient: The coef- 

P(P-1) P(P-l)(P-a) ^^ ^^l^f."^ 

'' 1x2 ■ 1x2x3 ^- nomUl 

being whole nomben (Art. 526), are also multiples of p : for p is not divi- thoofOTi, 
Bthle by any of the Idiots of the denominator, and it consequently "'"st thefirstuid 
remain a factor af the aumaralor, when all the facton of the denominator Um. are all 
are obliterated by division. of them 

„ multiplei 

If p he a compo^te number, lucb as a°iPcV..., the intennediale co- oftbein- 
efficienls are not all of them moltiples of p : for if a be the least of the de», when 
prime factora «, b, c, then the coefficient a pri^ " 

where none of the bctors p — 1, p — i, ...p — a-i-X are divisible by a; and 
consequently 

»■-■fc^cvi:p-l).■.(p-.^■l) 



t Oaiua (Diaquiadonea Arithmeticte, Art 49) has given, after Euler, a proof 
of this theorem, which he cooiidere to be more conformable, than that in the text, 
to the proper mode of treating the theory of numbers. 
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Vfht SSQ, Prop. If p be prime to a, and if a" be 

u^o* b« power of a, which is of the furiii mp + 1 *, then all 

P0W€I Of S 

which o, o , - . ■ <r" 

a'- I di- if divided by p, will leave remaindera different from e 

""'■'A ««1 from 1- 



--_ — For, if possible, let o" = rp + a, and fl*=r'|H- 

l,a.a',... "> and N are both of tfaem less than f ; we shall thus 
will l^Sil o- - o- = (r* - r) p, 

ferent Iram or o" (^'-' -l) = (r'~r'i p, 

each other. ^ ' ^ "^ 

and since p is prime to a' (Art. 117,) it follows that c 
divisible by p, which is impossible, since n — m is lei 
and a' is the least power of a, which makes a' — I divisil 

Extenuon 590. Psop. If a* be the least power of a which 

Tb^i^. * fonn mp + 1 wh«i p is a prime number and when 

dirietble by p, then i la either equal to p -- 1 or t 

multiple of p — 1. 

Up be a For the several terms of the series 

pmnenum- 

ber.anda 1, O, o". . . . o""' (1) 

not divi- 

^I'b7f> will leave remainders when divided by p, which are 

be the leui from each other (Art. 529)> wl which are included 

P"?*'**^" in the series of numbers 

make* 1, S, ...p- 1: 

t''''*!? ''' ""^ '^ ™'^'* ''*' *1*^^^ terms be multiplied by a*, which 
eqaul to form mp 4- 1, the remainders from the division of the 

tiple of it. a", o^', a^, . . . o""" (2), 

will be the same as from the division (^ the tern 

-"""" 'I): and it is obvious that the same results wi 

terms of this series be severally multiplied b; 

or by any power of a*; it follows therefore 

lers from the division of the terms of the serie 

1, a, a", ... fl^ 
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by p will form recurring series of t termi each : and inannuch a« 
the whole number of them ig p — l, (for a'-' is the beginning 
<^ a new series) it follows that p ~ 1 is either equal to ( or to S< 
or to 3t tn- to rt, and consequently, that i ia either equti to 
p - 1 or to a Bubmultiple of p - I. 

Thus, if a = i and p = 13, the first term of the series Eisnplet. 

1, 2, 4, 6, 16 &c. 
which is congruous with 1, or of the form mp + 1, is S", and 
consequently, in this case t = p-l: but if the modulus be tS, ' 

we find 2" = 2048 = mp+ 1, where f = ° ■■ = — ~ — : again, 

if a = 3 and p = 13, we find 8' = mp + 1, where i =• S = — ^~ ; 

and similarly in other cases." 

531> Those values of a, the least of whose powers, which Frimitire 
ia of the form mp+1, is a'~', have been called by Euler Q,odaltup. 
primUtM root* of the modulw p, and are connected with some 
very important theories: the periods of remainders which they 
form are called complete periods, and include every number leas 
than p: all other roots the least of whose powers of the form 
mp+ 1 are sub-multiples of p — 1, are called tubordinale roots 
and all other periods are called incomplete periods. 

532. Since p is an odd number, p-l = 2R, and therefore Connection 

between the 

fl^'-l=o'"-l = {a" + ])(fl"-]): fimandthe 

' ^ ' second hftir 

and since fl^'~l is divisible by p, it follows that one of the of the series 

■ •-•-111 1 . of remain* 

two factors a'—l or o"+l is divisible by p: and since a'— I den of a 

primitiTO 

■ The proposition relative to the periods of circolatinE dedmals noticed in 
a Note to Art. 162 is involved in this propoution: for if 10 be a pitmitiTe root 
(Art. 631) of a prime modulus n, then the number of places in each period of 
the decimal correuponding to - , irill be equal to n — 1 ; if not, it vrtU be a iub- 
multiple of it. Thus 10 ii a primitive root of 7 and lO" is the first term of the 

1, 10, 10* 

which w of the form Tn-t-l and = forms a recurring decimal of 6 places in each 
period: but if n=ll, then I0'=llni-|-1 and ^1 forms a recurring decimal of 3 
placet in each period oni^. 
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it not diviaible by p, (since t^' n the least power of a vhidi 
nukes tf^ ~ 1 divisible by ;>) it follows that a' -t- 1 is divisible 
by |), Mid that therefore the remunder firoin the division of it 
by /» is p - 1 : it will follow therefore that if the series of 
p- 1 or of 2 n successive renuunders be divided into two equal 
portions, the first term of the second portion will be equal to 

Again, if we take two terms a"'' and a"*i", in the series of 
powers of the primitive root, which are equidistant from the cvl- 
mttuiHag term «", their [Wodiict is a* or a'*' ; and consequently, 
the rentainder from the division of the product of these terms, or 
AMooaial of their corretponding remainders will be 1*: such terms are 
said to be asmciated terms, and it ia manifest that if the 
terms and their order of succession in the first half of the 
snies be given, the terms and order of succession of the 
second half of the series may be determined. 

Eqnallj 533> The same remark is applicable likewise to the series 

complete '^ remainders of any incomplete period, corresponding to an 

and mcom- index (, which is an even number; for under such circum- 

]>Mite pe- 

rioda of an stances, 

even nnm- rf - I = a* - 1 = (a' + 1) (a' - 1) = wp: 

and since a* is the least power of a, which makes t^ — 1 s 

" For if 

a—/' B mp + a and 0*+'' = tn'fi + /J, 
then a'-Mx a'*/'= «•"= m"p + aP ; 

and cooKqueatty the remainder irom the product of a'-/' and a'>>' u th« 
same u tbe remainder frran Ihe product a0 of their corresponding remaindais 
a «nd fi. 

Thai 3 ii a primi^ve root of 13. and the Buccession of remalndera from 
the diviiion of tbe temu of tbe series 

1, 3, a*. 2», 2*, 2", 2«, 2", 2>, 2', 2'", 2", 2" 
by 19, is I, 2, 4, 8, 3, 6, 13, 11, 9, 6, 10, 7, 1. 

The 7" term i« IS > 13 - 1 : also 3 and 9 are remainders equidistant from 13, 
and their product 27 divided by 13 girw a. remiindet 1 : if the first ama- 
ciated term 3 be given, the second x may be found, by the solution of the 
aquation 3>»13fn + l or 3i - 13ni = 1 : and since 3(13- 4} - 13(3 ~ 1) = 1, 
we find 1 13 13 — 4 s' 9, which is the term required : in a gimilar manner tbe 
first assodated term being 8, the seconil, i is found from the equation 
8i-13m:'l, which gives i = 5. 
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■nuldple of p, and since p divides one of the two factors 
a' A- 1 or a' - I, it follows that it must be a divisor of a' + 1, 
or that tf = m'p-i-p—l: it thus appears that the first term of 
the second half of the series of remainders of an incomplete 
period <rf an even ntudber of terms, will he p— \, and that 
the remaining terms of one half of this series will be atsooialed 
terms with those of the first half of the series, which are 
severally equidistant from p — 1 .* 

534. Pbop. If there be one primitive root of a modulus If there be 
p, there are as many primitive roots of this modulus, as there tive root of 
are numbers less than p — 1 and prime to it. * "th^"* 

For if a be a primitive root of p, then i^' = mp + i: and ^J^"^ 
if we suppose r to be prime to p — I, then we get a' = m'p + a, numbers 
vrhere a is different from 1 : then a or a' is a primitive root p - 1, and 
of p, since no power of a or of a', which is less than p — 1 le^J^on 
is of the form mp + if: and since the same remark applies 
to the remainder from the division of every power of a by p, 
whose index is prime to p — 1 and to such powers of a only }, 
it follows that there are as many primitive roots as there are 
numbers prime to p - 1 and less than p - 1 and no more. 

535. A subordinate (Art. 5Sl) root a of the modulus p, is Thesanie 
one which makes a' = mp + I, where I is a tubmuhiple of p - 1 : eit«nded°io 
and it may be proved, by the same process of reasoning as that subordinate 
employed in the last Article, that if there be one such sub- 
tH-dinate root corresponding to t, there are. as many such roots 

as there are numbers prime to I and less than t. 

536. Prop. The whole number of subordituUe Mid primitive The whole 
^ J. II- 1 . number of 

roots ol any prime modulus p is equal to p— I. primiiiTe 

and gnbor- 
io the incomplete series of remaiadera 1, 10. ofL"^""" 
I (or the Erst term of the second half of the equal to 
series. P - 1. 

t For the remainders from the diviHon of a" ud o* by p, are the same, namberof 

^oce all the terms in the series for (m'p-t-s)* are multiples of p (Note, numbers 

Art. 628) except the Isst, which is a' ; it is obvious likewise that if r be ^ Breater 

prime to p - 1, nr cannot be a multiple of p — 1, unless it is equal to p-1 prflJ^", 

i For if r have a common divisor t with p — li then rx ■ >p (p— 1); divisors is 

or a power of a', which is less than p-1, may be equal to p — I, or to a """ to n. 
multiple of it. 



n,g,t,7.dt,'G00glc 



For every number less than p, is either a. subordinate w 
ft primilive root. 

637' Prop. The whole number of numbers not greata 
than M and prime to » or to some one of its divisors, is equal 
to n. 

For if a, b, c, &c be the divisors of n, I and m being included, 
then if we multiply the numbers prime to a, b, c, &c. by 

~, T, -, respectively, the resulting; products will not be 

greater than n. 

All these products are different from each other: for if 
possible, let a and y3 be numbers prime to a and b respectively, 

and let -xa = Tx/3, or - = ?= hut since these fractions are 

equal to each other and in their lowest terms, it follows ttut 
a = ^ and a = b (Art 120), which is contrary to the bypothesia, 
since a and b are assumed to be different factors of r. 

Again, every number between I and n inclusive, will be 
found amongst these products: for if ( be any number net 
prime to n, and if o^ be the greatest common measure of 
/ and n, then t will be prime to ~, or in other words, I will 
be a numbei; prime to one of the factors of n. It followi 
therefore that the whole series of numbers which are prime 
to some one of the &ctors of n, 1 and n included, will be 
equal to n. 

538. There must be primilive as well as subordinate root) 
corresponding to every prime modulus p. 

There muw For there are j> — 1 numbers and p-1 numbers only, which 
8awe"'as'^* are prime to p- 1 or to some one of its divisors (Art, 537): 
BubordiQflie anj there are also p — 1 primilive and subordinate roots cor- 
spondiagui responding to every prime modulus p: it appears likewise 
mSufiCp* that for any given factor of p- 1, if there be one root cor- 
responding to it, there are as many such roots as there sre 
numbers prime to that factor and less than it (Arts. 534, 53S): 
but inasmuch as the whole number of such roots is equal like- 
wise to the greatest possible number of those numbers which 
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«re prims to the factori of p — 1, and ItM thun p— 1, it follows 
that there must exist roots corresponding to every factor ' of 
p~l, otherwise the number of them would not be equal to 
p — 1 : it follotrs therefore that there must be as many roots 
corresponding to p — 1 (which are therefore primitive roots) 
as there are numbers less thbn p- I and prime to it. 

539. Pbop. Wilton'* Theorem. If 'p be a prime mim- AVilson'* 
ber, the continued product of the natural numbers 1, 2, «"«"'• 
3, &c as far as p - ], increased by I, is divisible by p. 

For if a be a primitive root of p (and such primitive roots 
always exist. Art. 538) then the remainders from the division 
of the several terms of the series 

I, o, a*, ... of-', 
will Include all the natural numbers from 1 to p — 1 ; and con- 
sequently, the remainder from the division of their continued 
product by p, will be the same as from the division of the 
continued product of the natural numbers by p't but the 
continued product of the terms of the series 

Is equal to 

if we r^lace p (an odd number) by 2« + l (Art 516): but 
since the remainder from the division of i^ = a^^ is 1, the 
remainder from the division of o*"' = (o")" is also I : it follows 
therefore that the remainder from the division a** x a* is the 
same as that from the division of a', which i» p — l (Art. 53S): 
it follows therefore that the remainder from the division of 

'iStyt if 



and consequeDtly the remunder from the division of the product of a", a,", a"' 
Sic. by p is the lame «a that from the dinsioti af the product of their remainden 
a, a', a" ... by p. 

t For the sum of the leries of natural numben 

l+a+-3+...n-l-^^V-^ f*rt. 422). 
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1 X 3 X . . . (p - 1 ) by ^ ii p - 1, and consequently, the renuiit- 
der from the division of Ix2x3x...(p-1) + 1 by p ia 0, 
whenevn p is ■ prime number*. 

Eii«nnoD^ 540. Pbop. The product <^ all the remainders of u 

Tbearcmto incomplete period, when divided by the prime modalna p, 
iheienru ^jH gjyg remainders which are 1 or p— I, according as die 
eom^t number of terms in tliat period is odd or even. 

For if a„ u,, ... Hi be llie series of remainders of the period 
tt. «', a", ...fl', 
the remainder from the product of 



; as from the product 



if we suppose ( to be an even number or 2 ft, then 

since the remainder from o^, divided by p, is 1, and. frcxn a*, 
divided by p, is p - 1 (Art. S8S) : but if ( be an odd number 
equal to Sn-f I, dien 

a'^ = o('«J)c+il = flC'x = mp + I : 

it follows th^^ore that the continued product of the temu of 
a subordinate period of t terms ia of the form mp + 1 or 
mp + p-i, according as I is odd or event. 

This Theorem obviously includes that of Wilson; for if 
t=p- I, when p is a prime number and therefore odd, ( will 
be an even number, and therefore the continued product of the 

* If p be a compoHle nomber, its bcton a.re included amot^st tbe foctun 
of 1 X 2 X ..' (p— I) ivhich is therefore dineible by il: tmdec such circan- 
Btaoces, therefore, 1 x 2 x 3 x ... (p - 1) + 3 is tiol divisible bj p. 

t Thug, if a be 5 to the modulus 13, then the continued pioduct ^f tbe 
terms of the incomplele period 1, 5, 12, 8 or 480 is =36xl3-(-12: bat, if 
a be 5 to the modulus 11, the contioaed product of the incomplete period 
1, 6, 3, 4, 9 or 54D=49x 11 + 1. 
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natural numbers m far aa t or p~l, will leave a remainder 
p-1 when divided by p. 

641. Prop, The sum of aU the terms of any period, Tbe ran of 
whether complete or incomplete, to a prime modulus p, is a ^aj period 

multiple of p. toapnme 

For the sum of any period of remainders is of the same "p'e""'' 
form, to the modulus ;*, with the remainder from the sum of 
the series 

1 4. o + ffl* + ... o*-' = — — — = tnp ; 

since of- 1 -mp': 
Thus, ifp = lSandiffr'^5, we find the period of remainders, 
1, 5, IS, 8, 
whose sum is 36 = 2 x IS. 

S42. Many other remarkable consequences may be deduced 
from the principles which have been employed in the establish- 
ment of the preceding Theorems: but the sketcb which we 
have given of one important branch of the theory of numbers, 
which has already extended somewhat beyond the space wfaich 
it should probably occupy in an elementary work of this nature, 
may be considered quite sufficient to illustrate and exemplify 
not merely the mode of conducting such investigations, but 
likewise some of the peculiar difficulties which attend them 
from the absence of general methods, and from the want of 
a continuous and deductive connection between the several 
propositions to be demonstrated. 

* I'nlese u — 1 be divisible by p, or a be eoHgnumi to 1, in which case 
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ADDITIONS AND CORRECTIONS. 



Art. 88. This formation of indefinite quotients is strictly 
analogous to the formation of the quotients of division in com- 
mon arithmetic : for we proceed generally to apply the rule 
for division, without previously knowing whether the process 
will terminate or not: thus if we are required to divide U 
by 13, we proceed as follows: 

is; ] 1.00 (,.846153 



11 
The quotients now recur in the same order, and form there- 
fore, if continued indefinitely, an indefinite series. In a simikr 
manner if we are required to divide 11 by l6, we proceed as 
fi>llows: 

l6) 1 1.0 {6815 



,t,7rJM,G00glc 



387 

In this case the quotient terminateB, and under the enlarged view 
of numbers which is taken in Chapter 2, as including iVactional 
as well as integral numbers, the divisor may be said to be con- 
tained a certain number of times exactly in the dividend. 

Art. 112. This proposition, one of the most important in 
the theory of numbers, ig demonstrated by Euclid, El, vii. 
Prop. 33: it is demonstrated by Gauss in his Disquisitiones 
Arithmeticie, Art. IS, in conformity with his general method 
of treating the theory of numbers, of which a slight notice is 
given in Chap. x. Art 514, and those which follow. 

Art. 148, Note. The French have resumed since the 1st of 
January, ]841, their decimal system of weights and measures in 
all its integrity : it is universally adopted, though with different 

It has recently been proposed, in a Report of a Commission 
on weights and measures, presented to Parliament in February, 
1842, to introduce such changes in our monetary and metrical 
systems as may lead to the general adoption of the decimal 
scale in all written accounts, and to its extensive, though not 
exclusive, use in the ordinary transactions of life. 

Art. 181. If a decimal coinage and system of weights tmd 
measures was adopted, this process of abridged multiplication 
would become not merely useful but necessary. Thus if the 
decimal coinage proceeded by sovereigns (iOs.), victorirtet (S«.), 
eenlM (ifd.), miliel* (g farthing), and if the divisions of area 
' proceeded by acres, ehaint (^th acre), ehainelUa ([J,th acre), and 
its decimal subdivisions, (in conformity with the existing prac- 
tice of measuring by Gunter's chain), the value of 37 acres, 
7 chains, 4 chainettes (37-74 acres), at ^47. 7 vict. 9 cents 
(£47-79) per acre, would be found as follows: all values below 
cents being rejected: 

37.74 

47-79 
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The same question, kdapted to our existing coins ai 
■ures, and solved as a Rule of Three question, irould 
the following form. 

Required the value of 37 acres, 2 roods, and 38 
land at jEl?. I5t. lOd. per acre. 

acn. a. r. J>. £. .. d. 

I 37 . 2 . S8 :: 47 . 15 . 10 * 



91760 
34110 
688SO 



i60)6gsS5760l^ 12^482849 
640 



); 36070.9 

£1803. 10. 



45£ 
320 



776 
640 



1360 

1S80 
SO 
There are 134 figures to be written in this process, ai 
34 in the former ; the time consumed in performii 
operations would be nearly in the same proportion, o 
to 1 nearly. 
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WilJi a decimal metrical and monetary Bysteni, the distinc- 
tion between simple uid compound arithmetic would disappear, 
inasmuch as all quantities involved in arithmetical operations 
'would be presented at once, without previous reduction, in the 
decimal scale: few metrical tables would be required, and those 
of the most simple kind: and it would rarely be necessary to 
incorporate in the fundamental rules, the processes of decimal 
as well as of integral arithmetic, which are now, in common 
books, most improperly and unphilosophically separated from 
each other. 

The effect of the proposed ^change would be to lessen the 
labours of the schoolboy as much as those of the tradesman: 
and to introduce into all transactions of account a uniformity, 
clearness and brevily which would produce the most important 
benefits to trade and commerce- 
Art. 232. The proof, however, of the following proposi- 
tions, which are referred to in this Article, may be deduced 
from very simple and elementary considerations. 

(l) The extreme limit of the values of a', a", &c. in the 



successive ccKUplete quotients (Art. 190) ^ , ^ — -, — , &c. 

is a, which is the greatest integer less than ^n. For a", a"*, &c. 

in the expressions r' = — ■ ■■, r" = — -j — , &c. {Art 339), ■'* 

always less than n, and therefore the values of a', a", &c 
cannot exceed a. 

(i) The extreme limit of the values of the integral quotients 
b, b', &c. is ia. 

For a"=t'b'—a' or a"-ni'=r'i': and since the limit of the 
value of a" + a' is 2a (Prop. l), and since r* is either a whole 
number or 1 (Art, 299, Note), it follows that the extreme limit 
of the value of b' is 2a. 

(3) The extreme limit of the values of r, r*, r", &c. is 2a. 

For since af'+t^ = r'b', and since the extreme limit of the 
value of a"+a' is ta, and b' is either a whole number or 1, 
it follows that r" cannot exceed 2a. 

The value of r = n-a' cannot exceed 2a; for if it did, n 
would not be the greatest integer less than ^n. 
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(4) If any one of the series of quotients 6', 6", &c. Ije 
equal to 2a, then the corresponding values of a" and a' are 
severally equal to a- 

For if h' = Sa, then a" + fl'=r'6'= 2a, and therefore a"=a 
and a' = a: for neither a" nor a' can exceed a. 

(5) Every complete quotient in the s^ies determines that 
which follows it. 

For if i/l±^ and ^ 

tienta, and b' the integer quotient corresponding to the 6rst, 

then we have a" = r'b'-a' and /= , and consequently 

a" and r' in the second complete quotient are entirely 'dependent 
upon the first. 

(6) The quotients, both complete and integral, recur by 
periods, beginning with the first complete quotient ^ . 

The quotients ^^—p — , ., — » &<^ must recur witiiin an 

.interval of less than So* terms: for the limits of tlie values 
of a' and r', which determine a"_ and r", are a and 2 a re- 
spectively, and there cannot therefore be more than a x2a 
combinations of them which are different from each other. 

Again, this recurrence must begin with the first complete 
quotient V --— : for if not, let 

Jn + a, Jn + a, Jn + a^ 

- be the com- 

Jfi + a *" 

plete quotient preceding ^ ! or the first recurring quotient; 

then — determines ■' in the same manner that ^^ — -- 

determines the succeeding term ^ !; and inasmuch as 



f\ 
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>i^=i..- 



it follows that ^^5±?= •/"•^'^, 
p *■- 

and equating the imttional and rational parts*, we get 

P "■- 

and also -s — : 

P '^ 

and therefore a = a„. 

(7) The last integral quotient of each recurring period is So. 
For the first complete quotient of each recurring period is 

the first complete quotient, and is therefore =^ , where 

r -n-a': let — ' be ' the last complete quotient of a period : 

then since y=^ and r=n-a', it follows that y = l, and 

that \/n + « is therefore the last complete quotient of the recur- 
ring period: and since x, when yd, is the greatest number 
which makes » — x* positive, it follows that x = a; and therefore 
the integral quotient corresponding to ^it-tx is a + a or 2 a. 

(8) In a note to this Article, we have referred to the 
solution, when it is possible, of the equation 

as dependent upon the formation of the fractions converging 
to Jh: we shall now proceed to investigate the nature of this 
dependence. 

• U i + i/y = «+ Vb, where x and a «re rational and -Jy and -Jb qua- 
dratic aqrda, we have i — a and ■y = b: for if not, lei ma-i-t: then we get 
ii + c + v'y = a-(-Vb, aad tlierefoTe c + Vv = V^ which ia imposaible (Art 249) ; 
ID a similiT. minoer it may be ahenn lliat x is oat = a ~ s : it ibllows therafore 
thai I an Bad -Jyti-Jb. 
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Let ^, £, ^ be three consecutive fVactions cooverging to 

Jn, corresponding to the quotients v", u, v' : the theory of such 
fractions (Art. I90) gives ns the equation 

p' pw' + p* . 

^ qti' + q" 



let "^ be the complete quotient corresponding to «': if 

we replace n' by it, we get 

multiplying numerator and denominator by r: if we further 
multiply both rides of this equation by qJn + qa + <fT, we get 

yn + (9o + 9T)>=p> + pa+p*r, 
and equating rational and irrational parts (see Note, p. S91), 
we find 

qn = pa + fr (l), 

and pjit = {qa + <fr)jn;' 
or dividing by ^n, 

p = qa + <fr (2). 

If we multiply equation (I) by q and equation (2) by p, we 
get, by subtracting the first resulting equation from the second, 
p'-„g' = (p^-p«,)r, 
or p"-nV-(p?°-p*'?)r = 0...(3). 
If " be a traction corresponding to an odd place in the 

first recurring period, and therefore to an even place in the 
entire series of fractions, we have p^-p*9'=lt (Art. 193); 
therefore 

p'-«y*-.r = (4). 

* For if the imperfect quotient »' i» repUced by tlie complete quolieal, 
the cooiergiDg frKctiou becomea equal to •Jh. 

t It ihoiild be kept id mind that il m the reciprocata of the fractiona ronned 
by the geoeralnile (Art 191) from the seiiea of qnotienti, which convei^ to ij»i 

and therefore the Bene* of such reciprocal fnctionB'-j, *-■, ^ are alleraatelr 

greater and len than Vn, according la Ihey occupy men or odd places in the 
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If — . be a fraction corresponding to an odd pUce in the 

first recurring period, and therefore to an even place in the 
entire series of fractions, we have p*?— P9*= 1 (Art 193); and 
therefore 

p'-ng'+r = (5). 

If, in the lost case, the number of temiB in each recurring 
period be odd, and if ^ be the converging fraction correspond- 
ing to the divisor r in the second recurring period, and therefore 
to an odd place in the series of fractions, then we have 
p,'-«5/-r = (6). 

If the fraction ^ corrrapond to the last term but one of a 

recurring period, then r in each of the equations (4), (5), (6) 
may be replaced by 1 , which is the value of the corresponding 
divisor. 

(9) The solution of the equation 

x^+nj/"- 1=0, 

ia always possible in whole numbers, if n be any whole number 
which is not a square. 

If the number of terms in each recurring period of quo- 
tients corresponding to ^n be even, the converging fraction 
corresponding to the last term but one of the first and of every 
other succeeding period ia even, and therefore greater than ^n: 
it follows therefore that if - be this converging fraction, we have 

3^-nt/'-i = 0. 

The values of x and i/ thus found satisfy the proposed equa- 
tion: and the same is the case with the values of x and y in 
the converging. fraction - corresponding to the last term but 

one of every succeeding period: the number of solutions is 
therefore uijimited. 

Again, if the number of terms in each recurring period cor- 
responding to ^n be odd, die last term but one of the tecond 
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recDTTing period will be even: and if - be the correBponding 
converging fraction, then we have 

The Mtne character will apply to the converging fractiui 
corresponding to the last term but one of every alternate period : 
and the number of solutions therefore of thia equation is, in 
this case also, unlimited. 

(10) The following are examples: 

(1) To solve the equation 

a^- 23/- 1=0. 
The quotients corresponding to J%S det«-mlned by the rule 
Art. 280, are 

4, 1, 3. I, 8, 1, 9, I, 8 

The number of terms in each period (4) is even. 

The converging fractions are 
1 1 ± A ^ J« 191 .240 am gSgl 

4' 5' 19' 24"' 211' 235' 91B' 1151"' 10124' 11275' 
9164 1 1J15 

43949' 5522*'* 

The penultimate fractions in each period, whose reciprocals 
converge to ^23, are 

5_ 240 11515 558480 
34' 1151 ' 55224' 2649601' 
and the pairs of values of x and y are 

* = 24, 1151, 55224, 2649601, Jfec. 
y= 5, 240, 11515, 552480, &C. 

(2) To solve the equation 

a'-23y+l = 0. 

The penultimate t«rm of each recurring period of qaotients 

being an even terra, there is no solution of this equation in 

whole numbers : for the corresponding converging fractions, 

as we have seen, famish the solation of the equsdon 

«■- 23^-1=0. 

(3) To solve the equations 

«*-23y 4-7 = 0, 
«*-23/-2 = a 
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The complete quotienta for every recurring period of the 
integral quotients of JiS, are 

^as + 4 Jis + z ^is + s ,^23 + * 

7 2 ' 7 ' 1 ' 

and the recurring period of divisors is therefore 
7. 2. 7, 1- 
The convei^ng fractions are given in the solution of Ex. 1, 
which give for the solution of tl^ first of the given equations, 
the pairs of values 

* = ♦, 19, 211, 916, 

y=l, 4, 44, 191, 

and for the second equation 

*"5, 235, 11S75, 

j«l, 49, 2351, 

There is no solution in whole numbers of the equations 

*'-23y-7 = 0, 

«'-2S/ + 2 = 0, 

nor of the equation 

**-2Sy*a = 0, 
when a is different fhnn 1, 7 or 2, 

(4) To solve the equation 

*'-18/+l=0. 
The quotients corresponding to ,^13 are 

S, I, I, I, 1, 6, 1, I, I, 1, 6 



The number of terms in each recurring period is (5) an 
odd number, and the converging fractions are 

1 1 ? J. Ax il il 71 IW 180 1189 1369 
S' 4' 7' II' is"' 119' 187' 23S' 398* 6*9''' 4387' 4936' 

2558 8927 6485 

9228' 14149' 28883" 



64S5 
23383'" 
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and the psira of tkIum of » and g in the equation are 

*=18, 23383, 

t/= 5, 6*85, 

The fint penultimate fraction in the alternate periods, be- 
ginning with the second, it ttti and furnishes a solution of the 
equation 

x'-lSy'-l -=0. 

(5) To solve the equation 

i"- 44/+ 1 = 0. 
The series of quotients are 

6, ], 1, 1, a, 1, 1, 1, 12 

The pairs of values of x and y are 
x=199. 79201, 
.y= SO, 11940. 
The series of divisors for one period is 

8, 5, 7, 4> 7, S, S, 1- . 

The purs of values of x and y wln<^ solve the equations 

(a) *'-44y+8 = 0, are *= 6, 126, 3514, 50154, 

9= I, 19. 379, 7561. 

(4) «'--44/-5 = 0, are *= 7. 73,3713,29047, 

y= 1, 11, 409, 4379. 

(c) «'-44y+7 = 0, are j:=13, 53, 5227, 21107, 

y = 2, 8. 788, , 8182. 

(d) *'-44y-4 = Oj are « = 20, 7940, 

y= S, UffT....... 

All forms of the equation 

*'-44/-.fl = 
different from the above, are incapable of solution in whok 
numbers. 

(6) To solve the equation 

«'-26y- 1 =0. 
The quotients are 

5, 10, 10, 10, 
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The reciprocals ot the conTerging* fractioni are 
1 10 101 IMO 
5' 51' 515' 5201' 
The purs of values of x aod j/ ore 

a = 31, 5201, 530451, 
J = 10, 1020, 104030. 
If the equation had been 

i'-26y+l = 0, 
the pairs of values of x and y would have been 

« = 5, 515, 51525, 

^ = 1, 101, 10301, 

More generally,, if (ii=a'+ I, as in the equation 

**-(«■+ l)/-l=a 

the series of quotients will be 

a, Za, 2a, 

where the recurring period consists of one term only. 

Again, if n = a*- I, or a*+9, or if — a, as in the equations 

/H-(»--i)/-i-o (.), 

«'-(a"+o)y-l=.0......(6), 

4:--(«'-.)/-I.O (0. 

the recurring period of quotients will consist of two terms only. 
For the first equation (a) the quotients are 

a~l, 1, 2(a-l), 1, a(a-l), 

F<ff the second equation (5) the quotients are 

a, 2, 2fl, 2, 2a, 

For the third equation (c) the quotients are' 

o-l, 2, 2(<i-l), 2, 2(o-l>. 
The solution of the equation 

«'-»y-i=o 

is one of the most important problems in the Theory of Numbers. 
Art 404, p. 241. If the simultaneous equations involving 
two unknown symbols ;r and ^ be expressed generally by 

"+»»-» (1). 

<■■■' + *■*-»' w. 
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we get, by the ordinary process of elimination (Art. Sgs), mul- 
tiplying the first equation by b' and the second by b, 

ab'x + bb'yb'k (3), 

a'bx + bb'y = bk' (4), 

and subtracting (4) from (3), we find 

{ab'-a'b)x^b'i-bk% 

and j = - 1, - ,. ; 

and by a similar process we find 

a'k-ak' 

ir there be three simultaneous equations, involving three 
unknown symbols x, y and s, they may be expressed generally 
by 

a* + bjf + cx = k (5), 

a'x + b'y + (/x = V (6), 

«"^ + i> + c"« = *" (7). 

By transferring cs, <^z, c"^ severally to the right-hand side 
of these equations, we get 

ax^bs = k-cz = K (8). 

a'x + b'i, = }^~</z = K' (9), 

a"x + b"if = i"- c"« = K" (10), 

replacing i-ca, f-c**, k'-i^'z severally by K, K' and K". 

If we now solve equations (8) and (9) in the same manner 
as equations (I) and (2), we shall get 

b'K-^bK' a'K-aK' 



Bepladng in these expressions K by k-cs and K' by i'-c's, 
*^ ^ fi'(t-ga)-ft(A-'-c'8) 

n'(t-Cit)- a (i'-c's) 
^ = ^F^-b ■ 
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If we now BubBtitute these values of x mt\ y in equation (7), 
clearing the equation of fracUons, we get 
a"b'k ~ a"b'ex - o"6i'+ fl"6c's 4- a'b"k - a'b"cz - ab"V + ah"<fe 
+ ab'c"-a'bc"s = ab-k"- a'bt". 
Transposing the known quantities to one side and the un- 
known to the other, and dividing both sides hy the resulting 
coefficient of x, we get 

^ a b'k" - a fe - a'h A" + a'b"k + a^'bk'- a"b'k 
a b'c" - a h"c' — a'b c" + a'b"c + a"b c' — a"b'c ' 

The same value of z would be obtained by beginning with 
the solutions of equations (8) and (10) or (9) and (ID), instead 
of (S) and (9) : or in other words, the result is necessarily the 
same, in whatever manner the equations are combined. 
By a similar process we find 

tiV- AiV- i'6c"+ Vb"c + k"b<^-k'b'c 
* " o b'Q" - a ft'V - a'6 c" + a'b"c + a!'bi/- a"Vc ' 
aWd'-aVe- a'tc" + liWc + a''t c' - a"yc 
^ ^ ab'e'- ab"c'-a'bc" + a'b"c + a''b</~ a'-tic * 
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